m 


THEORY 


OF 


DIFFERENTIAL    EQUATIONS. 


:    C.  J.  CLAY  AND  SONS, 

CAMBEIDGE   UNIVERSITY   PEESS   WAREHOUSE, 
AYE  MARIA  LANE. 

ffilasgofo:   50,  WELLINGTON  STREET. 


ILeipjig:    F.  A.  BROCKHAUS. 

jfteto  gorts:    THE  MACMILLAN  COMPANY. 

Bombajj  ana  (Calcutta:    MACMILLAN  AND  CO.,  LTD. 


THEORY 


OF 


DIFFEKENTIAL    EQUATIONS 


PART  III. 
ORDINARY   LINEAR   EQUATIONS. 


BY 


ANDREW  RUSSELL  FORSYTE, 

Sc.D.,  LL.D.,  F.R.S., 

SADLERIAN    PKOFESSOK    OF    PURE    MATHEMATICS, 
FELLOW    OF    TRINITY    COLLEGE,    CAMBRIDGE. 


VOL.  iv. 


CAMBRIDGE: 

AT    THE    UNIVERSITY    PRESS. 
1902 

All  rights  renewed. 


'A3 


CCambrtoge : 

PRINTED   BY  J.    AND   C.    F.    CLAY, 
AT    THE    UNIVERSITY   PRESS. 


PKEFACE. 

THE  present  volume,  constituting  Part  III  of  this 
work,  deals  with  the  theory  of  ordinary  linear  differential 
equations.  The  whole  range  of  that  theory  is  too  vast  to 
be  covered  by  a  single  volume ;  and  it  contains  several 
distinct  regions  that  have  no  organic  relation  with  one 
another.  Accordingly,  I  have  limited  the  discussion 
to  the  single  region  specially  occupied  by  applications 
of  the  theory  of  functions ;  in  imposing  this  limitation, 
my  wish  has  been  to  secure  a  uniform  presentation  of 
the  subject. 

As  a  natural  consequence,  much  is  omitted  that 
would  have  been  included,  had  my  decision  permitted 
the  devotion  of  greater  space  to  the  subject.  Thus  the 
formal  theory,  in  its  various  shapes,  is  not  expounded, 
save  as  to  a  few  topics  that  arise  incidentally  in  the 
functional  theory.  The  association  with  homogeneous 
forms  is  indicated  only  slightly.  The  discussion  of  com- 
binations of  the  coefficients,  wThich  are  invariantive  under 
all  transformations  that  leave  the  equation  linear,  of  the 
associated  equations  that  are  covariantive  under  these 
transformations,  and  of  the  significance  of  these  invariants 
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and  co variants,  is  completely  omitted.  Nor  is  any  appli- 
cation of  the  theory  of  groups,  save  in  a  single  functional 
investigation,  given  here.  The  student,  who  wishes  to 
consider  these  subjects,  and  others  that  have  been  passed 
by,  will  find  them  in  Schlesinger's  Handbuch  der  Theorie 
der  linearen  Differ  entialgleichungen,  in  treatises  such  as 
Picard's  Cours  d 'Analyse,  and  in  many  of  the  memoirs 
quoted  in  the  present  volume. 

In  preparing  the  volume,  I  have  derived  assistance 
from  the  two  works  just  mentioned,  as  well  as  from  the 
uncompleted  work  by  the  late  Dr  Thomas  Craig.  But, 
as  will  be  seen  from  the  references  in  the  text,  my  main 
assistance  has  been  drawn  from  the  numerous  memoirs 
contributed  to  learned  journals  by  various  pioneers  in  the 
gradual  development  of  the  subject. 

Within  the  limitations  that  have  been  imposed,  it 
will  be  seen  that  much  the  greater  part  of  the  volume  is 
assigned  to  the  theory  of  equations  which  have  uniform 
coefficients.  When  coefficients  are  not  uniform,  the 
difficulties  in  the  discussion  are  grave :  the  principal 
characteristics  of  the  integrals  of  such  an  equation  have, 
as  yet,  received  only  slight  elucidation.  On  this  score, 
it  will  be  sufficient  to  mention  equations  having  algebraic 
coefficients  :  nearly  all  the  characteristic  results  that  have 
been  obtained  are  of  the  nature  of  existence-theorems, 
and  little  progress  in  the  difficult  task  of  constructing 
explicit  results  has  been  made. 

Moreover,  I  have  dealt  mainly  with  the  general 
theory  and  have  abstained  from  developing  detailed 
properties  of  the  functions  defined  by  important  par- 
ticular equations.  The  latter  have  been  used  as  illustra- 
tions ;  had  they  been  developed  in  fuller  detail  than  is 
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given,  the  investigations  would  soon  have  merged  into 
discussions  of  the  properties  of  special  functions.  In- 
stances of  such  transition  are  provided  in  the  functions, 
defined  by  the  hypergeometric  equation  and  by  the 
modern  form  of  Lame's  equation  respectively. 


A  brief  summary  of  the  contents  will  indicate  the 
actual  range  of  the  volume.  In  the  first  Chapter,  the 
synectic  integrals  of  a  linear  equation,  and  the  conditions 
of  their  uniqueness,  are  investigated.  The  second  Chapter 
discusses  the  general  character  of  a  complete  system  of 
integrals  near  a  singularity  of  the  equation.  Chapters 
III,  IV,  and  V  are  concerned  with  equations,  which  have 
their  integrals  of  the  type  called  regular ;  in  particular, 
Chapter  V  contains  those  equations  the  integrals  of  which 
are  algebraic  functions  of  the  variable.  In  Chapter  VI, 
equations  are  considered  which  have  only  some  of  their 
integrals  of  the  regular  type ;  the  influence  of  such 
integrals  upon  the  reducibility  of  their  equation  is  in- 
dicated. Chapter  VII  is  occupied  with  the  determination 
of  integrals  which,  while  not  regular,  are  irregular  of 
specified  types  called  normal  and  subnormal ;  the 
functional  significance  of  such  integrals  is  established, 
in  connection  with  Poincare's  development  of  Laplace's 
solution  in  the  form  of  a  definite  integral.  Chapter  VIII 
is  devoted  to  equations,  the  integrals  of  which  do  not 
belong  to  any  of  the  preceding  types ;  the  method  of 
converging  infinite  determinants  is  used  to  obtain  the 
complete  solution  for  any  such  equation.  Chapter  IX 
relates  to  those  equations,  the  coefficients  of  which  are 
uniform  periodic  functions  of  the  variable  :  there  are  two 
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classes,  according  as  the  periodicity  is  simple  or  double. 
The  final  Chapter  deals  with  equations  having  algebraic 
coefficients;  it  contains  a  brief  general  sketch  of  Poincare"s 
association  of  such  equations  with  automorphic  functions. 


In  the  revision  of  the  proof-sheets,  1  have  received 
valuable  assistance  from  three  of  my  friends  and  former 
pupils,  Mr.  E.  T.  Whittaker,M.A.,  and  Mr.  E.  W.  Barnes, 
M.A.,  Fellows  of  Trinity  College,  Cambridge,  and  Mr. 
K  W.  H.  T.  Hudson,  M.A.,  Fellow  of  St  John's  College, 
Cambridge ;  I  gratefully  acknowledge  the  help  which 
they  have  given  me. 

And  I  cannot  omit  the  expression  of  my  thanks  to  the 
Staff  of  the  University  Press,  for  the  unfailing  courtesy 
and  readiness  with  which  they  have  lightened  my  task 
during  the  printing  of  the  volume. 

A.  R  FORSYTH. 


TRINITY  COLLEGE,  CAMBRIDGE, 
1  March,  1902. 
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CHAPTER   I. 

LINEAR  EQUATIONS;  EXISTENCE  OF  SYNECTIC  INTEGRALS: 
FUNDAMENTAL  SYSTEMS. 

1.  THE  course  of  the  preceding  investigations  has  made  it 
manifest  that  the  discussion  of  the  properties  of  functions,  which 
are  defined  by  ordinary  differential  equations  of  a  general  type, 
rapidly  increases  in  difficulty  with  successive  increase  in  the  order 
of  the  equations.  Indeed,  a  stage  is  soon  reached  where  the 
generality  of  form  permits  the  deduction  of  no  more  than  the 
simplest  properties  of  the  functions.  Special  forms  of  equations 
can  be  subjected  to  special  treatment ;  but,  when  such  special 
forms  conserve  any  element  of  generality,  complexity  and  difficulty 
arise  for  equations  of  any  but  the  lowest  orders.  There  is  one 
exception  to  this  broad  statement ;  it  is  constituted  by  ordinary 
equations  which  are  linear  in  form.  They  can  be  treated,  if  not 
in  complete  generality,  yet  with  sufficient  fulness  to  justify  their 
separate  discussion ;  and  accordingly,  the  various  important  results 
relating  to  the  theory  of  ordinary  linear  differential  equations 
constitute  the  subject-matter  of  the  present  Part  of  this  Treatise. 

Some  classes  of  linear  equations  have  received  substantial 
consideration  in  the  construction  of  the  customary  practical 
methods  used  in  finding  solutions.  One  particular  class  is  com- 
posed of  those  equations  which  have  constants  as  the  coefficients 
of  the  dependent  variable  and  its  derivatives.  There  are,  further, 
equations  associated  with  particular  names,  such  as  Legendre, 
Bessel,  Lame' ;  there  are  special  equations,  such  as  those  of  the 
hypergeometric  series  and  of  the  quarter-period  in  the  Jacobian 
theory  of  elliptic  functions.  The  formal  solutions  of  such  equations 
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can  be  regarded  as  known ;  but  so  long  as  the  investigation  is 
restricted  to  the  practical  construction  of  the  respective  series 
adopted  for  the  solutions,  no  indication  of  the  range,  over  which 
the  deduced  solution  is  valid,  is  thereby  given.  It  is  the  aim  of 
the  general  theory,  as  applied  to  such  equations,  to  reconstruct 
the  various  methods  of  proceeding  to  a  solution,  and  to  shew 
why  the  isolated  rules,  that  seem  so  sourceless  in  practice,  actually 
prove  effective.  In  prosecuting  this  aim,  it  will  be  necessary  to 
revise  for  linear  equations  all  the  customarily  accepted  results,  so 
as  to  indicate  their  foundation,  their  range  of  validity,  and  their 
signilicance. 

For  the  most  part,  the  equations  considered  will  be  kept  as 
general  as  possible  within  the  character  assigned  to  them.  But 
from  time  to  time,  equations  will  be  discussed,  the  functions 
denned  by  which  can  be  expressed  in  terms  of  functions  already 
known  ;  such  instances,  however,  being  used  chiefly  as  illustrations. 
For  all  equations,  it  will  be  necessary  to  consider  the  same  set  of 
problems  as  present  themselves  for  consideration  in  the  discussion 
of  unrestricted  ordinary  equations  of  the  lowest  orders :  the  exist- 
ence of  an  integral,  its  uniqueness  as  determined  by  assigned 
conditions,  its  range  of  existence,  its  singularities  (as  regards 
position  and  nature),  its  behaviour  in  the  vicinity  of  any  singu- 
larity, and  so  on :  together  with  the  converse  investigation  of  the 
limitations  to  be  imposed  upon  the  form  of  the  equation  in  order  to 
secure  that  functions  of  specified  classes  or  types  may  be  solutions. 
As  is  usual  in  discussions  of  this  kind,  the  variables  and  the 
parameters  will  be  assumed  to  be  complex.  It  is  true  that,  for 
many  of  the  simpler  applications  to  mechanics  and  physics,  the 
variables  and  the  parameters  are  purely  real ;  but  this  is  not  the 
case  with  all  such  applications,  and  instances  occur  in  which  the 
characteristic  equations  possess  imaginary  or  complex  parameters 
or  variables.  Quite  independently  of  this  latter  fact,  however,  it 
is  desirable  to  use  complex  variables  in  order  to  exhibit  the  proper 
relation  of  functional  variation. 

2.  Let  z  denote  the  independent  variable,  and  w  the  dependent 
variable ;  z  and  w  varying  each  in  its  own  plane.  The  differential 
equation  is  considered  linear,  when  it  contains  no  term  of  order 
higher  than  the  first  in  w  and  its  derivatives  :  and  a  linear  equation 
is  called  homogeneous,  when  it  contains  no  trim  independent  of  w 
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and  its  derivatives.  By  a  well-known  formal  result*,  the  solution 
of  an  equation  that  is  not  homogeneous  can  be  deduced,  merely  by 
quadratures,  from  the  solution  of  the  equation  rendered  homo- 
geneous by  the  omission  of  the  term  independent  of  w  and  its 
derivatives  ;  and  therefore  it  is  sufficient,  for  the  purposes  of  the 
general  investigation,  to  discuss  homogeneous  linear  equations. 
The  coefficients  may  be  uniform  functions  of  z,  either  rational  or 
transcendental  ;  or  they  may  be  multiform  functions  of  z,  the 
simplest  instance  being  that  in  which  they  are  of  a  form  </>  (s,  z), 
where  <j>  is  rational  in  s  and  z,  and  s  is  an  algebraic  function  of  z. 
Examples  of  each  of  these  classes  will  be  considered  in  turn.  The 
coefficients  will  have  singularities  and  (it  may  be)  critical  points  ; 
all  of  these  are  determinable  for  a  given  equation  by  inspection, 
being  fixed  points  which  are  not  affected  by  any  constants  that 
may  arise  in  the  integration.  Such  points  will  be  found  to  include 
all  the  singularities  and  the  critical  points  of  the  integrals  of  the 
equation  ;  in  consequence,  they  are  frequently  called  the  singu- 
larities of  the  equation.  Accordingly,  the  differential  equation, 
assumed  to  be  of  order  m,  can  be  taken  in  the  form 

dmw          dm~lw 


where  the  coefficients  plt  p2,  ...,  pm  are  functions  of  z.  In  the 
earlier  investigations,  and  until  explicit  statement  to  the  contrary 
is  made,  it  will  be  assumed  that  these  functions  of  z  are  uniform 
within  the  domain  considered  ;  that  their  singularities  are  isolated 
points,  so  that  any  finite  part  of  the  plane  contains  only  a  limited 
number  of  them  :  and  that  all  these  singularities  (if  any)  for  finite 
values  of  z  are  poles  of  the  coefficients,  so  that  their  only  essential 
singularity  (if  any)  must  be  at  infinity.  Let  £  denote  any  point  in 
the  plane  which  is  ordinary  for  all  the  coefficients  p  ;  and  let  a 
domain  of  £  be  constructed  by  taking  all  the  points  z  in  the 
plane,  such  that 


where  a  is  the  nearest  to  £  among  all  the  singularities  of  all  the 
coefficients.     Then  within  this  domain  (but  not  on  its  boundary) 

we  have 

ps=P8(z-^\  (s=l,  2,  ...,  w), 

*  See  my  Treatise  on  Differential  Equations,  §  75. 
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where  Ps  denotes  a  regular  function  of  z  —  £  which  generally  is 
an  infinite  series  of  powers  of  z  —  £  converging  within  the  domain 
of  £.  An  integral  of  the  equation  existing  in  this  domain  is 
uniquely  settled  by  the  following  theorem : — 

In  the  domain  of  an  ordinary  point  £,  the  differential  equation 
possesses  an  integral,  which  is  a  regular  function  of  z  —  £  and,  with 
its  first  m  —  \  derivatives,  acquires  arbitrarily  assigned  values  when 
z  =  %;  and  this  integral  is  the  only  regular  function  of  z—  £  in 
the  specified  domain,  which  satisfies  the  equation  and  fulfils  the 
assigned  conditions*. 

The  integral  thus  obtained  will  be  calledf  the  synectic  integral. 


^ 
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3.  The  existence  of  an  integral  which  is  a  holomorphic 
function  of  z  —  £  within  the  domain  will  first  be  established. 

Let  r  be  the  radius  of  the  domain  of  £;  let  Mlt  ...,  Mm  denote 
quantities  not  less  than  the  maximum  values  of  \p1  ,  ...,  \pm\ 
respectively,  for  points  within  the  domain;  and  let  dominant 
functions  fa,  ...,  </>m,  defined  by  the  expressions 


be  constructed.     Thenj 


1- 


dza  gmf 

for  every  positive  integer  a.     The  dominant  functions  (f>  are  used 
to  construct  a  dominant  equation 


dmu 


dm~lu 


which  is  considered  concurrently  with  the  given  equation. 

*  The  conditions,  as  to  the  arbitrarily  assigned  values  to  be  acquired  at  f  by  w 
and  its  derivatives,  are  called  the  initial  conditions ;  the  values  are  called  the 
initial  values. 

t  As  it  is  a  regular  function  of  the  variable,  it  would  have  been  proper  to  call 
it  the  regular  integral.  This  term  has  however  been  appropriated  (see  Chapter  in, 
§  29)  to  describe  another  class  of  integrals  of  linear  equations;  as  the  use  in  this 
other  connection  is  now  widespread,  confusion  would  result  if  the  use  were  changed. 

£  See  my  Theory  of  Functions,  2nd  edn.,  §  22:  quoted  hereafter  as  T.  F. 


3.]  INTEGRALS  5 

Any  function  which  is  regular  in  the  domain  of  f  can  be 
expressed  as  a  converging  series  of  powers  of  z  —  £;  and  the 
coefficients,  save  as  to  numerical  factors,  are  the  values  of  the 
various  derivatives  of  the  function  at  £.  Accordingly,  if  there  is 
an  integral  w  which  is  a  regular  function  of  z  —  £,  it  can  be  formed 
when  the  values  of  all  the  derivatives  of  w  at  £  are  known.  To 

div          d^1 ^iv 

w,  -     .  . . .,          — ,  the  arbitrary  values  specified   in   the   initial 
dz  dzm~l 

conditions  are  assigned.  All  the  succeeding  derivatives  of  w  can 
be  deduced  from  the  differential  equation  in  the  form 

daw  _   .    dm~lw       .    d"*-*™  . 

~dz*         al  ~dz^  "*     a2  dz^>  +  '"  +  AamW> 

(for  a.  —  m,  m  + 1,  ...  ad  inf.),  by  processes  of  differentiation, 
addition,  and  multiplication :  as  the  coefficient  of  the  highest 
derivative  of  w  in  the  equation  (and  in  every  equation  deduced 
from  it  by  differentiation)  is  unity,  new  critical  points  are  not 
introduced  by  these  processes,  so  that  all  the  coefficients  A  are 
regular  within  the  domain  of  £. 

The  successive  derivatives  of  u  are  similarly  expressible  in  the 
form 

Jo. . .  Jm — i „ .  Jm — 2» . 

•  •  -f  Bamu, 


dz-        aldz™~^         a*dz™~*  ' 

(for  a  =  m,  ra  +  1,  ...  ad  inf.),  obtained  in  the  same  way  as  the 
equation  for  the  derivatives  of  w.  The  coefficients  B  have  the 
same  form  as  the  coefficients  A,  and  can  be  deduced  from  them  by 
changing  the  quantities  p  and  their  derivatives  into  the  quantities 
<£  and  their  derivatives  respectively. 

The  values  of  the  derivatives  of  w  and  u  at  £  are  required. 
When  z  =  £,  all  the  terms  in  each  quantity  B  are  positive ;  on 
account  of  the  relation  between  the  derivatives  of  the  quantities  p 
and  <f>,  it  follows  that 


when  z  =  .    Let  the  initial  values  of 


w 


dw 
dz 

z—^,  be  assigned  as  the  values  of  u,  -7- , . . , 
then 


dm~lw 


,  when 


d*w 
Hlz* 


d*u 


6  EXISTENCE   OF  [3. 

when  z  =  f,  for  the  values  m,  m  + 1,  ...  of  2.     If  the  series 


(Cs  * '//  \  (l  *  ?/ 

,  -  j  denotes  the  value  of  -j-^  when  z  =  £,  the 


seres 


^  (*  -  f)2  /c 

<">+<•-«>      +        - 


-- 

where  (  —,  —  )  denotes  the  value  of  -   -  when  z  =  t.  also  converges  ; 
\dz«J  dza 

it  then  represents  a  regular  function  of  z  —  £  which,  after  the  mode 
of  formation  of  its  coefficients,  satisfies  the  differential  equation. 

We  therefore  proceed  to  consider  the  convergence  of  the  series 
for  u,  obtained  as  a  purely  formal  solution  of  the  dominant  equa- 
tion. To  obtain  explicit  expressions  for  the  various  coefficients  in 
this  series,  let  z  —  £=  rtv,  taking  x  as  the  new  independent  variable. 
Points  within  the  domain  of  £  are  given  by  |ar|<l;  and  the 
dominant  equation  becomes 

/7wivj,          in  m—s.t 

!-*=:    2 


dxm~g 
When  the  series  for  u,  taken  in  the  form 

00 

u  =  2  &<,#"> 

a  =  0 

is  substituted  in  the  equation  which  then  becomes  an  identity,  a 
comparison  of  the  coefficients  of  &*  on  the  two  sides  leads  to  the 
relation 

(m  +  k)  !  bm+k 

m 

«(m  +  fc-l)l(fc+  M,r)  bm+k^  +  2  (m  +  k-s)!  Msr*  bm+k-l) 

8  =  2 

holding  for  all  positive  integer  values  of  &. 

This  relation  shews  that  all  the  coefficients  b  are  expressible 
linearly  and  homogeneously  in  terms  of  60,  b1}  ...,  bm-±:  and  that,  as 
the  first  m  of  these  coefficients  have  been  made  equal  to  the  moduli 
of  the  in  arbitrary  quantities  in  the  initial  conditions  for  w  and 
therefore  are  positive,  all  the  coefficients  b  are  positive.  Hence 

,  k  + 
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By  the  initial  definition  of  Mlt  it  was  taken  to  be  not  less  than 
the  maximum  value  of  \p^\  within  the  domain  of  %  ;  it  can  there- 
fore be  chosen  so  as  to  secure  that  M^r  >  m.  Assuming  this 
choice  made,  we  then  have 

bm+k  >  bm+k—  1  > 

so  that  the  successive  coefficients  increase. 

From  the  difference-equation  satisfied  by  the  coefficients  b,  it 
follows  that 

bm+k   _k  +  Mjr      |  (m  +  k  -  s 


bm+k-i' 

So  far  as  regards  the  m  —  1  terms  in  the  summation,  the  ratio 
bm+k-s  +  bm+k-i  is  less  than  unity  for  each  of  them  ;  Mgr*  is  finite 
for  each  of  them  ;  and  (m  +  k  —  s)  !  -r-  (m  +  k)  I  is  zero  for  each  of 
them,  in  the  limit  when  k  is  made  infinite.  Hence  we  have 


and  therefore 


Lim 

l=x> 


for  points  within  the  domain  of  £,  so  that  *  the  series 

2   &««" 
a  =  0 

converges  within  the  domain  of  £  The  convergence  is  not  estab- 
lished for  the  boundary,  so  that  it  can  be  affirmed  only  for  points 
within  the  domain;  it  holds  for  all  arbitrary  positive  values 
assigned  to  b0i  b1}  ...,  bm^. 

It  therefore  follows  that,  at  all  points  within  the  domain  of  £ 
a  regular  function  of  z  —  %  exists  which  satisfies  the  original 
differential  equation  for  w,  and,  with  its  first  m  —  1  derivatives, 
acquires  at  £  arbitrarily  assigned  values. 

4.  Now  that  the  existence  of  a  synectic  integral  is  established, 
the  explicit  expression  of  the  integral  in  the  form  of  a  power-series 
in  z  —  %,  this  series  being  known  to  converge,  can  be  obtained 

*  Chrystal's  Algebra,  vol.  n,  p.  121. 
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directly  from  the  equation.     As  £  is  an  ordinary  point  for  each  of 
the  coefficients  p,  we  have 


where  Pg  denotes  a  regular  function  of  z—  f.     Let  a0,  a1}  ..., 

be  the  arbitrary  values  assigned  to  w,  -r- ,  . . . ,  -,  m  ^  ,  when  z  =  £; 

CLZ  CLZ 

and  take 

*-j*  3 '<•-«* 

which  manifestly  satisfies  the  initial  conditions.  In  order  that 
this  may  satisfy  the  equation,  it  must  make  the  equation  an 
identity  when  the  expression  is  substituted  therein.  When  the 
substitution  is  effected,  and  the  coefficients  of  (z  -  % )*  on  the  two 
sides  of  the  identity  are  equated,  we  have  a  relation  of  the  form 

am+s  _    A 
-jj          -0*+,, 

where  Am+g  is  a  linear  homogeneous  function  of  the  coefficients  a,,, 
such  that  K  <  m  +  s,  and  is  also  linear  in  the  coefficients  in  the 
quantities  Pl(z—^),  ...,  Pm  (z  —  £) ;  and  the  relation  is  valid  for 
s=  0,  1,  2,  ...,  ad  inf.  Using  the  relation  for  these  values  of  s  in 
succession,  we  find  am,  am+l,  am+2, ...  expressed  (in  each  instance, 
after  substitution  of  the  values  of  the  coefficients  which  belong  to 
earlier  values  of  s)  as  a  linear  homogeneous  function  of  the  quanti- 
ties a0,  etj,  ...,  Ow^:  and  in  Om+g,  the  expressions,  of  which  the 
initial  constants  cr0,  all  ...,  a^^  are  coefficients,  are  polynomials  of 
degree  s  +  1  in  the  coefficients  of  the  functions  Pj  (z  —  £),  . . . , 
Pm  (z  —  £).  The  earlier  investigation  shews  that  the  power-series 
for  w  converges ;  accordingly,  the  determination  of  the  coefficients 
a  in  this  manner  leads  to  the  formal  expression  of  an  integral  w 
satisfying  the  equation. 

5.  Further,  the  integral  thus  obtained  is  the  only  regular 
function,  which  is  a  solution  of  the  equation  and  satisfies  the 
initial  conditions  associated  with  a0,  al,  ...,  ctm-l.  If  it  were 
possible  to  have  any  other  regular  function,  which  also  is  a  solu- 
tion and  satisfies  the  same  initial  conditions,  its  expression  would 
be  of  the  form 

OT-l    f,  00  _' 
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a  regular  function  of  z  —  f,     The  coefficients  would  be  determin- 
able,  as  before,  from  a  relation 

/ 

a  m+g  _    4  i 

TT:      m+" 

where  A'm+g  is  the  same  function  of  «0,  ...,  «,»_!,  a'm,  ...,  a'm+«-i 
as  Am+g  is  of  «0 ,  . . . ,  am_l ,  a™,  ....  ctm+s^.     Hence 

~'  A '  A  *    • 

a  m  —  •"•  m      —  -"-m  —  «m> 

a'm+1  =  -4'm+1  =  Am+l,  after  substitution  for  a'm, 


and  so  on,  in  succession.  The  coefficients  agree,  and  the  two 
series  are  the  same,  so  that  w  =  w' ;  and  therefore  the  initial  con- 
ditions uniquely  determine  an  integral  of  the  equation,  which  is  a 
regular  function  of  z  —  £  in  the  domain  of  the  ordinary  point  £ 

COROLLARY  I.  If  all  the  initial  constants  «0,  a1}  ...,  am_i  are 
zero,  then  the  synectic  integral  of  the  equation  is  identically  zero. 
For  in  the  preceding  discussion  it  has  been  proved  that  am+s,  for 
all  the  values  of  s,  is  a  linear  homogeneous  function  of  «0,  ..., 
am_! ;  hence,  in  the  circumstances  contemplated,  am+s  =  0  for  all 
the  values  of  s.  Thus  every  coefficient  in  the  series  vanishes ; 
accordingly,  the  integral  is  an  identical  zero. 

COROLLARY  II.  The  initial  constants  a0,  alf  ...,  am_1  occur 
linearly  in  the  expression  of  the  synectic  integral ;  and  each  of  the 
m  variable  quantities,  which  have  those  constants  for  coefficients,  is 
a  synectic  integral  of  the  equation.  The  first  part  is  evident, 
because  all  the  coefficients  in  w  are  linear  and  homogeneous  in 
cto,  al,  ...,  cim_l.  As  regards  the  second  part,  the  variable  quantity 
multiplied  by  as  is  derivable  from  w  by  making  as  =  1,  and  all  the 
jther  constants  a  equal  to  zero ;  these  constitute  a  particular  set 
of  initial  values  which,  according  to  the  theorem,  determine  a 
synectic  integral  of  the  equation.  Thus  the  synectic  integral, 
determined  by  the  initial  values  a,,,  ...,  am_i,  is  of  the  form 

fhere  each  of  the  quantities  u1}  u2,  ...,  um  is  a  synectic  integral  of 
bhe  equation. 

Note  1.  The  series  of  powers  of  z  —  £,  which  represents  the 
synectic  integral,  has  been  proved  to  converge  within  the  domain 
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of  £,  so  that  its  radius  of  convergence  is  a  —  f  |  ,  where  a  is  the 
singularity  of  the  coefficients  which  is  nearest  to  £.  All  these 
singularities  lying  in  the  finite  part  of  the  plane  are  determinable 
by  mere  inspection  of  the  forms  of  the  coefficients  :  another 
method  must  be  adopted  in  order  to  take  account  of  a  possible 
singularity  when  z  =  <x>  because,  even  though  z  =  oo  may  be  an 
ordinary  point  of  the  coefficients,  infinite  values  of  the  variable 
affect  the  -character  of  w  and  its  derivatives. 

For  this  purpose,  we  may  change  the  variable  by  the  substi- 
tution 

zx=  1, 

and  we  then  consider  the  relation  of  the  ^-origin  to  the  trans- 
formed equation  as  a  possible  singularity.  The  transformation  of 
the  equation  is  immediately  obtained  by  means  of  the  formula 

=  (-     *        kl(k-l)\      a*+*      d?w 

~ 


dzk  ~  .!  a  !  (a  -  1)  I  (k-a)\  do?  ' 

inspection  of  the  transformed  equation  then  shews  whether  x  =  0 
is,  or  is  not,  a  singularity.  Or,  without  changing  the  independent 
variable,  we  may  consider  a  series  for  w  in  descending  powers  of  z  : 
examples  will  occur  hereafter. 

It  may  happen  that  there  is  no  singularity  of  the  coefficients 
in  the  finite  part  of  the  plane,  infinite  values  then  providing  the 
only  singularity.  In  that  case,  we  should  not  take  the  quantity  r 
in  the  preceding  investigation  as  equal  to  |  oo  —  £  j  ,  that  is,  as 
infinite  ;  it  would  suffice  that  r  should  be  finite,  though  as  large 
as  we  please. 

It  ma}r  happen  that  there  is  no  singularity  of  the  coefficients 
for  either  finite  or  infinite  values  of  z;  if  the  coefficients  are 
uniform,  they  then  can  only  be  constants.  The  dominant  equa- 
tion is  then  effectively  the  same  as  the  original  equation  ;  the 
investigation  is  still  applicable,  but  it  furnishes  less  information 
as  to  the  result  than  a  method  which  will  be  indicated  later  (§  6). 

Note  2.  The  preceding  proof  is  based  upon  that  which  is 
given*  by  Fuchs  in  his  initial,  and  now  classical,  memoir  on  the 
theory  of  linear  differential  equations. 

*  Crelle,  t.  LXVI  (1866),  pp.  122—125. 
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The  theorem  can  also  be  established  by  regarding  it  as  a 
particular  case  of  Cauchy's  theorem,  which  relates  to  the  posses- 
sion of  unique  synectic  integrals  by  a  system  of  simultaneous 
equations.  If 

daw 
Wa=='d^>  0  =  0,  1,  ...,  ra-1), 

the  homogeneous  linear  equation  of  order  m  can  be  replaced  by 
the  system 

j-^  =  ws+l,  for  s  =  0,  1,  .  .  .  ,  m  —  2, 
az 


These  equations  possess  integrals,  expressible  as  regular  functions 
of  z  —  £,  such  that  w0,  wl}  ...,wm_i  assume  arbitrarily  assigned 
values  when  z  =  £,  and  the  integrals  are  unique  when  thus 
determined  :  which,  in  effect,  is  the  theorem  as  to  the  synectic 
integral  of  the  linear  equation*. 

Note  3.  A  different  method  for  establishing  the  existence  of 
the  integrals,  though  it  does  not  indicate  fully  the  region  of 
their  convergence,  can  be  based  upon  a  suggestion  made  by 
Giintherf.  It  consists  in  the  adoption  of  another  subsidiary 
equation 

dmv          d™-^       .   dm~2v 


where  =  .        ^ 


b 


for  /i=  1,  ...,  m.     The  advantage  of  this  form  of  equation  is  that 
its  integrals  are  explicitly  given  in  the  form 

v  =  (l  -  — 


r 
where  a  is  a  root  of  the  equation 

o-  (o-  -  1)  .  .  .  (cr  -  m  +  1)  =  -  rjfjo-  (<r  —  1)  .  .  .  (<r  -  m  +  2) 

(cr  -  1)  ...  (a-  -  m  +  3)  +  ... 
l)mrmMm. 


*  See  Part  n  of  this  Treatise,  §§  4,  10—13. 

t  Crelle,  t.  cxvm  (1897),  pp.  351  —  353  ;  see  also  some  remarks  thereupou  by 
?uchs,  ib.,  pp.  354,  355. 
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If  a  root  er  is  multiple,  the  corresponding  group  of  integrals  is 
easily  obtained*. 

The  construction  of  the  actual  proof  on  the  foregoing  lines  is 
left  as  an  exercise. 

Ex.  1.     Consider  the  equation 

cPw        2z    dw        K        _ 
dz^~l^z*~dz'  +  I^'W" 
where  K  is  a  constant. 

The  singularities  in  the  finite  part  of  the  plane  are  z  =  l,  z=  —  l.     On 
transforming  the  equation  by  the  substitution  zx=\,  so  that  it  becomes 

d2w        %x    dw  K 

T-    n  n  -  I  \ 

* 


_    _     f  _     ___ 

dx*     \-x*  dx 

we  see  that  x  =  0  (and  therefore  2  =  00)  is  another  singularity  of  the  coeffi- 
cients :  so  that  the  preceding  investigation  does  not  apply  to  the  immediate 
vicinity  of  #=0. 

It  is  clear  that  the  2-origin  is  an  ordinary  point  of  the  coefficients  of  the 
original  equation  :  the  domain  of  2  =  0  is  a  circle  of  radius  unity.  The  equa- 
tion therefore  possesses  a  synectic  integral,  which  is  a  series  of  powers  of  z 
converging  within  the  circle  ;  it  is  uniquely  determined  by  the  conditions 

that  w  =  a,   -=-  =  &  when  2  =  0.  where  a  and  /3  are  arbitrary  constants.     To 
at 

obtain  its  expression,  let 

w=  2  bnzn 

;i=0 

be  substituted  in 

(1_^_&f?+(rt,.o, 

'  dzi          dz 

which  then  must  be  an  identity.  In  order  that  the  coefficient  of  zn  may 
vanish  after  substitution,  we  must  have 


so  that 

n?  +  n-K 


Now  by  the  initial  conditions,  we  have 

&o  =  a» 
hence 


i, 


2m  (2»»- 

s=m 


*  See  my  Treatise  on  Differential  Equations,  §§  47,  48. 
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and,  similarly, 


the  expressed  products  being  taken  for  integer  values  of  s  from  1  to  m.     The 
synectic  integral  satisfying  the  initial  conditions  is 


Z2m   s=m 

--   n  {(2«-l)(2.-S)-«}+/9  2       ~  --^  n  {2s(2s-l)-K}- 

*=1  m=o(*»*+-U  •  «=1 


both  series,  if  infinite,  converging  for  values  of  z  such  that  |  z  \  <  1. 

The  best  known  instance  of  this  equation  is  that  which  is  usually  asso- 
ciated with  Legendre's  name  :  K  then  is  p(p  +  \\  andjo  (in  the  simplest  form) 
is  a  positive  integer.  If  p  be  an  even  integer,  all  the  coefficients  62m,  for 
2m  >  jo,  vanish,  so  that  the  quantity  multiplying  a  is  then  a  polynomial  ;  the 
quantity  multiplying  ft  is  an  infinite  series.  If  p  be  an  odd  integer,  all  the 
coefficients  b^m  +  l,  for  2m  +1  >j»,  vanish,  so  that  the  quantity  multiplying  ft 
is  then  a  polynomial  ;  the  quantity  multiplying  a  is  an  infinite  series.  In  all 
other  cases,  the  quantities  multiplying  a  and  ft  are,  each  of  them,  infinite 
series  ;  in  every  instance,  the  series  converge  when  |  z  \  <  1. 

Ex.  2.     Obtain  the  synectic  integral  of  the  equation 
dfa     I  dw  ,  /       6\ 

-J-2+-     J"  +      a~~2  )«>  =  0, 

dz*      z  dz      \       z2/ 

(which  includes  Bessel's  equation  as  a  special  case),  with  the  initial  conditions 

iw 
dz'' 


that  w=a,  -T-  =ft  when  z  =  c,  where  |  c  |  >  0. 


Ex.  3.     Determine  the  synectic  integral  of  the  equation  of  the  hyper- 
geometric  series 


the  initial  conditions  being  that  w=  A,  -=-  =23,  when  z  =  \. 

Ex.  4.     Determine  the  synectic  integrals  in  the  domain  of  2=0,  possessed 
by  the  equation 


with  the  initial  conditions  (i)  that  w  =  l,  ^=°>  when  2=0  ; 

(ii)  that  w  =  0,  -=-  =  1,  when  2=0. 

ctz 

Ex.  5.     Prove  that  the  synectic  integral  in  the  domain  of  2  =  0,  possessed 
by  the  equation 
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with  the  initial  conditions  that  w=l,  -j-  =  0,  when  2  =  0,  is 

'  dz 


6! 


and  if  the  term  in  w  involving  zn  be  -^  a",  then 

°  •».  i 


Prove  also  that  the  primitive  can  be  expressed  in  terms  of  Bessel's  functions 

2t   i 
of  order  zero  and  argument  —  e*az  . 

Ex.  6.     The  equation  with  constant  coefficients  may  be  taken  in  the  form 


it  possesses  a  synectic  integral  in  the  form 


which  converges  everywhere  in  the  finite  part  of  the  plane  :  and  a0,  ...,  am_j, 
are  the  arbitrarily  assigned  initial  constants. 

Substituting  in  the  differential  equation  this  value  of  w,  and  equating 

coefficients  of  —  ;  zn,  we  have 

n  I 


The  expression  of  the  coefficients  am,  am  +  l,  ...  in  terms  of  a0,  a1?  ...,  am_l 
depends  (by  the  solution  of  the  foregoing  difference-equation)  upon  the 
algebraical  equation 


When  the  roots  of  <p(6)=0  are  different  from  one  another,  let  them  be 
denoted  by  a1?  a2,  ...,  am;  and  in  connection  with  the  m  arbitrary  constants 
a0,  «1}  ...,  am-1,  determine  m  new  constants  Aly  A2,  ...,  Am,  by  the  relations 


ar=    2   a 


(r=0,  1,  ...,m-l). 


The  determination  is  unique :  for  on  solving  these  m  relations  as  m  linear 
equations  in  Alt  ...,  A^,  the  determinant  of  the  right-hand  sides  is 


,       u2          ,  . . . ,      um 


,   ...,        "TO 


«i 


which  is  equal  to  the  product  of  the  differences  of  the  roots  and  is  therefore 
not  zero.     Hence,  as  the  constants  «0,  a1}  ...,  am_i  are  arbitrary,  the  m  new 
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constants  Alt  ...,  Am,  when  used  to  replace  the  former  set,  can  be  regarded 
as  in  independent  arbitrary  constants.  With  these  constants  thus  determined, 
we  have 


=  Cj   2   a^m  +  »-1^^  +  C2   2   a(t«  +  »-M,t+  ...  +Cm   2   a^J^, 

M  =  l  H  =  l  /*  =  ! 

for  all  values  of  %.     When  n  =  0,  we  have 

TO 

2  V»J.,x  =  c1a,n_1  +  C2«m-2  +  ...  +cma0=am; 

M  =  l 

when  »=  1,  we  have 

m 

2  a^m  +  1^M  =  c1am+c2aOT_1  +  ...  +cmal  =  am+1; 
^=1 

and  so  on,  the  general  result  being  that 

TO 

2  «|am+n^fl=ani  +  n, 
M=l 

for  all  values  of  n.     Hence 

jt 
w=  2  akj-- 

fc=0        *  ; 

=  2  (Aiaik  +  A2a2k+  ...  +Amam")~ 
*=o  *  ! 

=^1e°'2r  +  J42ea2Z+  ...  +JTOe«™«, 

the  customary  form  of  the  solution,  Alt  ...,  JOT  being  m  independent  arbitrary 
constants. 

Ex.  7.  Apply  the  preceding  method  to  obtain  a  similar  expression  in 
finite  terms,  when  the  roots  of  the  equation  </>(&)  =0  are  not  all  different  from 
one  another. 

6.     A  different  method  of  discussing  the  linear  equation  with 
constant  coefficients  has  been  given  by  Hermite. 

Taking  the  equation,  as  before,  in  the  form 

dmw  _     dm-lw         dm~zw 

^  ~  Cl  ~d^+Cz  ~d^-n-  +  ••'  +  CmW> 

we  associate  with  it  the  expression 

</>  (C)  =  £m  -  (ci^-1  +  c2?—2  +  .  .  .  +  Cm). 
Denoting  by/(^)  any  polynomial  in  £,  let 


. 

<f>  (0 

integration  being  taken  round  any  simple  contour  in  the  f-plane. 
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In  the  first  place,  the  degree  of  the  polynomial  /"(£)  may  be 
taken  to  be  less  than  m.     If  initially  it  is  not  so,  then  we  have 


on  division,  g  (£)  being  a  polynomial,  and  /j  (£)  a  polynomial  of 
order  less  than  that  of  </>,  that  is,  less  than  m.     Now 


round  any  simple  contour  in  the  £-plane  ;  in  the  remaining  inte- 
gral, the  polynomial  is  of  the  form  indicated.  Accordingly,  /(£) 
will  be  assumed  to  be  of  order  less  than  m. 

We  have 


taken  round  the  same  contour  ;  so  that 
dmW          dm~1W        d^W 


cfc" 

*  -  (C,^1  +  C^r—  +  •  .  -  +  Cm)} 


because  /(£)  is  a  polynomial  and  the  integral  is  taken  round  a 
simple  contour  in  the  t-plane.  Thus  IT  is  a  solution  of  the 
equation. 

The  only  restriction  upon  /(£)  is  that,  effectively,  its  degree 
must  be  less  than  m.  It  may  therefore  be  taken  as  the  most 
general  polynomial  of  degree  m  —  l;  in  this  form,  it  will  contain 
m  disposable  coefficients  which  can  be  used  to  satisfy  the  initial 
conditions.  Let  these  conditions  require  that,  when  #  =  0,  the 
variable  w  and  its  first  m  —  1  derivatives  acquire  values  k0,  klt  ..., 
&„»_!  respectively  ;  then  we  determine  /(£)  as  follows.  Since 


we  shall  draw  the  simple  contour  in  the  f-plaue  so  as  to  enclose 
the  origin ;   and  then  the  preceding  relation   shews   that,  when 
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J         is  expanded  in   descending  powers  of  £,  the  coefficient  of 

9vO 

£-r-  J  is  kr  ;  so  that,  as  it  holds  for  r  =  0,  1,  ...  ,  m  —  1,  we  have 

_  ^p    ,    ™\    ,  ,    "'w—  i    , 

~  m 


9 

and  therefore 

°       J 


As  /"(f)  is  a  polynomial  in  £  all  terms  involving  negative  powers 
of  £  must  disappear,  when  multiplication  is  effected  on  the  right- 
hand  side  ;  and  therefore 


the  coefficient  of  ^w.!  being  unity.  If  therefore  w  and  its  first  s 
derivatives  are  all  to  acquire  the  value  zero  when  z  =  0,  then  the 
degree  of  the  polynomial  f  (£)  is  m  —  s  —  2. 

In  order  to  obtain  the  customary  expression  for  W,  let  the 
contour  be  chosen  so  as  to  include  all  the  zeros  of  </>  (£).  Let  aa 
be  a  zero,  and  let  its  multiplicity  be  n1}  so  that 

9(r)=(r-«1)wi9i(a 

where  the  roots  of  9l  (£)  are  the  other  roots  of  9  (£).     Let 

^u_    A'«          A'nil 


91  (?)  ' 

J.'n,  A'2l,  ...,  being  constants,  and  /i  (£)  a  polynomial  of  order 
m  —  Wj  —  1.  So  far  as  the  first  MI  terms  are  concerned,  their 
contribution  to  the  value  of  the  expression  for  W  is  given  by 
taking  a  contour  round  otj  only.  We  then  have 


~  (r  -  1)  !  d^ 


(r-l)r 

on  changing  the  constants;  and  therefore  the  part,  arising  through 
the  root  «i  of  multiplicity  nlt  in  the  expression  for  the  integral  is 


F.  iv. 
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involving  a  number  of  constants  equal  to  the  multiplicity  of  the 
root.  This  form  holds  for  each  root  in  turn  ;  and  therefore  the 
number  of  constants  is  the  sum  of  the  multiplicities,  that  is,  it  is 
equal  to  m,  the  degree  of  <f>  (£).  But  m  is  the  number  of  arbi- 
trary constants  in>y(^),  when  it  is  initially  chosen:  these  can 
therefore  be  replaced  by  the  constants  A  in  the  expression 


the  summation  extending  over  the  roots  a  of  <£(£")  =  (),  and  n 
denoting  the  multiplicity  of  a.  The  simplest  case,  of  course, 
occurs  when  all  the  roots  of  $(£)=()  are  different  from  one 
another. 

The  method  can  be  applied  to  the  equation 


cfe™ 
where  F(z)  is  any  function  of  z.     Consider 


where  $  (f)  has  the  same  significance  as  before,  f(z,  f)  is  a  polynomial 
in  f  with  (unknown)  functions  of  z  as  coefficients  of  the  powers  of  £,  and 
integration  extends  round  a  simple  contour  that  includes  all  the  roots  of 
=  0.  Then 


provided 
also 


_f  ^    f(z,C}d 

~J     r   0(0    C' 

provided 


and  so  on  in  succession,  until  we  have 

flm  —  1  JJT         r 
_    I  oz*fm  — 


provided 
Then 
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Hence,  remembering  that/ (z,  £)  is  a  polynomial  in  f  and  that  therefore 


we  have  W  as  a  solution  of  the  given  equation  if,  in  addition  to  the  other 
conditions,  which  are  that 

=o, 


for  r  =  2,  3,  ...,  m,  we  have 


Now  as  the  contour  embraces  all  the  roots  of  (/>  (£),  we  have* 

//•TO  —  r 
0To^=0' 

for  r=2,  ...,  m  ;  so  that,  taking 


where  #  (2)  is  a  function  of  2  at  our  disposal,  we  satisfy  the  m  —  1  formal 
conditions  unconnected  with  /'(a) ;  and  then  6  (z)  must  be  such  that 


But  as 
we  havet 

and  therefore 

Hence 

so  that 


where  ^r  (f)  is,  so  far  as  concerns  this  mode  of  determining  f(z,  f),  any  function 
of  f,  and  integration  with  regard  to  u  is  along  any  path  that  ends  in  z.  When 
F(z)  is  zero,  /(a,  £)  reduces  to  ^(f)>  and  then  the  solution  of  the  differential 
equation  shews  that  g  (f)  is  a  polynomial  in  f,  of  degree  not  higher  than  m—  1. 
Accordingly,  as  g(£)  is  independent  of  z,  we  take  it  to  be  a  polynomial  of 
degree  m  —  1  in  f,  with  arbitrary  constants  for  the  coefficients  ;  and  then  the 
integral  of  the  equation  has  the  form 


T.  F.,  §  24,  in.  t  T.  F.,  §  24,  in,  Cor. 

2—2 
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where  the  ^"-integration  extends  round  any  simple  contour  including  all  the 
roots  of  (^(O^O,  and  the  u- integration  extends  from  any  arbitrary  initial 
point  along  any  path  (the  simpler  the  better)  to  z, 

The  single  integral  in  the  expression  for  W  is  clearly  the  complementary 
function,  and  the  double  integral  is  the  particular  integral,  in  the  primitive  of 
the  differential  equation.  The  expression  can  be  developed  into  the  customary 
form,  in  the  same  way  as  in  the  simpler  case  when  F(z)  vanishes. 

Hermite's  investigation,  based  upon  Cauchy's  treatment  by  the  calculus  of 
residues  as  expounded  in  the  Exercices  de  Mathematiques,  is  given  in  a  memoir 
in  Darboux's  Bull,  des  Sciences  Math.,  2me  Se>.  t.  in  (1879),  pp.  311—325  :  it  is 
followed  by  a  brief  note  (I.  c.,  pp.  325 — 328),  due  to  Darboux.  A  memoir 
by  Collet,  Ann.  de  Fj£c.  Norm.  Sup.,  3me  Ser.  t.  iv  (1887),  pp.  129—144,  may 
also  be  consulted. 

THE  PROCESS  OF  CONTINUATION  APPLIED  TO  THE  SYNECTIC 

INTEGRAL. 

7.  The  synectic  integral  P(z  —  £)  is  known  at  all  points  in 
the  domain  of  f,  being  uniquely  determined  by  the  assigned 
initial  conditions  at  £  So  long  as  the  variable  remains  within 
this  domain,  the  integral  at  z  does  not  depend  upon  the  path  of 
passage  from  £  to  z,  so  that  the  path  from  £  to  z  can  be  deformed 
at  will,  provided  it  remains  always  within  the  domain.  Let  £"  be 
any  point  in  the  domain ;  then  the  values  of  the  integral  and  its 
first  m  —  1  derivatives  at  £"  are  uniquely  determined  by  the  initial 
conditions  at  £,  and  they  can  themselves  be  taken  as  a  new  set  of 
initial  conditions  for  a  new  origin  £'.  Accordingly,  construct  the 
domain  of  £";  and,  with  the  values  at  £"  taken  as  a  new  set  of 
initial  values,  form  the  synectic  integral  which  they  determine. 
As  the  new  initial  values  are  themselves  dependent  upon  the 
initial  values  at  £,  the  synectic  integral  in  the  domain  of  £"  may 
be  denoted  by  P,  (z  -  ?,  ?). 

If  the  domain  of  £"  lies  entirely  within  that  of  £  (it  then  will 
touch  the  boundary  of  the  domain  of  £  internally),  the  series 
P1(z—^',  f)  must  give  the  same  value  as  P(z—£):  for  every 
point  z  in  the  domain  of  £'  is  then  within  the  domain  of  £  and  it 
is  known  that  the  synectic  integral  is  unique  within  the  original 
domain. 

If  part  of  the  domain  of  £'  lies  without  that  of  £,  then  in  the 
remainder  (which  is  common  to  the  two  domains)  the  series  Pl 
must  give  the  same  value  as  P.  But  in  that  part  which  is 
outside,  the  series  Pj  defines  a  synectic  integral  in  a  region  where 
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P  does  not  exist ;  it  therefore  extends  our  knowledge  of  the 
integral,  and  it  is  a  continuation  of  the  synectic  integral  out  of 
the  original  domain. 

Let  Z  be  any  point  in  the  plane ;  and  join  Z  to  £  by  any 
curve,  drawn  so  as  not  to  approach  infinitesimally  near  any  of 
the  singularities  of  the  coefficients  in  the  differential  equation. 
Beginning  with  £,  construct  the  domains  of  a  succession  of  points 
along  this  curve,  choosing  the  points  so  that  each  lies  in  the 
domain  of  a  preceding  point  and  each  new  domain  includes  some 
portion  of  the  plane  not  included  by  any  previous  domain.  Owing 
to  the  way  in  which  the  curve  is  drawn,  this  choice  is  always 
possible  and,  after  the  construction  of  a  limited  number  of 
domains,  it  will  bring  Z  within  a  selected  region.  With  each 
domain  we  associate  its  own  series :  so  that  there  is  a  succession  of 
series,  each  contributing  a  continuation  of  its  predecessor.  We 
can  thus  obtain  at  Z  a  synectic  integral  of  the  equation,  which  is 
uniquely  determined  by  the  initial  values  at  £  and  by  the  path 
from  f  to  Z. 

Further,  taking  the  values  of  the  integral  and  its  first  m  —  1 
derivatives  at  Z  as  a  set  of  new  initial  values,  and  taking  the 
preceding  curve  reversed  as  a  path  from  Z  to  f,  we  obtain  at  £  the 
original  set  of  assigned  initial  values.  To  establish  this  state- 
ment, it  is  sufficient  to  choose  the  succession  of  points  along  the 
curve  in  the  preceding  construction,  so  that  the  centre  of  any 
domain  lies  within  the  succeeding  domain,  and  to  pass  back  from 
centre  to  centre.  Stating  the  proposition  briefly,  we  may  say 
that  the  reversal  of  any  path  restores  the  initial  values. 

By  imagining  all  possible  paths  drawn  from  any  initial  point  £ 
to  all  possible  points  z  that  are  not  singular,  we  can  construct  the 
whole  region  of  continuity  of  the  integral,  as  defined  by  the 
differential  equation  and  by  the  initial  values  arbitrarily  assigned 
at  £ :  moreover,  we  shall  thus  have  deduced  all  possible  values  of 
the  integral  at  z,  as  determined  by  the  initial  values  at  £.  It  is 
clear,  from  the  construction  of  the  domain  of  any  point  and  after 
the  establishment  of  a  synectic  integral  in  that  domain,  which 
can  be  continued  outside  the  domain  (unless  the  boundary  of  the 
domain  is  a  line  of  singularity,  and  this- has  been  assumed  not  to 
be  the  case),  that  the  region  of  continuity  of  the  integral  is 
bounded  by  the  singularities  of  the  coefficients.  As  has  already 
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been  remarked,  these  singularities  are  called  the  singularities  of 
the  equation.  Thus  all  the  critical  points  of  the  integral  are  fixed 
points  ;  and  if  the  equation  be  taken  in  the  form 

dmw         dm~lw 


where  the  functions  q0)  ...,  qm  are  holomorphic  over  the  finite  part 
of  the  plane  and  have  no  common  factor,  these  critical  points  are 
included  among  the  roots  of  q0,  with  possibly  z  =  oc  also  as  a 
critical  point.  The  value  of  the  integral  at  an  ordinary  point  near 
a  singularity  has  been  obtained  as  a  synectic  function  valid  over 
the  domain  of  the  point,  which  excludes  the  singularity.  In 
later  investigations,  other  expressions  for  the  integral  at  the 
point  will  be  determined,  when  the  point  belongs  to  a  different 
domain  that  includes  the  singularity. 

8.  Any  path  from  £  to  z  can  be  deformed  in  an  unlimited 
number  of  ways  :  and  it  is  not  inconceivable  that  these  deforma- 
tions should  lead  to  an  unlimited  number  of  values  of  the  integral 
at  z,  as  determined  by  a  given  set  of  initial  values  :  but  the 
number  is  not  completely  unlimited,  because  all  paths  from  £  to  z 
lead  to  the  same  final  value  at  z  with  a  given  set  of  initial  values  at 
£,  provided  they  are  deformable  into  one  another  without  crossing 
any  of  the  singularities.  To  prove  this,  consider  a  path  from  £  to 
z,  drawn  so  that  no  point  of  it  is  within  an  infinitesimal  distance 
of  a  singularity,  and  draw  a  second  path  between  the  same  two 
points  obtained  by  an  infinitesimal  deformation  of  the  first;  no 
point  of  the  second  path  can  therefore  be  within  an  infinitesimal 
distance  of  a  singularity.  On  the  first  path,  take  a  succession  of 
points  zlt  £2,  ...,  so  that  z±  lies  within  the  domains  of  f  and  of  z2, 
z2  within  the  domains  of  zl  and  z3,  and  so  on.  On  the  second  path, 
take  a  similar  succession  of  points  z±,  z%,  ...,  near  z1}  z2,  ...  respec- 
tively, in  such  a  way  that  Zi  lies  in  the  part  common  to  the 
domains  of  £  and  z1}  while  z1  is  in  the  domain  of  z^\  z2  in  the 
part  common  to  the  domains  of  zl  and  z.2,  while  z2  is  in  the  domain 
of  z2\  and  so  on.  Join  z^',  z^z2,  ...  by  short  arcs  in  the  form  of 
straight  lines. 

Now  we  have  seen  that,  in  any  domain,  the  path  from  the 
centre  to  a  point  can  be  deformed  without  affecting  the  value  of 
the  integral  at  the  point,  provided  every  deformed  path  lies  within 
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the  domain.  Hence  in  the  domain  of  £,  the  path  &  gives  at  z^ 
the  same  integral  as  the  path  &l'z1.  This  integral  furnishes  a  set 
of  initial  values  for  the  domain  of  zl ;  and  then  the  path  z-^z^  gives 
at  z<i  the  same  integral  as  the  path  z^z^z^.  Consequently  the 
path  &&  gives  at  z2  the  same  integral  as  the  path  &iZlt  followed 
by  z&'zz'zz.  But  the  effect  of  ZiZl  followed  at  once  by  z^  is  nul, 
because  a  reversed  path  restores  the  values  at  the  beginning  of 
the  path ;  and  therefore  the  path  £2^2  gives  at  z^  the  same  integral 
as  the  path  ^z^z2.  And  so  on,  from  portion  to  portion :  the  last 
point  on  the  first  path  is  z,  which  also  is  the  last  point  on  the 
second  path;  and  therefore  the  path  tz^...z  gives  at  z  the  same 
integral  as  the  path  ^z^...z. 

Now  take  any  two  paths  between  £  and  z,  such  that  the  closed 
contour  formed  by  them  encloses  no  singularity  of  the  equation. 
Either  of  them  can  be  changed  into  the  other  by  a  succession  of 
infinitesimal  deformations  :  each  intermediate  path  gives  at  z  the 
same  integral  as  its  immediate  predecessor:  and  therefore  the 
initial  path  and  the  final  path  from  £  to  z  give  the  same  integral 
at  z ;  which  is  the  required  result. 

If  however  two  paths  between  £  and  z  are  such  that  the  closed 
contour  formed  by  them  encloses  a  singularity  of  the  equation, 
then  at  some  stage  in  the  intermediate  deformation  the  curve  will 
pass  through  the  singularity,  and  we  cannot  infer  the  continuation 
along  the  curve  or  the  deformation  into  a  consecutive  curve  as 
above.  It  may  or  may  not  be  the  case  that  the  two  paths  from 
%  to  z  give  at  z  one  and  the  same  integral  determined  by  a  given 
set  of  initial  values ;  but  we  cannot  assert  that  it  is  the  case. 

Accordingly,  we  may  deform  a  given  path  without  affecting 
the  integral  at  the  final  point,  provided  no  singularity  is  crossed 
in  the  process.  Moreover,  in  order  to  take  account  of  different 
paths  not  so  deformable  into  one  another,  it  will  be  necessary  to 
consider  the  relation  of  the  singularities  to  the  function  represent- 
ing the  integral :  this  will  be  effected  in  a  later  investigation. 

When  two  paths  can  be  deformed  into  one  another,  without 
crossing  any  singularity,  they  are  called  reconcileable ;  when  they 
cannot  so  be  deformed,  they  are  called  irreconcileable.  If  two 
irreconcileable  paths  lead  at  z  to  different  integrals  from  the  same 
initial  values  at  £,  the  closed  circuit  made  up  of  the  two  paths 
leads  at  £  to  a  set  of  values  different  from  the  initial  values. 
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These  new  values  can  be  taken  as  a  new  set  of  initial  values  : 
when  the  same  circuit  is  described,  they  are  not  restored,  so  that 
either  the  old  initial  values  or  a  further  set  of  values  will  be 
obtained  :  and  so  on,  for  repeated  descriptions  of  the  circuit.  By 
this  process,  we  may  obtain  any  number,  perhaps  even  an  unlimited 
number,  of  sets  of  values  at  f  deduced  from  a  given  initial  set  ; 
and  thus  there  may  be  any  number,  perhaps  even  an  unlimited 
number,  of  values  of  the  integral  at  any  point  z. 

Consider  any  path  from  £  to  z  ;  and  without  crossing  any  of 
the  singularities,  let  it  be  deformed  into  loops,  drawn  from  £  to  the 
singularities  and  back,  (these  loops  coming  in  appropriate  success- 
ion), followed  by  a  simple  path  (say  a  straight  line)  from  £  to  z. 
The  final  value  of  the  integral  at  z  is  determined  by  the  values 
at  £  at  the  beginning  of  the  straight  line,  and  these  values  are 
deducible  from  the  initial  values  originally  assigned.  Hence  the 
generality  of  the  integral  at  z  is  not  affected  by  taking  any  particular 
path  from  £  to  z,  provided  complete  generality  be  reserved  for  the 
initial  values  :  and  therefore,  from  this  aspect,  it  will  be  sufficient 
to  discuss  the  complete  system  of  integrals  as  arising  from  com- 
pletely arbitrary  systems  of  initial  values  at  an  ordinary  point. 
This  investigation  relates  to  properties  of  the  integrals,  which  will 
be  found  useful  in  discussing  the  effect  of  a  singularity  upon  a 
given  integral  ;  it  will  accordingly  be  undertaken  at  once. 

9.  It  has  already  been  remarked  that  the  synectic  integral, 
determined  by  the  arbitrary  constants  which  are  assigned  as  the 
initial  values  of  the  function  and  its  derivatives,  is  linear  and 
homogeneous  in  those  constants:  so  that,  if  /in,  yu^,  ...,  /*1Jn  denote 
the  arbitrary  constants,  and  w^  denotes  the  synectic  integral  which 
they  determine  in  the  domain  of  an  ordinary  point  £,  we  have 


where  u^,  w2,  ...,  um  are  holomorphic  functions  of  z  —  £,  not  involv- 
ing any  of  the  arbitrary  coefficients  p.  Take  other  m  —  1  sets  of 
arbitrary  constants  /A,  such  that  the  determinant 


Mn 
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is  different  from  zero.  Each  set  of  m  constants,  regarded  as  a  set 
of  initial  values,  determines  a  synectic  integral  in  the  domain  of 
£;  as  the  quantities  ult  u^,  ...,  um  in  the  expression  for  wl  do  not 
involve  the  arbitrary  constants  determining  WT,  it  is  clear  that  the 
expressions  for  these  other  m  —  1  integrals  are 

W»  =  /^i^i  +  /^A  +  .  .  .  +  PsmUm,  (S  =  2,  .  .  .  ,  w). 

Let  Mst  denote  the  minor  of  /%  in  the  non-vanishing  determinant 
A(£);  then  from  the  expressions  for  the  m  integrals  wlt  ...,  wm  in 
terms  of  ult  ...,  um,  we  have 

A  (f  )  u  =  Mliwl  +  M2tw2  +  .  .  .  +  Mmtwm,        (t=l,  ...,  m). 

Now  any  other  syuectic  integral,  determined  in  the  domain  of  £ 
by  assigned  initial  values  0lt  #2.  •••>  @m,  is  given  by 


where  the  constants 


are  given  by 
1      S 


0,M 


trt, 


These  constants  ^-  cannot  all  vanish,  when  the  constants  01,  62,  ..., 
0m  are  not  simultaneous  zeros  :  for  the  determinant  of  the  minors 
Mrt  is  (A  (^)}m~1,  and  therefore  is  not  zero.  Accordingly,  any 
integral  can  be  expressed  as  a  linear  combination  of  any  m 
integrals,  provided  the  determinant  of  the  initial  values  of  those 
m  integrals  and  their  first  m  —  1  derivatives  does  not  vanish.  But 
it  is  not  yet  clear  that  the  integrals  w1}  ...,  wm  are  linearly  inde- 
pendent of  one  another ;  until  this  property  is  established,  we 
cannot  affirm  that  the  expression  obtained  is  the  simplest  obtain- 
able. 

Consider  therefore,  more  generally,  the  determinant  of  the  m 
integrals  and  their  first  ra  —  1  derivatives,  not  solely  at  £  but  for 
any  value  of  z  in  the  domain  of  £  say 


dzm~l  ' 


dm-lwn 
dzm~l 
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When  £  =  £,  it  becomes  the  determinant  of  initial  values  denoted 
by  A  (£).     We  have 


iA  (z)  _ 

dmw-L 

dm~2w, 

dz 

dzm  ' 
dmw2 

tr~ 

dzm  ' 

j                   3      .  .  .  ,       *Z//2 

dmwm 

r/W"  —  2/7/j 

dzm  ' 

on  substituting  for 


^w,. 


their  values  in  terms  of  the 


dzm  '      '    dz1 
derivatives  of  lower  orders  as  given  by  the*  equation.     Hence 


Now  within  the  domain  of  £,  the  function  /)a  is  regular,  being  of 
the  form  Pl  (z  —  £  )  ;  hence  the  integral  in  the  exponent  of  e  is  of 
the  form  R(z—  %  ),  where  R  is  a  regular  function  that  vanishes 
when  z=  £  Consequently  the  exponential  term  on  the  right-hand 
side  does  not  vanish  at  any  point  in  the  domain  of  £;  also  A  (f) 
is  not  zero;  so  that  A  (2)  has  no  zero  within  the  domain  of  £ 
Moreover,  each  of  the  quantities  w1}  ...,  wm  is  a  holomorphic 
function  of  z  —  £  in  that  domain,  so  that  A  (z)  is  holomorphic 
also  ;  hence  A  (z)  has  no  zero  and  no  infinity  within  the  domain 
of  the  ordinary  point  £ 

As  a  matter  of  fact,  the  only  points  where  A(z)  may  vanish  or  may 
become  infinite  are  the  singularities  of  pv.  For  in  any  region  of  common 
existence  of  the  functions  wlt  ...,  wm,  we  have 


the  path  from  £  to  z  lying  within  that  region,  while  z  is  not  now  necessarily  in 
the  domain  of  f.  If  a  be  one  of  the  singularities  of  plt  the  expression  of  p1  in 
any  part  of  an  annular  region  round  a  as  centre  is  of  the  form 


Pi=g' 


, 

z  —  a     (z  —  a) 


where  the  number  of  terms  in  negative  powers  of  z  —  a  is  finite  or  infinite, 
according  as  the  singularity  is  accidental  or  essential  ;   and  g'  (z)  is  holo- 
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morphic  in  the  vicinity  of  a.     Taking  the  simplest  case  as  an  instance,  let 
a2 = a3  =  ...  =  0 ;  then 

<F  » 


shewing  that  a  is  a  zero  of  A  (z)  if  the  real  part  of  ax  be  positive,  and  that  it 
is  an  infinity  of  A  (z)  if  the  real  part  of  a^  be  negative.  More  generally,  the 
nature  of  A  (z)  in  the  vicinity  of  any  singularity  a  depends  upon  the  character 
of  j0x  in  that  vicinity  :  in  the  case  of  the  above  more  general  form,  a  is  an 
essential  singularity  of  A  (z). 
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10.  The  linear  independence  of  w1}  ...,  wm,  and  the  property 
that  A  (z}  has  a  finite  non-zero  value  at  any  point  in  the  plane 
which  is  not  a  singularity  of  the  equation,  are  involved  each  in 
the  other. 

It  is  easily  seen  that,  if  a  homogeneous  linear  relation  between 
w-, ,  . ,  wm  of  the  form 


were  to  exist,  the  quantities  c1}  ...,  cm  being  constants,  then  A  (z) 
would  vanish  for  all  values  of  z.  The  inference  is  at  once 
established  by  forming  the  m—l  derived  equations 

drw1  drwm 

Cl~d?+'"  +  Cm  d^  =    '     0=1>--->™-1)> 

and  eliminating  the  m  constants  clf  ...,  cm  between  the  m  equa- 
tions which  involve  them  linearly ;  the  result  of  the  elimination  is 

A  (z)  =  0. 

Hence  if,  for  any  set  of  integrals  wly ...,  wm,  the  determinant  A  (z) 
does  not  vanish  (except  possibly  at  the  singularities  of  the 
equation),  no  homogeneous  linear  relation  between  the  integrals 
exists. 

To  establish  the  inference  that,  if  A  {z}  does  vanish  for  all 
values  of  z,  a  homogeneous  linear  relation  between  wl}  ...,  wm 
exists,  we  proceed  as  follows. 

In  the  first  place,  suppose  that  some  minor  of  a  constituent  in 

dm— lyj 

the  first  column  of  A  (z),  e.g.  the  minor  of     .  m_™  in  A  (z),  say 
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Aj  (z),  does  not  vanish  for  all  ordinary  values  of  z ;  and  take  m 
quantities   ylt  ...,  ym,  the  ratios   of  which   are   defined   by  the 

relations 

u  ...  +ymwm  =0, 


dwl  dwm 

Vi  —j h  •  •  •  +  Vm  — J—         =  0, 

v        ft  >r  "  rl  V 


-  +  .  •  •  +Vm  —  =  0. 

n         I        •  •  •        1       .V  lit  7      *w O  * 


From  the  hypotheses  that  A  (z)  =  0  and  that  Aj  does  not  vanish,  it 
follows  that 


Because  of  the  assumption  that  At  does  not  vanish,  the  ratios 


2/TO    ym          ym 

are  determinate  finite  functions  of  z. 

Differentiate  the  first  of  the  relations:  then,  using  the  second, 
we  have 

y1X  +  ...  +ym'wm  =  Q, 

where  yr'  denotes  dyrldz,  for  the  n  values  of  r.     Differentiating 
the  second  of  the  relations,  and  using  the  third,  we  have 

/<M  ,dwm 

*•&  +  '"+*!??. 

and  so  on,  up  to 

,  (fr^X  ,  d 

2/1       m~*  +'~+y™ 


obtained  by  differentiating  the  last  of  the  postulated  relations 
and  by  using  the  deduced  relation.  We  thus  have  m  —  1  relations, 
homogeneous  and  linear  in  the  quantities  y/,  ...,  ymf ;  in  form, 
they  are  precisely  the  same  as  the  m  —  1  relations,  which  are 
homogeneous  and  linear  in  the  quantities  ylt  ...,  ym.  Hence,  as 
Aj  does  not  vanish,  we  have 

/ 

ym       ym 

that  is, 
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so  that 

^  =  constant^,      (r  =  1,  2,  ...,  m- 1), 
ym  A™ 

where  X1}  ...,  \n-i,  Xm,  are  simultaneous  values  of  yl}  ...,  ym-\,  ym 
for  any  particular  value  of  z :  that  is,  the  quantities  X  are  con- 
stants. This  particular  value  of  z  is  at  our  disposal ;  we  may 
assume  that  Xm  is  different  from  zero,  because  the  ratios  of  ylt . .., 
ym-\  to  ym  are  determinate  and  finite.  Now 

?/!«'!  +  . . .  +  ymwm  =  0  ; 
hence 

XjWj  +  . . .  +  \mWm  =  0, 

that  is,  a  linear  relation  exists  among  the  quantities  w,  if  A  (z)  is 
zero,  and  some  minor  of  a  constituent  in  the  first  column  does  not 
vanish. 

Next,  suppose  that  the  minor  of  every  constituent  in  the  first 
column  vanishes :  in  particular,  let  Aj  (z}  =  0,  for  all  ordinary 
values  of  z.  Then  Ax (z)  is  a  determinant  of  m—l  rows  and 
columns,  constructed  from  m—\  quantities  wlt  ...,  wm^^  in  the 
same  way  as  A(V),  a  determinant  of  m  rows  and  columns,  is 
constructed  from  the  m  quantities  wlt  ...,  wm.  The  preceding 
analysis  shews  that,  if  some  minor  of  a  constituent  in  the  first 
column  of  A!  (z)  does  not  vanish  for  all  ordinary  values  of  z,  then 
a  relation 

/CjWj  +  . . .  +  Km^Wr^^  =  0, 

where  «,,  ..,,Km-^  are  constants,  is  satisfied:  so  that  a  linear 
relation  exists  among  the  quantities  w,  and  it  happens  not  to 
involve  wm. 

Let  the  process  of  passing  from  A  (z)  to  Ax  (z),  from  A!  (z)  to  a 
corresponding  minor,  and  so  on,  be  continued :  the  successive 
steps  are  effected  by  removing  the  successive  columns  in  A(z) 
beginning  from  the  left  and  by  removing  a  corresponding  number 
of  rows.  At  some  stage,  we  must  reach  some  minor  which  is  not 
zero  for  all  ordinary  values  of  z :  so  that 
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vanishes  when  5  =  0,  1,  ...,  r,  but  is  different  from  zero  when 
s  =  r  +  1.  Then  the  earlier  analysis  shews  that  a  linear  relation 
of  the  form 

PM  +  ...  +  pm_swm_g  =  0 

exists,  where  plt ...,  pm-s  are  constants:  in  effect,  a  linear  homo- 
geneous relation  among  the  quantities  w1}  ...,  wm  which  happens 
not  to  involve  wm-s+1,  ...,  wm.  Hence,  if  the  determinant  A  (z), 
constructed  from  the  m  integrals  wlt  ...,  wm,  vanishes  for  all 
ordinary  values  of  z,  there  is  a  homogeneous  linear  relation  between 
these  integrals. 

Integrals  are  sometimes  called  independent  when  they  are 
linearly  independent,  that  is,  connected  by  no  homogeneous  linear 
relation  ;  but  the  independence  is  not  functional,  because  all  the 
integrals  are  functions  of  the  one  variable  z.  A  set  of  m  linearly 
independent  integrals  w  is  called  a  fundamental  system ;  and  each 
integral  of  the  set  is  called  an  element  or  a  member  of  the  system. 
The  determinant  A  (z),  constructed  out  of  a  set  of  m  integrals,  is 
called  the  determinant  of  the  system ;  so  that  the  preceding  results 
may  be  stated  in  the  form  : — 

If  the  determinant  of  a  set  of  m  integrals  vanishes  for  ordinary 
(that  is,  non-singular}  values  of  the  variable,  the  set  cannot  constitute 
a  fundamental  system ;  and  the  determinant  of  a  fundamental 
system  does  not  vanish  for  any  non-singular  value  of  the  variable. 

11.     We  now  have  the  important  proposition : — 

Every  integral,  which  is  determined  by  assigned  initial  values, 

can   be   expressed   as   a   homogeneous   linear   combination   of  the 

elements  of  a  fundamental  system. 

Let  W  denote  the  integral  determined  by  the  assigned  values 

at  £,  taken  to  be  an  ordinary  point  of  all  the  coefficients  in  the 

differential  equation  ;  and  let  w1 ,  . . . ,  wm  be  a  fundamental  system. 

Let  constants  Cj ,  . . . ,  cm  be   deduced   such  that,  when  z  =  £,  we 

have 


A=l 

dW  _  ™       dw*. 
~dz~^~dz 

a™~*W      2       dm~\ 
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This  deduction  is  uniquely  possible  ;  because  the  determinant  of 
the  quantities  c  on  the  right-hand  sides  is  the  determinant  of  a 
fundamental  system,  and  therefore  does  not  vanish  when  z=%. 


Thus   W  —  2  CA^A  is  an  integral  of  the  equation  ;  this  integral 

A  =  l 

and  its  first   ra—  1    derivatives   vanish    when   z=£',   so  that  it 
vanishes  everywhere  (Cor.  I,  §  5),  and  therefore 

m. 
W  =   2   CA^A, 

A  =  l 

the  constants  c  being  properly  determined  as  above. 

COR.  I.  Between  any  m  +  1  branches  of  the  general  solution, 
there  must  be  a  homogeneous  linear  relation.  For  if  m  of  them  be 
linearly  independent,  the  remaining  branch  can  be  regarded  as 
another  integral  :  by  the  proposition,  it  is  expressible  linearly  in 
terms  of  the  other  m. 

COR.  II.  Any  system  of  integrals  ult  ...,  um  is  fundamental  if 
no  relation  exists  of  the  form 


where  A1}  ...,  Am  are  constants.  For  taking  a  fundamental  system 
Wi,  ...,  wm,  we  can  express  each  of  the  solutions  u  in  the  form 

ur  —  ^wj.  +  .  ..  +  amrwm,         (r=l,  2,  .  ..  ,  m), 

where  the  coefficients  a  are  constants.  If  C  denote  the  determ- 
inant of  these  m2  coefficients,  C  must  be  different  from  zero  :  for 
otherwise,  on  solving  the  m  equations  to  express  w^  in  terms  of 
Ui,  ...,  um,  we  should  have  a  relation  of  the  form 

Alu1  +  ...+  Amum  =  Ow1  =  0  ; 

arid  no  such  relation  can  exist.  If,  then,  AM(^)  denote  the  deter- 
minant of  the  set  of  integrals  u,  and  if  Aw  (z)  denote  that  of  the 
fundamental  system  wlt  ...,  wm,  we  have 


by  the  properties  of  determinants.  Now  G  does  not  vanish,  nor 
does  AH,  (z)  at  any  ordinary  point  in  the  plane  ;  hence  Au  (z)  does 
not  vanish  at  any  ordinary  point  in  the  plane,  and  therefore 
ui>  •••,um  are  a  fundamental  system  of  integrals. 
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The  result  may  be  stated  also  as  follows  :  If  m  integrals  u  be 
given  by  equations 

...  +amrwm,  (r  =  l,  ...,ra), 


where  the  determinant  of  the  coefficients  a  is  not  zero,  and  the 
integrals  w  are  a  fundamental  system,  then  the  system  of  integrals 
u  is  also  fundamental. 

12.  One  particular  fundamental  system  for  the  differential 
equation  can  be  obtained  as  follows.  Let  wl  be  a  special  integral 
of  the  equation,  that  is,  an  integral  determined  by  any  special  set 
of  initial  conditions,  and  substitute 


w  = 
in  the  equation  ;  then  v  is  determined  by  the  equation 

dm-iy  ^      dm~Jiv 

dja-i  =  ft  -foa^  +  •••  +  V^-M 

where 

m  dw 


v     n     w    dz  ' 

Similarly,  let  i^  be  a  special  integral  of  this  new  equation,  with 
the  appropriate  conditions ;  then  substituting 

v  =  v^udz, 
we  find  that  the  equation,  which  determines  u,  is  of  the  form 


where 

m  —  1  dvl 


r_ 
i  — 


. 

i      • 

vl      dz 
And  so  on. 

It  is  manifest  that  the  quantities 

w1,     w-ijv-tdz,     wl$(vlju1dz)dz,  ... 

are  integrals  of  the  original  equation.  Moreover,  they  constitute 
a  fundamental  system;  for,  otherwise,  they  would  be  linearly 
connected  by  a  relation  of  the  form 


clw1  +  ctfujv^z  +  Cswjfyjurfz)  dz  +  .  .  .  =  0, 
that  is, 

cl  +  c^v^dz  +  Gt/(t>1/tt1&)  dz  +  .  .  .  =  0. 
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When  this  is  differentiated,  it  gives 

CM  +  Csvju^z  +  ...  =  0, 
that  is, 

c2  +  Csfujdz  +  .  .  .  =  0. 

Effecting  m  —  1  repetitions  of  this  operation  of  differentiating  and 
removing  a  non-zero  factor,  we  find 

cm  =  0 

as  the  result  at  the  last  stage.  Using  this  in  connection  with  the 
equation  at  the  last  stage  but  one,  we  have 

Cm—  i  ==  "• 

And  so  on,  from  the  equations  at  the  various  stages,  we  find  that 
all  the  coefficients  c  vanish.  The  homogeneous  linear  relation 
therefore  does  not  exist  :  the  system  of  integrals,  obtained  in  the 
preceding  manner,  is  a  fundamental  system. 

As  an  immediate  corollary  from  the  analysis,  we  infer  that 
«i,     vjujdz,... 

constitute  a  fundamental  system  for  the  equation  in  v  ;  and  so  for 
each  of  the  equations  in  succession. 

The  determinant  of  this  particular  fundamental  system  is 
simple  in  expression.  Denoting  it  by  A,  and  denoting  by  Aj  the 
determinant  of  the  fundamental  system  of  the  equation  in  v, 
we  have,  as  in  §  9, 


m 


so  that 

1  c?A       1  ^A!  _  m  dwl 
A  dz      A!  dz      wl  dz  ' 

hence 


where  Xx  is  a  constant.     Similarly,  if  Ag  denote  the  determinant 
of  the  fundamental  system  of  the  equation  in  u,  we  have 


^X^m-i 

A, 


F.    IV. 
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and  so  on.  The  last  determinant  of  all  is  the  actual  integral  of 
the  last  of  the  equations ;  hence 

A  =  CtVV1  V1"2 

where  G  is  a  constant.  Moreover,  A  is  the  determinant  of  a  par- 
ticular system,  so  that  G  is  a  determinate  constant.  It  is  not 
difficult  to  prove  that 

/       1  \m— i 

i  —  \—  i) 
and  therefore 

(7  = 
consequently, 

A  =  (- 

Ex.     Verify  the  last  result,  as  to  the  form  of  A,  in  the  case  of 

(i)     Legendre's  equation  : 

(ii)     the  equation  of  the  hypergeometric  series  : 

(iii)    Bessel's  equation. 


CHAPTER    II. 

GENERAL  FORM  AND  PROPERTIES  OF  INTEGRALS  NEAR  A 
SINGULARITY. 

13.  WE  have  seen  that,  within  the  domain  of  an  ordinary 
point,  a  synectic  integral  of  a  linear  differential  equation  is 
uniquely  determined  by  a  set  of  assigned  initial  values ;  and  that 
the  said  integral  can  be  continued  beyond  that  domain,  remaining 
unique  for  all  paths  between  the  initial  and  the  final  values  of  the 
variable  which  are  reconcileable  with  one  another.  When  the 
variable  is  permitted  to  pass  out  of  its  initial  domain  though 
returning  to  it  for  a  final  value,  or  when  two  paths  between  the 
initial  and  the  final  values  are  not  reconcileable,  the  various 
propositions  that  have  been  established  are  not  necessarily  valid 
under  the  modified  hypothesis:  it  is  therefore  desirable  to  con- 
sider the  influence  of  irreconcileable  paths  upon  an  integral, 
still  more  upon  a  set  of  fundamental  integrals.  Remembering 
that  any  path  is  deformable  without  affecting  the  integral  if,  in 
the  deformation,  it  does  not  pass  over  a  singularity,  we  shall 
manifestly  obtain  the  effect  of  a  singularity,  that  renders  two 
paths  irreconcileable,  by  making  the  variable  describe  a  simple 
circuit,  which  passes  from  the  point  z  round  the  singularity 
and  returns  to  that  point  z,  and  which  encloses  no  other 
singularity. 

Let  a  be  the  singularity  round  which  the  simple  closed  circuit 
is  completely  described  by  the  variable.  Let  wlt  ...,  wm  denote  a 
fundamental  system  at  z\  and  suppose  that  the  effect  of  the 

3—2 
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circuit  is  to  change  the  m  integrals  into  w/>  •••>  wm'  respectively. 
That  the  set  of  m  new  integrals  thus  obtained  is  a  fundamental 
system  can  be  seen  as  follows.  If  it  were  not  a  fundamental 
system,  some  relation  of  the  form 

m 

2  krwr'  =  Q 

r=l 

would  exist,  with  constant  coefficients  k,  for  all  values  of  z  in  the 
immediate  vicinity.  In  that  case,  the  quantity  2  krwr'  (which  is 
an  integral)  is  zero  everywhere,  together  with  all  its  derivatives, 
as  it  is  continued  with  the  variable  moving  in  the  ordinary  part 
of  the  plane.  Accordingly,  let  the  integral  be  continued  from  z 
along  the  closed  circuit  reversed  until  it  returns  to  z  where,  by 
what  has  been  stated,  it  is  zero.  The  effect  of  the  reversal  is 
(§  7)  to  change  wr'  into  wr:  and  so  the  integral  after  the  reversed 
circuit  has  been  described  is  2  krwr,  so  that  we  should  have 

m 

2  krwr  =  0, 

r=l 

contrary  to  the  fact  that  wif  ...,  wm  constitute  a  fundamental 
system.  The  initial  hypothesis  from  which  this  result  is  deduced 
is  therefore  untenable :  there  is  no  homogeneous  linear  relation 
among  the  quantities  w/,  . . . ,  wm',  which  therefore  form  a  funda- 
mental system. 

Since  the  system  wlt  ...,  wm  is  fundamental,  each  of  the  inte- 
grals Wi,  ...,  wmf  is  expressible  linearly  in  terms  of  the  elements 
of  that  system ;  so  thac  we  have  equations  of  the  form 

w,'  =  aslw1  +  . . .  +  asmWm,  (s  =  1,  . . . ,  m), 

where  the  coefficients  a  are  constants.  As  the  system  wt'  is 
fundamental,  the  determinant  of  these  coefficients  is  different 
from  zero:  this  being  necessary  in  order  to  ensure  the  property 
that  wly  ...,  wm  are  expressible  linearly  in  terms  of  MI,  . . . ,  wm',  a 
fundamental  system. 

Take  any  arbitrary  linear  combination  of  the  system,  say 
p1wl+  ...  +pmwm, 

where  the  coefficients  p  are  disposable  constants ;  and  denote  this 
integral  by  u.  When  the  variable  describes  the  complete  closed 
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circuit  round  the  singularity,  let  u'  denote  the  modified  value  of 
u,  so  that 

u'  =  />!«;/  +  . . .  +  pmwm' 

m  m 

=  /3,  2  dlrWr  +  . . .  +  pm  2  CLmrWr. 
r=\  r=l 

It  is  conceivable  that  the  coefficients  p  could  be  chosen  so  that 
the  integral  reproduces  itself  except  as  to  a  possible  constant 

factor;  a  relation 

u  =  Ou 

would  then  be  satisfied,  6  being  a  constant  quantity.  This  rela- 
tion, in  terms  of  w1}  . ..,  wm,  is 

m  m 

p!  2  CtlrWr  +  . . .  +  pm  S  OmrWr 
r=l  r=\ 

=  9  (plw1  +  . . .  +  pmwm), 

which,  as  it  involves  only  the  members  of  a  fundamental  system 
linearly,  must  be  an  identity:  the  coefficients  of  w1}  ...,  wm  must 
therefore  be  equal  on  the  two  sides.  Hence  we  have 

pi  On  -0)  +  p.^  +  ...  +  pmaml  =  0 

/>1«12  +  Pi  («22  —  ff)  +  •  •  •  +  /3wt«m2  =  0 


Pi^im  +  P&vm  +  •••  +  Pm  («mw  —  0)  =  0 

If,  therefore,  9  be  determined  as  a  root  of  the  equation 


A  = 


«n  —  9,   a21 


=  0, 


i2  >      0^22          V,     .  .  .  ,      Ontfj 

im,         >     &2tn         >    •  •  •  >     &mm        " 

the  preceding  relations  then  lead  to  values  for  the  ratios  of  the 
constants  p  for  each  such  root.  It  is  to  be  noted  that,  in  this 
equation,  the  term,  which  is  independent  of  6,  does  not  vanish, 
for  it  is  the  determinant  of  the  coefficients  a  ;  hence  the  equation 
has  no  zero  root. 

As  the  equation  definitely  possesses  roots  9,  it  follows  that 
integrals  exist  which,  after  a  description  of  the  simple  contour 
round  a,  reproduce  themselves  save  as  to  a  constant  factor.  If  it 
should  happen  that  the  constant  factor  is  unity,  then  the  effect  of 
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description  of  the  contour  upon  the  integral  is  merely  to  leave  it 
unchanged :  in  other  words,  such  an  integral  is  uniform  in  the 
vicinity  of  the  singularity. 


PROPERTIES  OF  THE  FUNDAMENTAL  EQUATION. 

14.  The  special  significance  of  the  equation,  in  relation  to 
the  singularity  a,  lies  in  the  proposition  that  the  coefficients  of  the 
various  powers  of  6  in  A  =  0  are  independent  of  the  fundamental 
system  initially  chosen  for  discussion.  To  prove*  the  statement, 
it  will  be  sufficient  to  shew  that  the  same  equation  is  obtained 
when  another  fundamental  system  is  initially  chosen.  For  this 
purpose,  let  y1}  ...,ym  denote  some  other  fundamental  system; 
and  suppose  that,  by  the  simple  closed  contour  round  a  described 
by  the  variable,  the  members  of  the  system  become  y^,  ...,ym' 
respectively.  Then,  as  both  these  systems  are  fundamental,  there 
are  relations  of  the  form 


where  the  determinant  of  the  coefficients  ft  is  not  zero.  The 
equation  B=Q,  corresponding  to  .4=0  for  the  determination  of 
the  factor  6,  is  formed  from  the  coefficients  ft  in  the  same  way 
as  A  from  the  coefficients  a,  so  that  the  expression  for  B  is 


011-0, 

0«    ,  ..., 

022  ~  $»     •  •  •  > 

ftmi 
0mz 

01TO            » 

0^ 

Pmm       " 

Because  each  of  the  sets  w1}  ...,  wm',  ylt  ...,  ym;  is  a  funda- 
mental system,  the  members  are  connected  by  relations  of  the 
form 


where  the  determinant  of  the  coefficients,  which  may  be  denoted 
by  F,  is  different  from  zero.     The  quantity 


is  zero  everywhere  in  the  vicinity  of  z  ;   and  it  is  an  integral, 
which  accordingly  is  zero  everywhere  in  its  continuations  over  the 

*  The  proof  adopted  is  due  to  Hamburger,  Crelle,  t.  LXXVI  (1873),  pp.  113—125. 
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ordinary  part  of  the  plane.  When  it  is  continued  along  the 
simple  contour  round  a,  the  variable  returning  to  z,  the  integral 
is  zero  there;  that  is, 


Hence 


and  therefore 


Vr  =  7n«>i'  +  . . .  +  VrmWm- 

m     in 

nyi  +  •  •  -  +  firmym  =  2     2 
t=l  s=l 


mm 
2     2 


mm 

8«Wf=2     2 
t=l  s=l 


This  relation  involves  only  the  members  of  a  fundamental  system 
linearly ;  hence  it  must  be  an  identity.  We  therefore  have 

m  m 

2  firs^st  =  2  7r«««t 
«=1  s=l 

say,  the  relation  among  the  constants  holding  for  all  values  of  r 
and  t.  Now  forming  the  product  of  the  determinants  F  and  A, 
we  have 

F.A  =    7n,   7i2,   713, 

721  >      722  >      723 )     '•'  a!2  >      a22  —  V>      ^32 

731. 

say ;  and  similarly,  forming  the  product  of  B  and  F,  we  have 

$21  ,      $22—  0,      $B  >     •••  7l2>      722»      7s2> 

Psi  >      P32  >      P33~0>     '••  7l3>      723»      7»3> 

^21  —  721^»      &22  —  722^,     .  .  . 

so  that 

p/l  _  np 
i  A.  —  x>i , 
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identically.     Also  F  does  not  vanish  ;  hence 

A~B, 

for  all  values  of  6. 

Accordingly,  the  equation  A  =  0  is  invariantive  for  all  funda- 
mental systems  in  regard  to  the  effect  of  the  singularity  a  upon 
the  members  of  the  system:  it  is  called*  the  fundamental  equation 
belonging  to  the  singularity  a.  We  note  that  its  degree  is  equal  to 
the  order  of  the  differential  equation. 

While  the  equation  is  thus  invariantive  for  all  fundamental 
systems,  the  actual  invariance  of  one  of  its  coefficients  is  put  in 
evidence,  either  when  the  differential  equation  of  §  2  is  initially 

dm~*1U 

devoid  of  the  term  involving  m_l  ,  or  after  the  equation  has 
been  transformed  by  the  relation 

w  =  Wf*^fl    , 

dm-iffi 

so  as  to  be  devoid  of  the  term  involving  — = .    In  A  =0,  the 

fa™-1 

term  which  is  independent  of  6  is  equal  to  unity,  a  property  first 
noted  by  Poincaref.  For  when  pl  is  zero,  the  determinant  A  of 
the  fundamental  system  is  a  constant,  for  (§  9)  its  derivative 
vanishes ;  it  therefore  is  unchanged  when  the  variable  describes 
a  simple  closed  circuit  round  the  singularity.  The  effect  of  such 
a  circuit  upon  A  is  to  multiply  it  by  the  term  in  A  which  is 
independent  of  6 :  accordingly,  that  term  is  unity. 

The  linear  equation  can  always  be  modified  so  that  the  term 
involving  the  derivative  of  the  dependent  variable  next  to  the 
highest  is  absent;  and  the  necessary  linear  modification  of  the 
dependent  variable  leaves  the  independent  variable  unaltered. 
This  change  does  not  influence  the  law  giving  the  effect,  upon 
the  integrals,  of  a  description  of  a  loop  round  the  singularity; 
and  the  fundamental  equation  is  independent  of  the  choice  of 
the  fundamental  system.  Accordingly,  the  coefficients  of  the 
various  powers  of  6  (except  the  highest,  which  has  a  coefficient 
(—  l)m,  and  the  lowest,  which  has  a  coefficient  unity)  are  fre- 
quently called  the  invariants  of  the  singularity:  they  are  ra  —  1 
in  number. 

*  Sometimes  also  the  characteristic  equation. 
t  Ada  Math.,  t.  iv  (1884),  p.  202. 
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15.  There  is  a  further  important  invariant!  ve  property  of  the 
determinants  A  (6),  B  (6),  viz.  :  If  all  minors  of  order  n  (and 
therefore  all  minors  of  lower  order)  in  A  (6}  vanish  for  a  particular 
•value  of  0,  but  not  all  those  of  order  n  +  1,  then  all  minors  of  order 
n  in  B  (0)  also  vanish  for  that  value  of  0,  but  not  all  those  of  order 
n  +  1. 

A  minor  of  order  n  is  obtained  by  suppressing  n  rows  and  n 
columns  ;  accordingly,  the  number  of  them  is 


m 


-n      n 


say.  Let  them  be  denoted  by  «#,  bij,  dj,  d^  when  formed  from 
A  (0),  B  (0),  F,  D  respectively,  where  i  and  j  have  the  values 
1,  ...,  /A,  these  numbers  corresponding  to  the  various  suppressions 
of  the  rows  and  the  columns.  Then,  regarding  D  as  the  product 
of  A  and  F,  we  have* 


and  regarding  D  as  the  product  of  B  and  F,  we  have 

dij  =  Oil  Cji  +  0,-2Cj2  +  .  .  .  +  Oifj.Cjfj.. 

All  the  quantities  a,^-  are  supposed  to  vanish  for  a  particular  value 
of  0  ;  hence  for  that  value  all  the  quantities  d^  vanish.  Assigning 
to  j  all  the  values  1,  ....  /A  in  turn,  we  therefore  have 

0  =  Cubii  +  c126t-2  +  ...  +  c,M6 

U  ==  Cgi  Oil     i    ^22  ^t2     i     •  •  •  ~r  C%A  O 


f\ /»         A  t       —         1.  i  i  7 

The  determinant  of  the  coefficients  of  6^,  6f2,  ...,  6^  is  equal  tof 

where 

(m-l)l 


(w  —  w—  1) !  w! ' 

that  is,  the  determinant  does  not  vanish.     Accordingly,  we  must 
have 

bii  =  0,    biz  =  0,  . . . ,  bitli  —  0 ; 

as  this  holds  for  all  values  of  i,  it  follows  that  all  the  minors  of 
B(0)  of  order  n  vanish  for  the  particular  value  of  0. 

*  Scott's  Determinants,  p.  53.  t  ib.,  p-  61. 
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The  minors  of  B  (0),  which  are  of  order  n  +  1,  cannot  all  vanish 
for  the  value  of  6  ;  for  then,  by  applying  the  result  just  obtained, 
all  those  of  A  (6),  which  are  of  order  n+  1,  would  vanish,  contrary 
to  hypothesis. 

16.  A  more  general  inference  can  be  made.  Leaving  6  arbi- 
trary and  not  restricting  it  to  be  a  root  of  the  fundamental 
equation,  the  two  expressions  for  d%  give 

M  M 

2.  Cifttjr  =  2,  CjgOig, 
r=l  *=1 

holding  for  all  values  oft  and^'.  Taking  this  equation  for  any  one 
value  of  j  and  for  all  the  /j,  values  of  i,  we  have  p,  equations  in  all, 
expressing  a^,  a^,  ...,  a^  linearly  in  terms  of  bpq.  The  determi- 
nant of  coefficients  on  the  left-hand  side  is  FA,  as  before,  and  does 
not  vanish  ;  so  that  each  of  the  quantities  djr  is  expressible  linearly 
in  terms  of  the  quantities  bpq,  the  coefficients  involving  only  the 
constituents  of  F.  Similarly,  taking  the  equation  for  any  one 
value  of  i  and  for  all  the  /j,  values  of  j,  we  find  that  each  of  the 
quantities  bpq  is  expressible  linearly  in  terms  of  the  quantities  a,jr, 
the  coefficients  involving  only  the  constituents  of  F.  If  therefore 
all  the  quantities  o,y  have  a  common  factor  6  —  01}  and  if  that  factor 
be  of  multiplicity  <r,  then  all  the  quantities  bpq  also  have  that 
factor  common  and  of  the  same  multiplicity  a-  ;  and  conversely. 

These  results  associate  themselves  at  once  with  Weierstrass's 
theory  of  elementary  divisors*.  If  (B  —  O^Y  is  the  highest  power 
of  6  —  0X  in  A  (0),  if  (9  —  0^  is  the  highest  power  of  that  quantity 
common  to  all  its  minors  of  the  first  order,  if  (6  —  6^  is  the 
highest  power  common  to  all  its  minors  of  the  second  order,  and 
so  on,  then  (as  will  be  proved  immediately) 

a  >  0"!  >  <r2  >  .  .  .  ; 
and 


are  called  elementary  divisors  of  the  determinant  A  (6).  It  follows 
from  the  preceding  investigation  that  the  elementary  divisors  of 
the  fundamental  equation  are  invariantive,  as  well  as  the  equation 

*  Berl.  Monatsber.,  (1868),  pp.  310—  338  ;  Get.  Werke,  t.  n,  pp.  19—44.  See 
also  a  memoir  by  Sauvage,  Ann.  de  I'Ec.  Norm.,  2e  Ser.,  t.  vm  (1891),  pp.  285  —  340; 
and  a  treatise  by  Muth,  Elementartheiler,  (Leipzig,  1899). 
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itself;    for  they  are  independent  of  the  particular  choice  of  a 
fundamental  system. 

If  the  earliest  set  of  minors  of  the  same  order  that  do  not  all 
vanish  when  6  =  Ol  is  of  order  p,  so  that  they  are  of  degree  ra  —  p 
in  the  coefficients  in  A,  then  the  elementary  divisors  are 


being  p  in  number  :  and  then  p  is  one  of  the  invariantive  numbers 
associated  with  the  particular  singularity  of  the  equation. 

As  two  of  the  properties  of  the  invariantive  equation,  associated  with  the 
elementary  divisors,  are  required,  they  will  he  proved  here  :  for  full  discussion 
of  other  properties,  reference  may  he  made  to  the  authorities  quoted. 

It  is  easy  to  obtain  the  result 
just  stated  above.     For 


where  Arr  is  the  minor  of  Ofr  —  6.  In  A^  there  is  a  factor  (d-B^Y1,  for  each 
of  the  quantities  A^  is  a  first  minor  :  therefore  that  factor  occurs  in  their 
sum  and,  owing  to  the  combination  of  terms,  it  may  have  an  even  higher 
index  than  a-1.  On  the  left,  the  factor  in  6-  6±  has  the  index  <r-  I  ;  hence 

tr-l^O"!, 

that  is, 

tr><r1. 
Similarly  for  the  other  inequalities. 

Again,  we  know*  that  any  minor  of  degree  p  which  can  be  formed  out  of 
the  first  minors  of  A  (6)  is  equal  to  the  product  of  Ap~l(ff)  by  the  comple- 
mentary of  the  corresponding  minor  of  A  (ff).  Hence,  taking  p=2,  we  have 
relations  of  the  form 

A^-A^B^AC, 

where  Al,  A%,  B^  Z?2  are  minors  of  the  first  order,  and  C  is  a  minor  of  the 
second  order.  Choose  a  minor  of  the  second  order  which  is  divisible  by  no 
higher  power  of  6  —  0l  than  (6  —  Q^f*  ;  the  left-hand  side  is  certainly  divisible 
by  (8  —  0!)2<r',  and  it  may  be  divisible  by  a  higher  power  if  the  terms  combine  : 
hence 

that  is, 

cr 

Similarly,  we  have  the  other  inequalities  of  the  set 

o-  —  PI  ^  (T!  —  trz  ^  (T2  —  cr3  ^  .  .  .  ^  <rp  _  j  , 

so  that  the  indices  of  the  elementary  divisors,  as  arranged  above,  form  a 
series  of  decreasing  numbers. 

*  Scott's  Determinants,  p.  58. 
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ASSOCIATION  OF  DIFFERENTIAL  EQUATIONS  WITH  ALGEBRAIC 

FUNCTIONS. 

17.  Before  considering  the  roots  of  the  fundamental  equation, 
it  is  worth  while  establishing  a  converse*  of  the  propositions  in 
§  13,  as  follows  : 

Let  yly  ...,  ym  be  m  linearly  independent  functions  of  z,  which 
are  uniform  over  any  simply  -connected  area  not  including  any 
critical  point  of  the  functions  :  let  the  critical  points  be  isolated  and 
let  each  of  them  be  such  that,  when  a  simple  contour  enclosing  it  is 
described,  the  values  of  the  functions  at  the  completion  of  the  contour 
are  given  by  relations  of  the  form 

Vr  =  <*riyi  +  •  -  -  +  <*rmym,  0*  =  1,   •  •  •  ,  ™), 

where  the  determinant  of  the  coefficients  a.  is  not  zero,  and  the 
constants  may  change  from  one  critical  point  to  another  :  then  the 
m  functions  are  a  fundamental  system  of  integrals  for  a  linear 
differential  equation  of  order  m  with  uniform  coefficients. 

It  is  clear  that,  if  the  functions  are  integrals  of  such  an  equation, 
they  form  a  fundamental  system  because  they  are  linearly  indepen- 
dent. On  account  of  this  linear  independence,  the  determinant 


A,  = 


fJm—lqi  fjm Zal 

u       ym  ym 

dzm~1  '     dzm~*  '  '"'  y 
does  not  vanish  for  all  values  of  z.   Let  A«  denote  the  determinant 
which  is  derived  from  A  by  changing  the  sth  column  into    ,  OT* , 

consider  the  quantity 


For  any  contour  that  encloses  no  critical  point,  A  and  A«  are 
uniform,  so  that  pg  is  uniform  for  such  a  contour.  For  a  simple 
contour,  which  encloses  the  critical  point  a  and  no  other,  the 

*  It  is  given  by  Tannery,  Ann.  de  VEc.  Norm.,  S^r.  2me,  t.  iv  (1875),  p.  130. 
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determinant  A  after  a  single  description  acquires  a  constant  factor 
It,  where  R  is  the  (non-zero)  determinant  of  the  coefficients  in  the 
set  of  relations 

yr'  =  a«2/i  +  •  •  •  +  Ormym,  (r=l,   ...,m). 

The  determinant  Ag  acquires  the  same  factor  R,  in  the  same 
circumstances  ;  and  therefore  ps  is  unchanged  in  value  by  a 
description  of  the  contour,  that  is,  it  is  uniform  for  such  a 
contour.  As  this  holds  for  each  contour,  it  follows  that  ps  is 
uniform  over  the  plane. 

The  m  quantities  yl  ,  .  .  .  ,  ym  evidently  are  special  integrals  of 
the  equation 

dmy          dm~ly 


which  is  linear  and  the  coefficients  in  which  have  been  proved 
uniform  functions  of  z. 

COROLLARY.  If  all  the  critical  points  of  the  functions  are  of 
an  algebraic  character,  that  is,  of  the  same  nature  as  the  critical 
points  of  a  function  defined  by  an  algebraic  equation,  and  are 
limited  in  number,  then  the  uniform  coefficients  p  in  the  differential 
equation  are  rational  functions  of  z.  For  as  ps  is  uniform,  the 
critical  point  a  is  either  an  infinity,  or  an  ordinary  value  (including 
zero).  If  it  is  an  infinity,  it  can  be  only  of  finite  multiplicity; 
for  the  critical  point  is  one,  where  A  and  As  can  vanish  only  to 
finite  order  because  of  the  hypothesis  as  to  the  nature  of  the 
critical  point:  that  is,  the  point  is  then  a  pole  of  finite  order. 
Likewise,  if  it  is  a  zero,  the  multiplicity  of  the  zero  is  finite. 
This  holds  at  each  of  the  critical  points  of  the  functions  yi,...,ym] 
and  the  number  of  such  points  is  finite.  Moreover,  every  point 
that  is  ordinary  for  each  of  the  functions  is  ordinary  for  A  and  A, 
and,  in  particular,  A  cannot  vanish  there  :  so  that  no  such  point 
can  be  a  pole  of  any  of  the  coefficients  p.  It  therefore  follows* 
that  each  of  these  coefficients  is  a  rational  meromorphic  function 
of  z. 

The  converse  of  the  corollary  is  not  necessarily  (nor  even 
generally)  true  :  it  raises  the  question  as  to  the  tests  sufficient 
and  necessary  to  secure  that  the  integrals  of  a  linear  equation  with 
rational  coefficients  should  be  algebraic  functions  of  the  variable. 
This  discussion  must  be  deferred. 

*  T.  F.,  §  48. 
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Ex.  1.     The  most  conspicuous  instance  arises  when  the  dependent  vari- 
able w  is  an  algebraic  function  of  z,  denned  by  an  algebraic  equation 

/(«,*)-«, 

of  degree  m  in  w.  Each  branch  of  the  function  so  denned  is  uniform  in  the 
vicinity  of  an  ordinary  point  ;  in  the  vicinity  of  a  branch-point,  the  branches 
divide  themselves  into  groups  ;  and  any  linear  combination  of  them  is  subject 
to  the  foregoing  laws  of  change  (which  take  a  particularly  simple  form  in  this 
case)  when  z  describes  a  circuit  round  a  branch-point. 

To  obtain  the  homogeneous  linear  equation  of  order  m  which  is  satisfied 
by  every  root  of  /=0,  we  can  proceed  as  follows.     Let  <fr(z)  =  Q  be  the 

elimiuant  of  f=Q  and  ^  =  0;   so  that*  all  the  branch-points  of  the  alge- 
ow 

braic  function  are  included  among  the  roots  of  (ft  =  0,  though  not  every  root  is 
a  branch-point.  By  a  result  t  in  the  theory  of  elimination,  we  know  that  the 
resultant  of  two  quantics  u  and  v  of  degree  m  and  n  respectively  in  a  variable 
to  be  eliminated  is  of  the  form 


where  uv  and  vv  are  of  degrees  m—I,  n—  1  respectively  in  that  variable  ;  and 
therefore 


where  U  is  of  degree  m  —  2  in  w  and  V  is  of  degree  m—l  in  w.     But  /  is 
permanently  equal  to  zero  for  all  the  values  of  w  considered  ;  hence 


*  T.  F.,  ch.  vni. 

t  It  is  most  easily  derivable  from  Sylvester's  dialytic  form  of  the  eliminant,  as 
follows.     Let 


the  eliminant  is 


v=c0xn  +  clxn~ 


E= 


a2, 


0,  0,  a0,  ... 

co>  ci»  c2,  ... 

0  ,  c0,  c1(   ... 

0  ,  0,  c0,   ... 


To  the  last  column,  add  the  first  column  multiplied  by  a;"1**"1,  the  second 
multiplied  by  a;"4"1^1-2,  and  so  on  :  a  change  which  does  not  affect  the  value  of  E. 
The  constituents  in  the  new  last  column  are 


xu,  u,  x 


lv, 


xv,  v  ; 


expanding  E  by  taking  every  term  in  this  last  column  with  its  minor,  collecting  all 
the  terms  involving  M  into  one  set  and  those  involving  v  into  another,  we  have 

E  =  uVi  +  vUj  , 
where  v  1  is  of  degree  n  -  1  in  x  and  MT  is  of  degree  m  -  1  in  x. 
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Now 

8/         F9/ 

dw  _     3z  _         dz 

dz"~^~~W)' 

dw 

rlf 

By  means  of /=0  which  is  of  degree  m  in  w,  we  can  reduce  F^  so  that  it 

GZ 

contains  no  power  of  w  higher  than  the  (m  -  l)th,  say 

dw  _   Pl 

~dz~<fizj' 

where  PI  is  a  polynomial  in  w  of  degree  not  higher  than  m-1.     (If  the 
highest  term  in  /  has  unity  for  its  coefficient,  then  Pl  is  a  polynomial  in  z 

also.)    Again, 

d*w_    P,    BP,        1     dPl       Pl    90 

~ 


on  reducing  to  a  common  denominator;  by  means  of/=0,  the  polynomial 
P2  can  be  made  of  degree  not  higher  than  m  —  1  in  w,  and  its  coefficients  are 
uniform  functions  of  z.  And  so  on,  up  to 

dmw        Pn 
dz™  ~  <f>m  (z) ' 

where  Pm  is  a  polynomial  in  w  of  degree  not  higher  than  m  - 1,  the  coefficients 
being  uniform  functions  of  z.  We  thus  have 

dw 


Among  these  OT  equations  we  can,  by  a  linear  combination,  eliminate  the 
TO-  1  quantities  w°,  w*,  ...,  w"1-1  from  the  left-hand  sides  ;  and  the  result  has 
the  form 

^  dw  .      „  d2w  .  ,  _    dmw  . 


where  Q0,  Qlt  ...,  Qm  are  uniform  functions  of  z.     This  is  satisfied  for  every 
root  w  of  the  algebraic  equation  :  and  it  is  of  order  TO. 

Corollary.     There  is  one  special  case,  when  the  differential  equation  is  of 
order  TO—  1,  viz.,  when  the  algebraic  equation  is 

f=wm  +  a2wm-*+  ...  +«m=0, 
so  that  the  term  in  w™~1  is  absent.     We  then  have 
wl+wz+  ...  +wm=0, 
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so  that  one  of  the  m  branches  w  can  be  expressed  linearly  in  terms  of  the 
others  ;  Tannery's  result  shews  that  the  differential  equation  is  then  of  order 
not  higher  than  m  —  1.  In  that  case,  it  would  be  sufficient  to  take  only  the 
m  —  l  equations 

^•=~>,  (r-1,  ..„»-!). 

For  instance,  consider  the  algebraic  equation 


where  u  is  any  function  of  z  ;  it  is  to  be  expected  that  the  linear  differential 
equation  satisfied  by  each  of  the  three  branches  of  the  function  denned  by 
this  cubic  equation  will  be  of  the  second  order,  say 

cPw      .dw 
^2+A-r  +  Bw=0, 
«22         dz 

where  A  and  B  are  functions  of  z.     We  have 


dw\2 

w+^+w 

so,  substituting  in 


and  using  w3+3w=u,  we  have 
B  (u  - 


Multiplying  the  right-hand  side  by  (w2+l)2,  and  the  left-hand  side  by  its 
equivalent  l+wu  —  w*,  we  have 


on  reduction  by  the  original  algebraic  equation.     This  will  hold  for  each  of 
the  three  roots  of  that  equation,  if 


These  conditions  give  the  values  of  A  and  B  ;  and  the  equation  for  w  is  easily 
found  to  be 

uu'       u"\  dw          u'2 


where  u'  and  u"  are  the  first  and  the  second  derivatives  of  «.     The  equation 
is  of  the  second  order  as  indicated. 

Note  1.  When  the  algebraic  equation  of  degree  m  in  w  is  of  quite 
general  form,  the  linear  differential  equation  satisfied  by  its  roots  is  of  order 
m.  But  when  the  algebraic  equation  has  very  special  forms,  though  still 
irresoluble,  the  differential  equation  may  be  of  order  less  than  m  ;  for  the 


17.]  DIFFERENTIAL  RESOLVENTS  49 

elimination  of  various  powers  of  w  may  not  require  derivatives  up  to  that  of 
order  m.  The  most  conspicuously  simple  case  is  that  in  which  the  alge- 
braic equation  is 

where  R  is  a  rational  function  of  z  ;  the  differential  equation  is 

*?     I  R'&     -A 

only  of  the  first  order. 

Other  cases  occur  hereafter,  in  Chapter  v,  where  quantities  connected  with 
the  roots  of  algebraic  equations  of  degree  higher  than  two  satisfy  linear 
differential  equations  of  the  second  order. 

Note  2.  The  differential  equations  considered  have,  in  each  case,  been 
homogeneous.  If  we  admit  non-homogeneous  linear  differential  equations, 
viz.  those  which  have  a  term  independent  of  w  and  its  derivatives,  then  in 
the  general  case,  where  f(w,  z)  has  a  term  in  wm~l,  the  differential  equation  is 
of  order  m—\  only.  This  can  be  seen  at  once  from  the  elimination  of 
«>2,  iv3,  ...,  wm~l  between 

dw  , 


leading  to  a  (non  -homogeneous)  linear  equation  of  order  m—l.  This  result 
appears  to  have  been  first  stated  by  Cockle*:  it  is  the  initial  result  in  the 
formal  theory  of  differential  resol  vents  t. 

Ex.  2.     Shew  that,  when  the  algebraic  equation  is 
wz-  2zw-z*=0, 

the  two  linear  differential  equations,  homogeneous  and  non-homogeneous 
respectively,  are 

dw     3  +  2z2 

dz  +  z*+z*W 


dw 
dz 

Ex.  3.     Obtain  the  differential  equations  satisfied  by  each  root  of 
(i)     ?o3-3w2+26=0; 
(ii)    w3-3zw  +  z3=0. 

Ex.  4.     Shew  that  any  root  of  the  equation 


*  Phil.  Mag.,  t.  xxi  (1861),  pp.  379—383. 

t  For  references,  see  a  paper  by  Harley,  Manch.  Lit.  and  Phil.  Memoirs,  t.  v 
(1892),  pp.  79—89. 
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(n  being  greater  than  2)  satisfies  the  equation 


where  a=  1  —  .     What  is  the  form  for  n  =  2  ?  (Heymann.) 

Z£r.  5.     Shew  that  any  root  of  the  equation 


(n  being  greater  than  2)  satisfies  the  equation 


where  the  constants  ar  arise  as  the  coefficients  in  the  algebraic  equation 


n-l 

2  (- 

r=0 

when  the  roots  are 


for  k=l,  ...,  n  —  1,  and  an_l  =  l.  (Heymann. 

Ex.  6.     Prove  that,  if 

y5- 

then 

Tv-Of 


and  explain  the  decrease  in  the  order  of  the  differential  equation. 

(Math.  Trip.,  Part  n,  1900. 

FUNDAMENTAL  SYSTEM  OF  INTEGRALS  ASSOCIATED  WITH  A 
FUNDAMENTAL  EQUATION. 

18.     We  now  proceed  to  the  consideration  of  the  fundamental 
equation  A  =  0  appertaining  to  the  singularity  a. 

The  simplest  case  is  that  in  which  the  m  roots  of  that  equation 
are  distinct  from  one  another,  say  6l,  02,  ...,  Om.  Not  all  the 
minors  of  the  first  order  vanish  for  any  one  of  the  roots  :  if  they 
did  vanish,  the  root  would  be  multiple  for  the  original  equation. 
Hence  each  root  6r  determines  ratios  of  coefficients  crl,  cn,  ..., 
uniquely,  such  that  an  integral  of  the  equation  exists,  having  the 
value 

Ur  =  CnWi  +  .  .  .  +  CrmWm, 

and  possessing  the  property  that 

ur'  =  6rur, 
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where  uf'  is  the  value  of  ur  after  z  has  described  a  complete  simple 
contour  round  a.  We  thus  obtain  a  set  of  ra  integrals. 

These  ra  integrals  constitute  a  fundamental  system  :  otherwise 
a  permanent  relation  of  the  form 

/CiMj  4-  K2U2  +  .  .  .  +  KmUm  =  0 

would  exist.  This  quantity  ^Kriir  is  an  integral  :  as  it  is  zero 
and  all  its  derivatives  are  zero  at  and  near  z,  it  is  zero  everywhere 
when  continued  over  the  regular  part  of  the  plane.  Accordingly, 
let  z  describe  a  simple  closed  contour  round  a:  when  it  has 
returned  to  its  initial  position,  the  zero-integral  is  2«rw/,  that  is, 

K&U!  +  K20.2u2  +  .  .  .  +  Km6mvm  =  0. 

Similarly,  after  a  second  description  of  the  simple  closed  contour, 
we  have 

K0<U    +  .  .  .  +  KmOmUm  =  0. 


Let  m  —  1  descriptions  of  the  contour  be  made  in  this  way  :  we 
have 

K^U!  -H  K.202ru2  +  .  .  .  +  Km6mrum  =  0, 

for  r  =  0,  1,  ...,  m—  1.     Unless  all  the  coefficients  tcly  ...,  Km  are 
zero,  we  have 

=  0, 


1    , 

1    ,  ...,  1 

o™-\ 

Q  m—  1                 Q    m—  i 

that  is,  the  product  of  the  differences  of  the  roots  is  zero.  This  is 
impossible  when  the  roots  are  distinct  from  one  another;  hence 
the  coefficients  KI,  ...,  Km  vanish,  and  there  is  no  homogeneous 
linear  relation  among  the  integrals  ul}  ...,  um,  which  accordingly 
constitute  a  fundamental  system. 

The  general  functional  character  of  these  integrals  is  easily 
found.     Let 


so  that  rM  is  a  new  constant,  which  is  determinate  save  as  to  any 
additive  integer;  as  the  roots  01}  ...,  Om  are  unequal,  no  two  of 
the  m  constants  rlt  ...,  rm  can  differ  by  an  integer.  Now  the 
quantity 


4—2 
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acquires  a  factor  e  irir'i,  that  is,  6^,  when  z  describes  the  si 
complete  circuit  round  a.     Hence  the  quantity 


returns  to  its  initial  value  after  the  variable  has  described  tht 
simple  complete  circuit  round  a ;    and  therefore  it  is  a  uniforr 
function  of  z  in  the  immediate  vicinity  of  a,  say  $M,  so  that 

As  this  holds  for  each  of  the  integers  //,,  it  follows  that  we  have 
system  of  fundamental  integrals  in  the  form 

where  <^>l,  <£2,  ...,  <f>m  are  uniform  functions  of  z  in  the  vicinity  of 
a,  the  quantities  r^  are  given  by  the  relations 


and  the  roots  6l,  ...,  6m  of  the  fundamental  equation  are  supposed 
distinct  from  one  another,  no  one  of  them  being  zero. 

As  regards  this  result,  it  must  be  noted  that  the  functions  <f> 
are  merely  uniform  in  the  vicinity  of  a :  they  are  not  necessarily 
holomorphic  there.  Each  such  function  can  be  expressed  in  the 
form  of  a  series  of  positive  and  negative  powers  of  z  —  a,  converg- 
ing in  an  annular  space  bounded  by  two  circles  having  a  for  a 
common  centre  and  enclosing  no  other  singularity  of  the  equation. 
There  may  be  no  negative  powers  of  z  —  a,  in  which  case  the 
function  <f>  is  holomorphic  at  a ;  or  there  may  be  a  limited  number 
of  negative  powers,  in  which  case  a  is  a  pole  of  </> ;  or  there  may 
be  an  unlimited  number  of  negative  powers,  in  which  case  a  is  an 
essential  singularity.  Moreover,  rM  is  only  determinate  save  as  to 
additive  integers :  it  will,  where  possible  (that  is,  when  a  is  not  an 
essential  singularity),  be  rendered  determinate  hereafter ;  so  that, 
in  the  meanwhile,  the  result  obtained  is  chiefly  important  as 
indicating  the  precise  kind  of  multiform  character  possessed  by 
the  integrals  near  a  singularity. 

19.  Now  consider  the  case  in  which  the  fundamental  equation 
A  =  0  appertaining  to  the  singularity  a  has  repeated  roots,  say  \t 
roots  equal  to  0ly  Xj  roots  equal  to  #2,  and  so  on,  where  01}  #2,  ... 
are  unequal  quantities,  and  \j  +  X2  +  . . .  =  m.  It  will  appear  that 
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a  group  of  linearly  independent  integrals  is  associated  with  each 
such  root,  the  number  in  the  group  being  equal  to  the  multiplicity 
of  the  root ;  that  each  such  group  can  be  arranged  in  a  number  of 
sub-groups,  the  extent  and  the  number  of  which  are  determined 
,  by  the  elementary  divisors  connected  with  the  root ;  and  that  the 
aggregate  of  the  various  groups  of  integrals,  associated  with  the 
respective  roots  of  the  fundamental  equation,  constitutes  a  funda- 
mental system. 

GROUP  OF  INTEGRALS  ASSOCIATED  WITH  A  MULTIPLE  ROOT  OF 
THE  FUNDAMENTAL  EQUATION. 

Let  K  denote  any  such  root  of  multiplicity  er,  and  let  the 
elementary  divisors  of  A  (0)  in  its  determinantal  form  be 


then  the  minors  of  order  r  (and  consequently  of  degree  m  —  T  in 
the  coefficients  of  A)  are  the  earliest  in  increasing  order  which  do 
not  all  vanish  when  6  —  K.  Consequently,  in  the  set  of  equations 


T  of  them  are  linearly  dependent  upon  the  rest ;  hence  taking 
m  —  T  which  are  independent,  we  can  express  m  —  T  of  the  con- 
stants p  linearly  in  terms  of  the  other  r,  which  thus  remain 
arbitrary.  Let  the  latter  be  plt  ...,  pT;  then  the  integral,  given 

by 

u  =  plwl  +  p2w.2  +  •  •  •  +  pmwm , 
becomes 

FTI7"       i  Tir 

,.      i  +  pa"2+  •'•  +PrWT, 

where 

"1  =  wl  "H  n^r+1,1  WT+I  +  •  •  •  +  km>iWj 


and  the  determinate  constants  k  are  given  by 


Pm     = 
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being  the  expressions  for  the  m  —  T  quantities  p  in  terms  of  the 
T  quantities  p  which  remain  arbitrary. 

Evidently  each  of  the  quantities    W  is  an   integral    of  the 
equation :   and  they  have  the  property 


for  r=l,  ...,  T.     Moreover,  they  are  linearly  independent;    anj 
non-evanescent  relation  of  the  form 


would  lead  to  a  relation  between  wlt  ...,  wm  which  would  be  home 
geneous,  linear,  and  non-evanescent,  a  possibility  excluded  by  the 
fact  that  wlt  ...,  wm  constitute  a  fundamental  system. 

The  only  case,  in  which  r  =  a;  occurs  when  the  indices  cr  — 
<TI  —  az,  ...,  ov_x  of  the  elementary  divisors  are  each  unity.  In 
that  case,  we  have  obtained  a  set  of  integrals,  in  number  equal  to 
the  multiplicity  of  the  root. 

20.  We  shall  therefore  assume  that  T  <  o- ;  and  we  then  use 
the  integrals  Wlt  ...,  WT  to  modify  the  original  fundamental | 
system  wly  ...,wm,  substituting  them  for  wly  ...,WT.  When  the 
variable  z  describes  a  simple  closed  contour  round  a,  the  effect 
upon  the  elements  of  the  modified  system  is  to  change  them  into 
TF/,  IF,',  ...,  FT',  M/T+I,  ...,w'm,  where 


for  r  =  1,  ...,  T,  and  s  =  r+l,  ...,  m.     The  fundamental  equation 
derived  from  this  system  for  the  singularity  a  is 


where 


= 

K-i 

\    o  ,..., 

o   , 

0 

,      o   ,..., 

0 

0 

,  *-n,.., 

o   , 

0 

o   ,..., 

0 

0 

,    o   ,..., 

/c-n, 

0 

,      o   ,..., 

0 

&+1, 

1>    Pr+l,2>"'. 

p  1+1,1  > 

PT+I,T+I~* 

*>     Pr+l,T+2>---) 

Pr+l,m 

Pm\ 

j    Pmz      )•"  > 

Pmi     > 

Pm,  1+1 

,      Pm,1+,      ,-, 

Q                   O 

Pmm~^L 
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where 


4(0)- 


i,m 


Pm,r+i  >     Pm,r+2     >    •••»     Pmm —  ** 

As  «  is  a  root  of  -4  (£1)  of  multiplicity  a-,  it  is  root  of  Al  (li)  of 
multiplicity  o-  —  r ;  and  a  question  arises  as  to  the  elementary 
divisors  of  A±  (H)  associated  with  K. 


The  elementary  divisors  of  Al(£l},  which  are  powers  of  K  —  H, 


are 


being,  in  each  instance,  of  index  less  by  unity  than  those  of 
A  (O).  This  result,  which  is  due  to  Casorati*,  follows  from  the 
property  that  .^(H)  is  divisible  by  (H  —  K)"~r\  its  first  minors 
are  divisible  by  (ft  —  «)<ri~(T~1)  and  not  simultaneously  by  any 
higher  power;  its  second  minors  are  divisible  by  (fl  — /e)'2"'1""2' 
and  not  simultaneously  by  any  higher  power ;  and  so  on. 

This  property,  that  all  the  minors  of  A1  (Q)  of  order  p.  are  divisible  by 

(K  —  Q)ff*  ~  (T~M  and  not  simultaneously  by  any  higher  power,  can  be  proved 
as  folio wst. 

Any  minor  of  order  p.  of  A  (Q)  must  contain  at  least  m  -  r  -  p.  of  the  last 
m  —  T  columns  :  let  it  contain  m-'r  —  p.-}- a  of  these  columns,  where  a  can 
range  from  0  to  p..  It  then  must  contain  r-a.  of  the  first  T  columns. 
Similarly,  it  must  contain  at  least  m-r  —  p.  of  the  last  m  —  T  rows:  let  it 
contain  m-T-p.+a  of  these  rows,  where  a  can  range  from  0  to  p..  It  then 
must  contain  T  -  a'  of  the  first  r  rows.  The  minor  may  be  identically  zero  : 
if  not,  then,  owing  to  the  early  columns  and  early  rows  that  are  retained,  it  is 
divisible  by  (K  — Q)T~M,  and  possibly  by  a  higher  power  of  *-G.  Conse- 
quently, some  among  these  minors  are  expressible  as  the  product  of  (<c  —  Q)1""'* 
by  a  linear  combination  of  minors  of  Al  (Q)  which  are  of  order  p, ;  the  coeffi- 
cients in  the  combination  are  composed  of  the  constants,  which  occur  in  the 
first  T  -  p,  columns  and  the  last  m  -  r  rows,  and  thus  are  independent  of  Q. 
But  a  minor  of  order  p.  of  A  (Q)  is  not  necessarily  divisible  by  a  power  of 
K  -  H  with  an  index  higher  than  <r  ;  thus 

(K  -Q)°V.  polynomial  in  Q  =  (<  -  Q)T~^.  sum  of  minors  of  A^  (Q). 

It  therefore  follows  that  the  power  of  K  -  Q  common  to  all  those  minors  of 
A1(Q)  is  of  index  not  higher  than  a-  -(T  —  p.). 


*  Comptes  Rendus,  t.  xcn  (1881),  p.  177. 

t  Heffter,    Einleitnng    in    die    Theorie    der    linearen    Differentialgleichun<]tn, 
pp.  250—256. 
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Next,  we  know  that  there  are  some  minors  of  the  original  A  (Q)  of  order  r, 
which  do  not  vanish  when  Q  =  K  and  which  therefore  are  not  divisible  by 
K  —  Q.  Clearly  they  cannot  contain  any  of  the  first  r  rows  in  A  (Q)  ;  and  thus 
they  must  be  composed  of  sets  of  m  —  r  columns  selected  among  the  last 
m-r  rows.  Take  the  minors  of  order  p.  of  any  one  of  these  non-vanishing 
determinants,  their  number  being  N2,  where 

(m-r)!       ^y 
(m  —  T-fj.)  I  pi 
and  denote  these  minors  by 

MM,  (A,  k=l,  ...,  ffi), 

the  integers  h  and  Ic  corresponding  to  the  obliteration  of  a  set  of  p.  columns 
and  a  set  of  p.  rows  out  of  the  non-  vanishing  determinant  of  order  m  —  r. 
Let  mM  be  the  complementary  of  M^  in  its  own  determinant. 

Now  take  the  minors  of  Al  (Q)  which  are  of  order  /x  :  their  number  is  N*, 
and  they  may  be  denoted  by  ay,  for  i,j=I,  ...,  N,  with  the  same  significance 
in  the  integers  as  for  M^.  Construct  an  expression 


say,  where  Jh  is  a  determinant  of  order  m  —  T.  Then  either  (i),  Jh  vanishes 
identically,  owing  to  identities  of  rows  or  columns  :  or  (ii),  Jh  is  equal  to 
±Al  (Q)  and  therefore  is  divisible  by  (K-Q)"~T,  that  is,  certainly  divisible 
by  (K-Q)V"(T~^,  for  (§  16)  we  have 

cr  —  o^  ^  crt  —  cr2  ^  .  .  .  ^  (TT  _  j  ^  1  ; 

or  (iii)  Jh,  when  bordered  by  r  —  p.  of  the  first  rows,  and  the  first  columns  in 
A  (Q),  is  a  minor  of  order  /x  of  A  (Q.)  and  is  therefore  divisible  by  (/c—  Q)V,  so 
that  the  equivalence  of  the  two  expressions  for  the  minor  of  A  (Q)  gives 

(<  -  Q)V  .  polynomial  in  Q  =  (<  -  Q)T  ~^.Jh, 
and  therefore  Jh  is  divisible  by  (K  -  Q)ff*  ~(T~  W.     It  thus  follows  that  Jk  is 

divisible  by  (K  —  Q)V  ~  ^T  ~  $,  in  every  case  when  it  is  not  zero  :  and  this 
holds  for  all  values  of  li.  Taking  then 

™>hi  aii  +  inhzai2  +  ...  +  mhN  OUT  =  Jh  , 

for  h  =  l,  ...,  .A^and  for  one  particular  value  of  i,  we  have  a  series  of  .A7"  linear 
equations  in  the  quantities  ail}  ...,  an?.  The  determinant  of  their  coefficients 
is  a  power  of  the  non-vanishing  determinant  of  order  m  —  T,  for  it  is  a 
determinant  of  all  its  minors  of  one  order  :  and  therefore  it  does  not  vanish. 
Hence,  so  far  as  powers  of  K  -  Q,  are  concerned,  each  of  the  minors  a^,  ...,  tux- 
is  a  linear  combination  of  Jv,  ...,  JN:  all  of  these  are  divisible  by 

(K  —  0)%"'  '~W}  and  therefore  each  of  the  minors  afl,  ...,  ativ  is  certainly 
divisible  by  that  power.  The  result  holds  for  each  of  the  values  of  i. 

It  has  been  seen  that  the  power  of  K  -  Q,  common  to  all  these  minors  of 
Al(Q,),  has  an  index  not  greater  than  cr  —  (T-/*);  combining  the  results,  we 
infer  that  the  highest  power  of  K  -  Q,  common  to  all  the  minors  of  Al  (Q)  of 
order  /i,  has  its  index  equal  to  cr  -  (T  -  /*). 
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21.     The  indices  of  the  elementary  divisors  of  A1  (£1)  are 

<T  —  O"i  —  1 ,     O"i  —  0*2  —  1 ,     O"2  —  O"3  —  1 ,    . . .  J 

let  there  be  r  of  them,  where  r'  <  T,  so  that  the  last  r  —  r  of  the 
indices  of  those  of  A  (O)  are  equal  to  unity,  on  account  of  the 
property 

cr  —  a"i  ^  <TI  —  <r2  ^  tr2  —  cr3  ^  . . .  ^  ffr-i  ^  1. 

Then  the  minors  of  Al  of  order  T'  (and  consequently  of  degree 
m  —  T  —  r'  in  the  coefficients  of  A^  are  the  earliest  in  successively 
increasing  order,  which  do  not  all  vanish  when  £1  =  K  ;  conse- 
quently, in  the  set  of  equations 

pi@r,T+i  +  p2@r,-<+2  +  •••  +  pm-i  /3r,m  =  Kpr,        (r  =  T+l,   . . .,  m), 

r'  of  them  are  linearly  dependent  upon  the  rest.  Hence  taking 
m  —  T  —  r  of  the  equations  which  are  independent,  we  can  express 
m  —  T  —  T'  of  the  constants  p  in  terms  of  the  other  T',  which  thus 
remain  arbitrary  and  which  may  be  taken  to  be  pi,  ...,  p'T\ 

Now  take  an  integral 

V  =  piWr+l  +  . . .  +  p'm-r  Wm , 

and  substitute  for  the  various  coefficients  p'  in  terms  of  p/, ...,  p\-. 
The  integral  becomes 

v  =  pl'Wu+p2'W12+...+pr-WlT', 
where,  writing  X  =  r  +  r',  we  have 

Wlr  =  Wr+r  +  £X+i,rW\+l  +  . . .  +  lm,rWm, 

for  r  =1,  ...,  r' ;  and  the  determinate  constants  I  are  given  by 

pr'+g  =  h+g,  i  pi    +  . . .  +  l\+8,  T'P'T'I 

for  s  =  l,  . ..,  m  —  \,  being  the  expressions  of  the  constants  p'  in 
terms  of  p/,  ...,  p'T>. 

Clearly  each  of  the  quantities  Wn,  TT12,  ...,  W1T>  is  an  integral 
of  the  equation.  Moreover,  they  are  linearly  independent  of  one 
another  and  of  Wlt ...,  WT  ;  for  any  non-evanescent  linear  relation 
of  the  form 

FlWl  +  ...  +  FrWr+FJWu  +  ...  +  F'r'W^O 

would  lead,  after  substitution  for  Wlt  ...,  Wr,  Wn,  ...,  Wlr>  in 
terms  of  the  original  fundamental  system  wlt  ...,  wm,  to  a  non- 
evanescent  homogeneous  linear  relation  among  the  members  of 
that  system — a  possibility  that  is  excluded. 
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As  regards  the  effect,  which  is  caused  upon  each  of  these 
newly  obtained  integrals  by  the  description  of  a  simple  contour 
round  the  singularity,  we  have 

Wlr'  =  W'r+r  +  /x+ 


where  Vr  denotes  a  homogeneous  linear  combination  of  Wly  ..., 
Wr.  Now  no  one  of  the  quantities  Vr  can  be  evanescent,  nor 
can  any  linear  combination  of  the  form 


be  evanescent  :  for  in  the  former  case,  we  should  have 


and  in  the  latter 

i  <V,  rt  ,„  -4-  -4-  »V  /  IT  i    /^    =  JK  I  "/<  IT  11  -4-  . .      -4-  "V  '  rr  i   ;  I 

\  /I  "  ir    i  '     /T         IT  /          '"  \  /i        11  '      /T    ••  IT  /• 

As  Wlr  and  yj Wu  +  ...  +yr> Wlr>  in  the  respective  cases  are  linearly 
independent  of  W-i,  ...,  TFT,  we  should  thus  have  a  new  integral 
of  the  same  type  as  Wlt  ...,  WT;  and  then,  instead  of  having  some 
of  the  minors  of  order  T  in  A  (fl)  different  from  zero  when  £1  =  K, 
all  of  them  of  that  order  would  be  zero,  and  we  should  only  be 
able  to  declare  that  some  of  order  r  + 1  are  different  from  zero : 
in  other  words,  the  number  of  elementary  divisors  of  A  (fl)  would 
be  T  + 1  instead  of  T.  The  quantities  F]}  ...,  Fr/  are  thus  linearly 
equivalent  to  T'  of  the  quantities  TFj,  ...,  Wr,  say  to  TFj,  ...,  TFT/; 
hence  constructing  the  linear  combinations  of  F,,  ...,  FT/  which 
are  equal  to  Wlt  ...,  Wr>  respectively,  and  denoting  by  ivu,  ..., 
wlT'  the  linear  combinations  of  Wu,  ...,  Wlr>  with  the  same  coeffici- 
ents as  occur  in  these  combinations  of  V1}  ...,  FT/,  we  have  a  set 
of  T'  integrals  wu,  ...,  w1T>,  such  that 

ww'  =  K<wlr  +Wr,  (r  =  1,  . . .,  r'). 

These  integrals  are  linearly  independent  of  one  another,  and  also 
of  Wlt  ...,  WT,  before  obtained.  They  constitute  the  aggregate 
of  linearly  independent  integrals  of  this  type ;  for  if  there  were 
another  linearly  independent  of  them,  it  would  imply  that  Al  (O) 
had  T'  +  1  elementary  divisors  instead  of  only  T'. 

As  regards  the  two  sets  of  integrals  already  obtained,  it  may 
be  noted,  (i).  that  the  set  W1}  ...,  Wr  can  be  linearly  combined 
among  themselves,  without  affecting  the  characteristic  equation 
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(ii),  that  to  each  integral  of  the  set  wu,  ....  wlT/  there  may  be  added 
any  linear  combination  of  the  integrals  of  the  set  Wl,  ...,  Wr, 
without  affecting  the  characteristic  equation 

wlr'=  /cwlr  +  Wr. 

If  the  index  of  each  of  the  elementary  divisors  of  Al(fl)  is 
unity,  then  r  =  <r  —  T,  so  that  the  number  r  +  r'  of  integrals 
obtained  is  then  equal  to  <r,  the  multiplicity  of  the  root  of 
A  (fl)  =  0  in  question.  In  every  other  case,  T'  +  T  <  <r. 

22.  When  r  +  r  <  a,  so  that  T'  is  less  than  the  degree  of 
Ai(fl\  we  use  the  integrals  wn,  ...,wlr>  to  modify  the  funda- 
mental system  Wl}  ...,  Wr,  wr+1,  ...,wm,  substituting  them  for 
wr+1,  ...,  wr+r>  in  that  system.  When  the  variable  z  describes  a 
simple  closed  contour  round  a,  the  effect  upon  the  elements  of  the 
modified  fundamental  system  is  to  change  them  into  Wi,  ...,  TFT', 
wu',  .  .  .  ,  w\T>,  w\+l  ,  ...,  wm',  where  T  +  T'  =  A,,  and 

Wr'-KWr, 

Wls'  =  KWls  +  Wg, 


4-  7t>T+1Wn  +  ... 

for  r  =  1,  .  .  .  ,  T  ;  s  =  l,  .  .  .  ,  T'  ;  <  =  X  +  1,  .  .  .  ,  m.    The  fundamental 
equation  derived  through  this  system  is 

A  (ii)  =  (*  -  n)T+^8(n)  =  o, 

where 

i  —  **j 


7nt,A+i  ,    7r»,X+2    >    •••>    7m, wi— 

Also  «  is  of  a  root  of  -42(^)  of  multiplicity  o- —  T  —  T'.  By  a 
further  application  of  the  proposition  (§  20)  connecting  the 
elementary  divisors  of  A  (fl)  and  Al  (II),  the  indices  of  the 
elementary  divisors  of  A.2(£L\  which  are  powers  of  K  —  H,  are 
seen  to  be 

<r  —  0-j  —  2,    <T!  —  <73  —  2,   <72  —  <r3  —  2,  . . . , 

say  r"  in  number. 

The  procedure  from  the  equation  A^  (H)  =  0  to  the  corre- 
sponding sub-group  of  integrals  is  similar  to  that  adopted  in  the 
case  of  the  equation  A^  (H)  =  0 ;  and  the  conclusion  is  that  there 
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exists  a  sub-group  of  r"  integrals  w21,  w%>,  ...,  w2r",  characterised 
by  the  equations 


for  t=l,  2,  ...,  T". 

And  so  on,  for  the  sub-groups  in  succession.  Combining  these 
results,  we  have  the  theorem*  : 

When  a  root  K  of  the  fundamental  equation  A  (H)  =  0  is  of 
multiplicity  cr,  and  when  the  elementary  divisors  of  A  (ft)  associated 
with  that  root  are 

(K-fi)ff~ff\  (K-nf1"*2,  ...,  (tf-ri)^-1, 

a  group  of  a-  linearly  independent  integrals  is  associated  with  that 
root  :  this  group  consists  of  a  number  cr  —  ^  of  sub-groups,  which 
satisfy  the  equations 

wr'  =  KWr,  for  r  =  1,  ....  T, 

wls'  =  KWIS  +  ws,  for  s  =  1,  .  .  .  ,  T', 

w.x  =  KW&  +  wlt,  for  t  =  1,  .  .  .  ,  T", 

and  so  on.  The  integer  r  is  the  number  of  elementary  divisors  of 
A  (O)  ;  T'  is  the  number  of  those  divisors  with  an  index  greater 
than  unity  ;  r"  is  the  number  of  those  divisors  with  an  index  greater 
than  two  ;  and  so  on. 

The  group  of  a-  integrals,  and  m  —  cr  other  integrals,  all 
linearly  independent  of  one  another,  make  up  a  fundamental 
system  :  the  m—  cr  other  integrals  being  associated  with  the 
m  —  cr  roots  of  A  (fl)  =  0  other  than  H  =  K.  When  these  roots  are 
taken  in  turn,  we  have  a  single  integral  associated  with  each 
simple  root,  and  a  group  of  integrals  of  the  preceding  type  asso- 
ciated with  each  multiple  root,  the  number  in  the  group  being 
equal  to  the  order  of  multiplicity  of  the  root.  We  thus  have  a 
system  of  integrals  of  the  original  differential  equation  distributed 
among  the  roots  of  the  fundamental  equation  associated  with  the 

*  That  part  of  the  theorem,  which  establishes  the  existence  of  the  group  of 
integrals  associated  with  a  multiple  root,  is  due  to  Fuchs,  Crelle,  t.  LXVI  (1866), 
p.  136  :  but  the  initial  expression  given  to  the  members  of  the  group  was  much 
more  complicated.  The  part  which  arranges  the  group  in  sub-groups,  each  with 
its  own  characteristic  equation,  is  due  to  Hamburger,  Crelle,  t.  LXXVI  (1873), 
p.  121;  he  takes  it  in  an  arrangement,  which  will  be  found  in  the  next  section. 
The  association  of  the  sub-groups  with  the  elementary  divisors  of  A  (O)  is  due  to 
Casorati,  Comptes  Eendus,  t.  xcn  (1881),  p.  177. 
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singularity :  that  the  system  is  fundamental  is  manifest  from  the 
facts,  that  the  initial  system  was  fundamental,  and  that  all  modi- 
fications introduced  have  been  such  as  to  leave  it  fundamental. 

Ex.  1.     Two  independent  integrals  of  the  equation 

are  given  by 

_  i  fil 

Hence  when  the  variable  describes  a  simple  closed  contour  round  the  origin 
in  the  positive  direction,  we  have 


and  therefore  the  fundamental  equation  belonging  to  the  origin  (which  is  a 
singularity  of  the  equation)  is 


=0, 

o_,'  i       /) 

—  —TVt     ,       —  L  —  (7 

that  is,  it  is 


-  1  -  6,      0 

-  2iri  ,    -1-0 


Similarly,  two  independent  integrals  of  the  equation 

2cPw_      dw 

Z   dz*      ^Z~dz      ^W 

1  '  -  Uv& 

are  given  by 

Hence  after  a  simple  closed  contour  round  the  origin,  we  have 

where  a  is  e*ir*  •  the  fundamental  equation  belonging  to  the  origin  is 


-1-0,        0 


-0 


=0, 


that  is, 


Ex.  2.     Construct   the   linear  differential   equation   of  the   third   order, 
having 


for  three  linearly  independent  integrals  ;  obtain  the  fundamental  equation 
appertaining  to  the  origin  as  a  singularity  ;  and  from  the  form  of  the 
differential  equation,  verify  Poincare^s  theorem  (§14)  that  the  product  of 
the  three  roots  of  this  fundamental  equation  is  unity. 
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HAMBURGER'S  RESOLUTION  OF  A  GROUP  OF  INTEGRALS  INTO 

SUB-GROUPS. 

23.  In  the  case  when  the  roots  of  the  fundamental  equation 
are  all  distinct  from  one  another,  the  general  analytical  character 
of  each  of  the  integrals  of  the  fundamental  system  in  the  vicinity 
of  the  singularity  has  been  obtained  (§  18).  We  proceed  to  the 
corresponding  investigation  of  the  general  analytical  character 
of  the  group  of  integrals  in  the  vicinity  of  the  singularity,  when 
the  group  is  associated  with  a  multiple  root  of  the  fundamental 
equation. 

We  have  seen  that  the  group  of  linearly  independent  integrals 
can  be  arranged  in  sub-groups  of  the  form 
W      W  W    • 

' '  1  >         "  2>      •••>         ''  T    ) 

wn,  wn,  ..,,   wlr>  ; 
w.21 ,  wa ,  . . . ,  w.2T" 


the  members  of  each  sub-group  being  arranged  in  a  line  and 
satisfying  an  equation  characteristic  of  the  line.  Let  these  be 
rearranged  in  the  form* 


J,   w3l, 


each  of  the  integrals  in  the  new  line  satisfies  an  equation,  and  the 
set  of  characteristic  equations  for  any  line  is,  in  sequence,  the 
same  as  for  any  other  line,  so  far  as  the  members  extend.  When 
any  such  line  is  taken  in  the  form 

U1}    M2)    ...,    WM, 

where  the  integer  //,  changes  from  line  to  line,  the  set  of  the 
characteristic  equations  is 


M2    =  KU2 
U3'  =  KU3 


t-Vl£         -— -      KtlJVu      ~\  W>U J 

*  These  are  Hamburger's  sub-groups ;  see  note,  p.  60.     Their  number  is  equal 
to  the  number  of  elementary  divisors  of  A  (12)  connected  with  the  multiple  root. 
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Let 

27rt'a  =  log  K  ; 
we  have 

[(z-a)^  =  K(z-aY, 
and  therefore 

(z  —  a)~a]'  =  Ui  (z  —  a)~a. 


Thus  Mj(0  —  a)~a  is  unaltered  by  the  description  of  a  simple  closed 
contour  round  a  ;  it  therefore  is  uniform  in  the  vicinity  of  a,  but 
it  cannot  be  declared  holomorphic  in  that  vicinity,  for  a  might  be 
a  pole  or  an  essential  singularity  of  u^(z  —  a)~a.  Denoting  this 
uniform  function  of  z  —  a  by  ^  ,  we  have 


To  obtain  expressions  for  the  other  integrals,  Hamburger* 
proceeds  as  follows.  Introduce  the  function  L,  defined  by  the 
relation 


then,  after  the  description  of  a  simple  contour,  we  have 

L'  =  L  +  1. 

We  consider  an  expression 


where 


\     T    J      (//,  —  1  —  7")  !  T  ! ' 


and   the   functions    ^  ,  .  .  .  ,  ^   are   uniform   functions   of   z  —  a. 
Then  if,  for  all  values  of  n,  we  take 

2/M_n  =  (z  -  a)aKn&nF, 
where  the  symbolical  operator  A  is  defined  by  the  relation 

A  ^  =  F(L  +  1  )  -  F  (L)  =  F'  -  F, 
we  have 


*  CreWe,  t.  LXXVI  (1873),  p.  122. 
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holding  for  all  values  of  n.     These  are  the  characteristic  equations 
of  the  modified  sub-group ;  and  therefore  we  can  write 

uIL_n  =  (z-aYicnknF, 

with  the  above  notations.     This  is  Hamburger's  functional  form 
for  the  integrals. 

24.  The  integrals  ult  . ..,  u^  are  a  linearly  independent  set 
out  of  the  fundamental  system ;  and  the  system  will  remain 
fundamental  if  MJ,  . . . ,  MM  are  replaced  by  //,  other  functions,  linearly 
independent  of  one  another  and  linearly  equivalent  to  u1}  ...,  WM. 
A  modification  of  this  kind,  leading  to  simpler  expressions  for  the 
sub-group  of  integrals,  can  be  obtained.  In  association  with  F, 
take  a  series  of  quantities,  defined  by  the  relations 


Then  we  have 

A  F  =  OuV- 


where  the  constants  a  are  non-vanishing  numbers,  the  exact 
expressions  for  which  are  not  needed  for  the  present  purpose. 

Then  (z  —  a)avl  is  a  constant  multiple  of  (z  —  a)a^'J-~lF,  that  is, 
of  M!  ;  and  it  therefore  is  an  integral  of  the  differential  equation. 

By  the  last  two  of  the  above  equations,  (z  —  a)av2  is  a  linear 
combination  of  (z  —  a)aA'1~2^T  and  (z  —  ay&r~lF,  that  is,  it  is  a 
linear  combination  of  u2  and  ut ;  it  therefore  is  an  integral  of  the 
differential  equation. 

By  the  last  three  of  the  above  equations,  (z  —  a)*vs  is  a  linear 
combination  of  (z  -  a}afr-*F,  (z  -  aY^-^F,  (z  -  a)a^-1F,  that  is, 
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it  is  a  linear  combination  of  u^,  u2,  us;  it  therefore  is  an  integral 
of  the  differential  equation. 

Proceeding  in  this  way,  we  obtain  /j.  integrals  of  the  form 

(z  —  a)*Vi,   (z  —  aYvz,  ....   (z  —  a)avll.. 

Moreover,  these  are  linearly  independent,  and  so  are  linearly 
equivalent  to  ult  ...,  u^;  for,  having  regard  to  the  expressions  of 
&F,  ...,  ^•~1F,  we  see  at  once  that  any  homogeneous  linear  rela- 
tion among  the  quantities  v1}  . ..,  v^  would  imply  a  homogeneous 
linear  relation  among  the  quantities  F,  A^7,  ...,  A^"1^7,  that  is, 
among  ult  ...,  u^;  and  no  such  linear  relation  exists.  Hence 
Hamburger's  sub-group  of  integrals  is  equivalent  to  (and  can  be 
replaced  by)  the  sub-group 

(z  —  a)aVi,   (z  —  a)av2,  ...,   (z  —  a)avM. 

Accordingly,  we  now  can  enunciate  the  following  result  as 
giving  the  general  analytical  expression  of  the  group  of  integrals, 
associated  with  a  multiple  root  K  of  the  fundamental  equation*: — 

When  a  root  K  of  the  fundamental  equation  A(0)=0  is  of 
multiplicity  a-,  the  group  of  a-  integrals  associated  with  that  root 
can  be  arranged  in  sub-groups ;  the  number  of  these  sub-groups  is 
equal  to  the  number  of  elementary  divisors  of  A  (0)  which  are 
powers  of  K  —  6 ;  the  number  of  integrals  in  any  sub-group  is 
determined  by  means  of  the  exponents  of  the  elementary  divisors; 
and  a  sub-group,  which  contains  //.  integrals,  is  linearly  equivalent 
to  the  ft  quantities 

(z-a)avlt   (z-a)av2,  ...,   (z-a)avl., 
where  2<m'a  =  log  K,  and  the  p.  quantities  v  are  of  the  form 


*  This  form  of  expression  for  the  group  of  integrals  appears  to  have  been  given 
first  by  Jiirgens,  Crelle,  t.  LXXX  (1875),  p.  154.  See  also  a  memoir  by  Fuchs, 
Berl.  Sitzungsber.,  1901,  pp.  34—48. 
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where  L  =       .log  (z  —  a),     y          }    denotes  -.  —  ^-  ,    and 

2?™  V     r    )  (p-l-r)l 


.  , 

(p-l-r)l  rl 

tJie    fji,   quantities   -\/r,,  ...,  -\JrM    are    uniform   (but   not   necessarily 
holomorphic)  functions  of  z  —  a  in  the  vicinity  of  the  singularity. 


DIFFERENTIAL  EQUATION  OF  LOWER  ORDER  SATISFIED  BY 
A  SUB-GROUP  OF  INTEGRALS. 

25.  The  preceding  form  of  the  integrals  in  each  sub-group  of 
a  group,  associated  with  a  multiple  root  of  the  fundamental 
equation,  has  been  inferred  on  the  supposition  that  the  coefficients 
of  the  linear  equation  are  uniform  functions. 

It  will  be  noticed  that  the  coefficient  of  the  highest  power  of 
L  in  each  of  the  members  of  the  sub-group  is  the  same,  being  an 
integral  of  the  equation,  —  a  result  which  is  a  special  case  of  a 
more  general  theorem.  Moreover,  it  is  of  course  possible  to  verify 
that  each  member  of  the  sub-group  satisfies  the  differential 
equation  ;  and  it  happens  that  the  kind  of  analysis  subsidiary  to 
this  purpose  leads  to  the  more  general  theorem  above  indicated, 
as  well  as  to  a  result  of  importance  which  will  be  useful  in  the 
subsequent  discussion  of  the  reducibility  of  a  given  equation.  We 
proceed  to  establish  the  following  theorem*,  which  is  of  the  nature 
of  a  converse  to  the  theorem  just  established  : 

If  an  expression  for  a  quantity  u  be  given  in  the  form 


where  L  =  ~  —  .log  (z  —  a),  and  each  of  the  quantities  <f>  is  of  the 


form 

(j)  =  (z  —  a)a  .  uniform  function  of  z  —  a, 

a  being  a  constant,  then  u  satisfies  a  homogeneous  linear  differential 
equation  of  order  n,  the  coefficients  of  which  are  functions  of  z 
uniform  in  the  vicinity  of  z  =  a  ;  moreover, 

fa      &u  dn~lu 

dl'  dL*'  '"'  a!*-1 

are  integrals  of  the  same  equation  and,  taken  together  with  u,  they 
constitute  a  fundamental  system  for  the  equation. 

*  Fuchs,  in  the  memoir  quoted  on  the  preceding  page. 
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Qn-i^ 

(It  is  clear  that  „  ,n_l  is  a  numerical  multiple  of  $1}  and  that 

the  coefficient  of  the  highest  power  of  L  in  each  of  the  announced 
integrals  is,  save  as  to  a  numerical  constant,  the  same  for  all;  it 
is  a  multiple  of  tf>lf  which  is  an  integral  of  the  equation.) 

It  is  convenient  to  make  a  slight  modification  in  the  form  of  u ; 
we  take 

~  ^ 


where 

n-l 
r 

so  that  the  character  of  the  functions  ty  arid  their  form  (except 
as  to  a  mere  numerical  constant)  are  the  same  as  those  of  the 
functions  </>.  Further,  no  change,  either  in  the  property  that 

du      d*u 
dLj     o//2 

are  integrals  of  the  equation  or  in  the  property  that,  taken 
together  with  u,  they  constitute  a  fundamental  system,  will  be 
caused  if  they  are  multiplied  by  constants :  so  that,  if  the  theorem 
can  be  established  for  Wj,  ...,  un^,  where 


2 1       f)n~3u 


(n  —  1)  !  dLn~3 

'n-2 


tie  theorem  holds  for  the  quantities  as  given  in  the  enunciation 

f  the  theorem. 

5—2 
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26.  Merely  in  order  to  abbreviate  the  analysis,  we  take  n  =  4 
with  the  above  forms,  it  will  be  found  that  the  analysis  for  anj 
particular  case  such  as  n  =  4  is  easily  amplified  into  the  analysis 
for  the  general  case.  Accordingly,  we  deal  with  quantities  u, 
u.,,  us,  where 


If  u  can  be  an  integral  of  a  linear  equation  of  the  fourth  order 
with  coefficients  that  are  uniform  functions  of  z  —  a  in  the  viciuity 
of  a,  let  the  equation  be 

d3       ^d-       n  d 


Let  the  variable  2  describe  a  simple  contour  round  a  ;  this  leaves 
the  differential  equation  (if  it  exists)  unaltered,  and  so  the  new 
form  of  u  is  an  integral,  say  u',  where 

u'  =  /o/r<  +  3/c^3  (L  +  l)  +  3/n/r2  (L  +  I)2  +  K^  (L  +  l)s, 

where  K  is  the  factor  common  to  all  the  functions  -^  after  the 
description  of  the  circuit.  As  u  and  u'  are  integrals  of  a  homo- 
geneous linear  equation,  so  also  is 

v,  =  -u'  —  u 
K 

=  3us  +  '3u2+  Wj. 
Hence  v  also  is  an  integral,  and  it  is  given  by 

v'  =  3  {/o/r3  +  2/nJr2  (L  +  1)  +  K^  (L  +  I)2} 

+  3  {«^2  +  K^  (L  +  1)}  +  K^  : 


and  therefore 

,   /I    ,      A 
w,  =  i    -  v  —  v]  =  u.2  +  u1, 

\K  ) 

is  also  an  integral.     Hence  w   is  also  an  integral,  and  it  is  given 
by 

W    =  K^z  +  /njrj  (L  +  1 )  -f-  K l^i , 


and  therefore 


t,  =-  w'  —  tv  =  y}rl  =  u,, 
K 


is  also  an  integral. 
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Thus  integrals  are  given  by 


w  —  t,  =  u2, 
%  (v  —  3w  +  2t),  =  u3> 

which  proves  one  part  of  the  theorem,  viz.  that  u,  u^,  u2,  u3  are 
simultaneous  integrals  of  the  linear  equation  if  it  exists. 

27.  In  order  to  establish  the  property  that  u,  ult  u?,  u3  con- 
stitute a  fundamental  system  of  the  equation  if  it  exists,  a  pre- 
liminary lemma  will  be  useful;  viz.  if  A,  B,  C,  D  be  functions 
free  from  logarithms  and  if  they  be  such  that  a  simple  closed 
contour  round  a  restores  their  initial  values,  except  as  to  a  con- 
stant factor  the  same  for  all,  then  no  identical  relation  of  the 
kind 

OLA  +  $BL  +  yd.2  +  WD  =  0 


can  exist,  in  which  a,  ft,  7,  8  are  constants  different  from  zero. 
For  let  the  simple  contour  be  described  any  number,  N,  of  times 
in  succession  ;  and  let  /  be  the  constant  factor  acquired  by  the 
functions  A,  B,  C,  D  after  a  single  description  of  the  simple 
contour.  Then  we  should  have  the  relation 


and  consequently  the  relation 

aA  +  &B  (L  +  N)  +  yG(L  +  X)*  +  SD  (L  +  N)3  =  0, 

valid  for  all  integer  values  of  N.     Consequently,  the  coefficients  of 
the  various  powers  of  N  must  vanish  :  hence 

0=    SD, 


0  =  3 

0=    SDLS+ 

the  last  of  which  is  the  original  postulated  relation.     From  the 
first  of  these  relations,  it  follows  that 

8  =  0; 
then,  from  the  second,  that 

7  =  0; 
then,  from  the  third,  that 
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and  so,  from  the  original  relation,  that 

a  =  0. 
The  lemma  is  thus  established. 

It  may  also  be  proved  that,  if  A,  B,  G,  D  be  functions  free 
from  logarithms,  and  if  they  be  such  that  a  simple  closed  contour 
round  a  restores  their  initial  values,  except  as  to  constant  factors 
which  are  not  the  same  for  all,  then  no  identical  relation  of  the 
kind 

aA  +  0BL  +  yCL*  +  8DL*  =  0 


can  exist,  in  which  a,  0,  7,  8  are  constants  different  from  zero. 
The  proof  is  left  as  an  exercise. 

It  is  an  immediate  inference  from  the  course  of  the  lemma 
that  no  relation  of  the  form 

a'u  +  ft'u3  +  7'  1*2  +  8'Ui  =  0 

can  exist,  in  which  a,  ft',  y,  8'  are  constants  different  from  zero  ; 
for  proceeding  as  before,  it  would  require 

0=    a!  fa, 

J3'  fa, 


0=    a'fa  +   Pfa 

which  clearly  are  satisfied  only  if  a  =  ft'  =  7'  =  8'  =  0.  Hence  there 
is  no  homogeneous  linear  relation  among  the  quantities  u,  ul,  w2, 
u3  ;  and  they  therefore  constitute  a  fundamental  system  for  the 
linear  equation  if  it  exists. 

28.     If  the  equation  exists,  we  must  have 

AM  =  0,   A%3  =  0,   AMS  =  0,    Attj  =  0  ; 

and  in  the  operator  A,  the  functions  P,  Q,  R,  S  are  to  be  uniform 
functions  of  z  in  the  vicinity  of  a.  Let  Z  denote  any  function  of  z 
with  the  same  characteristic  properties  as  fa,  fa,  fa,  ty*',  then 
with  such  an  operator  A,  we  have 


A  (ZU)  =  L^Z  +  2LZ'  +  Z", 

A  (ZL3)  =  L3AZ  +  3l*Z'  +  3LZ"  +  Z'", 
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where  Z  ',  Z"  ,  Z'"  are  functions  of  the  same  characteristic  properties 
as  Z,  that  is,  as  i/^,  i/r2,  ^3,  ijr4,  and  they  are  free  from  logarithms. 
Now  as  Awj  =  0,  we  have 

AT/TJ  =  0. 
As  Aw*  =  0,  we  have 


that  is, 

Ai/r2  +  A/r/  =  0. 

As  Aw3  =  0,  we  have 


r3  +  2  (ZA>/r2  +  ^.2')  +  #Aifr  +  2^'  +  ^/'  =  0, 

that  is,  by  using  the  two  preceding  relations, 


As  AM  =  0,  we  have 
A^4  +  3  (L  A^3  +  VT/)  +  3  ( 

+  Z'A-^  +  3Z2-f  /  +  3-ty,"  +  ^-r  =  0, 
that  is,  by  using  the  three  preceding  relations, 


Thus  there  are  four  equations  ;  each  of  them  involves  the  coeffici- 
ents P,  Q,  R,  8  linearly  and  not  homogeneously.  The  required 
inferences  will  be  obtained  if  the  equations  determine  P,  Q,  R,  S 
as  functions  of  z,  uniform  in  the  vicinity  of  a. 

Now  each  of  the  functions  •x/r  is  such  that  (z  —  a)~a^r  is  a 
uniform  function  of  z  —  a  in  the  vicinity  of  a  ;  accordingly,  let 

(*-a)-«^M  =  0M,  (/*=!,  2,3,4), 

where  each  of  the  0's  denotes  a  uniform  function.  Substituting 
(z  —  ayO^  for  •x/ry  in  each  of  the  four  equations,  the  factor  (z  —  a)a 
can  be  removed  after  the  differential  operations  have  been  per- 
formed ;  and  then  all  the  coefficients  of  P,  Q,  R,  S,  and  the  term 
independent  of  them,  are  uniform  functions  of  z  in  the  vicinity  of 
a.  Solving  these  four  equations  of  the  first  degree  for  P,  Q,  R,  S, 
we  obtain  expressions  for  them  as  uniform  functions  of  z  —  a  in 
the  vicinity  of  a.  (In  general,  this  point  is  a  singularity  for  each 
of  the  expressions.)  It  follows  that,  for  these  values  of  P,  Q,  R,  S, 
the  four  quantities  ul}  u2,  us,  u  are  integrals  of  the  linear  differen- 
tial equation  of  the  fourth  order. 
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As  already  remarked,  similar  analysis  leads  to  the  establish- 
ment of  the  result  for  the  general  case ;  and  thus  the  theorem  is 
proved. 

COROLLARY  I.  It  is  an  obvious  inference  from  the  preceding 
theorem  that,  when  a  group  of  integrals  is  associated  with  a 
multiple  root  of  the  fundamental  equation,  any  (Hamburger) 
sub-group,  containing  (say)  n  of  the  integrals,  is  a  fundamental 
system  of  a  linear  equation  of  order  n  with  uniform  coefficients. 
Further,  it  is  at  once  inferred  that  the  n'  members  of  that  sub- 
group, which  contain  the  lowest  powers  of  the  logarithm,  constitute 
a  fundamental  system  for  a  linear  equation  of  order  n  with  uniform 
coefficients. 

COROLLARY  II.  Similarly  it  may  be  established  that  one 
(Hamburger)  sub-group  containing  n  integrals,  and  another  sub- 
group containing  p  integrals,  constitute  together  a  fundamental 
system  for  a  linear  equation  of  order  ft  4- p  with  uniform  coefficients. 
And  so  on,  for  combinations  of  the  sub-groups  generally. 

Ex.     Prove  that  if  the  linear  equation  in  w  has  a  sub-group  of  n  integrals 
which,  in  the  vicinity  of  a  singularity  a,  have  the  form 


where  2iriL  =  log  (z  —  a),  and  each  of  the  functions  ^  is  such  that  (z  -  a)  a  !//•  is 
uniform,  where  e2"*1  is  a  multiple  root  of  the  fundamental  equation  with 
which  the  sub-group  of  integrals  is  associated,  then  if  the  linear  equation  for 
v  be  constructed,  where 

w  =  w\  [vdz, 

that  linear  equation  has  a  corresponding  sub-group  of  n  —  1  integrals  of  the 
form 


where  the  functions  <£  are  of  the  same  character  as  the  functions  ^. 


CHAPTER  III. 

REGULAR  INTEGRALS;  EQUATION  HAVING  ALL  ITS  INTEGRALS 
REGULAR  NEAR  A  SINGULARITY. 

29.  THE  general  character  of  a  fundamental  system  of 
integrals  in  the  vicinity  of  a  singularity  has  now  been  ascertained. 
For  this  purpose,  the  main  property  of  the  linear  equation  which 
has  been  used  is  that  a  is  a  singularity  of  the  uniform  coefficients  ; 
the  precise  nature  of  the  singularity  has  not  entered  into  the 
discussion.  On  the  other  hand,  the  functions  <f>  which  occur  in 
the  integrals  are  merely  uniform  in  the  vicinity  of  a  :  no  know- 
ledge as  to  the  nature  of  the  point  a  in  relation  to  these  functions 
has  been  derived,  so  that  it  might  be  an  ordinary  point,  or  a 
pole,  or  an  essential  singularity.  Moreover,  the  index  r  in  the 
expressions  for  the  integrals  is  not  definite  ;  being  equal  to 

.  log  0,  it  can  have  any  one  of  an  unlimited  number  of  values 
J 


differing  from  one  another  by  integers.  Hence,  merely  by  changing 
r  into  one  of  the  permissible  alternatives,  the  character  of  a  for 
the  changed  functions  <j>  may  be  altered,  if  originally  a  were 
either  an  ordinary  point  or  a  pole  :  that  character  would  not  be 
altered,  if  a  originally  were  an  essential  singularity. 

It  is  obvious  that  the  character  of  a  for  the  integral  is  bound 
up  with  the  nature  of  a  as  a  singularity  of  the  differential 
equation,  each  of  them  affecting,  and  possibly  determining,  the 
other.  Accordingly,  we  proceed  to  the  consideration  of  those 
linear  equations  of  order  m  such  that  no  singularity  of  the 
equation  can  be  an  essential  singularity  of  any  of  the  functions 
<f>,  which  occur  in  the  expression  of  the  integrals  in  its  vicinity. 
In  this  case,  the  functions  <j>,  which  are  uniform  in  the  vicinity  of 
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a  and  therefore,  by  Laurent's  theorem,  can  be  expanded  in  a  series 
of  positive  and  negative  integral  powers  of  z  —  a  converging  within 
an  annulus  round  a,  will  at  the  utmost  contain  only  a  limited 
number  of  negative  powers.  To  render  r  definite,  we  absorb  all 
these  negative  indices  into  r  by  selecting  that  one  among  its 
values  which  makes  the  function  <j>  in  an  expression 

(z-a)r<f> 

finite  (but  not  zero)  when  z  =  a. 
An  integral  of  the  form 

u  =  (z-  a)r  [<f>0  +  <k  log  (z  -  a)  +  . . .  +  <£«  {log  (z  -  a)}'], 

where  $„,  <f>lt  ...,  <f>K  are  uniform  functions  having  the  point  a 
either  an  ordinary  point  or  a  zero,  is  called*  regular  near  a. 
When  a  value  of  r  is  chosen,  such  that  (z  —  a)~*u  is  not  zero 
and  (if  infinite)  is  only  logarithmically  infinite  like 

c0  +  d log  (z-  a)  +  ...  +  CK  {\og(z -  a)}", 

the  integral  is  said  to  belong  to  the  index  (or  exponent)  r:  the 
coefficients  c  being  constants  and  not  all  of  them  zero.  Similarly, 
when  the  singularity  a  is  at  infinity,  and  there  is  an  integral 

og  -  +  . . .  +  V 
6  z 

where  fa,  fa,  ...,  ^K  are  uniform  functions  having  z=ao  for  an 
ordinary  point  or  a  zero,  the  integral  is  said  to  belong  to  the  index 
or  exponent  p. 

It  will  be  possible  later  to  consider  one  class  of  integrals  that 
do  not  answer  to  this  definition  of  regularity :  but  it  is  clear  that 
regular  integrals,  as  a  class,  are  the  simplest  class  of  integrals,  and 
that  the  first  attempt  at  obtaining  integrals  would  be  directed 
towards  the  regular  integrals,  if  any.  Accordingly,  we  proceed  to 
consider  the  characteristics  of  linear  differential  equations  which 
possess  regular  integrals :  and  in  the  first  place,  we  shall  consider 
equations  all  of  whose  integrals  are  regular  in  the  vicinity  of  one 
of  its  singularities,  in  order  to  determine  the  form  of  equation  in 
that  vicinity. 

*  After  Thome",  Crelle,  t.  LXXV  (1873),  p.  266.  The  use  of  this  name  for  a 
function,  which  is  not  regular  in  the  variable,  may  seem  anomalous:  but  it  is 
now  wide-spread,  and  confusion  might  be  caused  by  the  introduction  of  another 
name.  See  footnote,  p.  4. 
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As  subsidiary  to  the  investigation,  one  or  two  simple  properties,  associated 
with  the  indices  to  which  the  functions  belong,  will  first  be  proved. 

If  a  regular  function  u  (in  the  present  sense  of  the  term)  belong  to  an 
index  r  and  another  v  to  an  index  s,  then  u+v  belongs  to  the  index  r  —  s:  as  is 
obvious  from  the  definition. 

If  a  regtdar  function  u  belong  to  an  index  r,  then  -j-  belongs  to  the  index 

cCz 
r—l.     To  prove  this,  let 

u=(z-aY  2  </>K  {log  (*-«)}«; 

K  =  0 

then 

5  -(*-  a/~*  [J0 H«  +  (*-«)  <*>;}  {^g  (z  -  «)}"  +  «£„  {log  (z  -  a)}' 

so  that  -j-  can  only  belong  to  the  index  r  -  1,  if  some  at  least  of  the  coefficients 

of  powers  of  log  (z  —  a)  are  different  from  zero  when  z  =  a.     These  coefficients 
in  succession  are 


when  2  =  a  is  substituted:   they  cannot  all  vanish,  for  then  </>0,  </>j,  ...,  $B 
would  vanish  when  2  =  a,  so  that  e0,  Cj,  ...,  c   would  all  be  zero,  and  then  u 

would  not  belong  to  the  index  r.     Thus  -j-  belongs  to  the  index  r—l. 

cLz 

There  is  one  slight  exception,  viz.  when  u  is  uniform  and  the  index  r  is 
zero  ;  then  -=-  is  also  uniform,  and  it  may  even  vanish  when  z=a  ;  so  that, 

CiZ 

if  u  were  said  to  belong  to  the  index  0,  -r-  could  be  said  to  belong  to  an  index 
not  less  than  0. 


FORM  OF  THE  DIFFERENTIAL  EQUATION  WHEN  ALL  THE 
INTEGRALS  ARE  REGULAR  NEAR  A  SINGULARITY. 

30.  As  a  first  step  towards  the  determination  of  the  form  of 
a  differential  equation  that  has  all  its  integrals  regular,  we  shall 
obtain  the  index  to  which  the  determinant  of  a  fundamental 
system  belongs.  Let  the  system  be  Wj,  wz,  ..-.,  wm :  and  let  the 
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indices  of  the  members  be  r1}  r2,  ...,  rm  respectively.     We  take 
the  determinant  in  the  form 


of  §  12,  where  G  is  a  constant. 

The  quantity  vl  is  a  solution  of  an  equation,  a  fundamental 
system  for  which  is  given  by 


dz  \Wi, 

It  is  clear  that,  if  w1}  w2,  ...  are  all  free  from  logarithms,  then 
v1}  v2,  ...  are  also  free  from  them.  If  however  there  be  a  group  or 
a  sub-group  of  integrals  associated  with  a  repeated  root  d  of  the 
fundamental  equation,  we  may  take  (§  23) 


,      d  fw2\  _  d  /I      w.2\  _ 


so  that 


thus  Vi  is  uniform  and  therefore  free  from  logarithms.  Similarly, 
Ui  and  all  the  quantities  used  in  the  special  form  of  the  determ- 
inant are  free  from  logarithms. 

The  indices  to  which  vlt  v2,  ...  respectively  belong  are 


unless  it  should  happen  that,  for  instance,  r2=  ?v  In  that  case, 
we  replace  w2  by  w2  +  awlt  choosing  a  so  as  to  make  the  new 
integral  belong  to  an  index  higher  than  r2  or  r^ :  this  change  will 
be  supposed  made  in  each  case  where  it  is  required. 

Again,  the  quantity  u^  is  a  solution  of  an  equation,  a  funda- 
mental system  for  which  is  given  by 

dz  \vl/  '  dz  \Vi/ ' 

The  index  to  which  u^  belongs  is 

r,  -  n  -  1  -  (rs  -  ra  -  1)  -  1,  =  rs  -  r,  -  1, 
and  so  for  w2,  ...  ;  that  is,  their  indices  are 

And  so  on,  down  the  series. 
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Hence  the  index  to  which 

Cwlmv1m^lu1m-^... 
belongs  is 

=  mr,  +  (ra  -  1)  (r2  -  rx  -  1)  +  (m  -  2)  (r3  -  r2  -  1)  +  . . . 

...  +  l(rm-rm_1-l) 
=  r-j  +  r2  +  . . .  +  rm  -  \m  (m  -  1) ; 

so  that",  denoting  the  determinant  of  the  fundamental  system  by 
A  (2)  as  in  §  9,  it  follows  that,  in  the  vicinity  of  the  singularity  a, 
we  have 

A  (z)  =  (Z-  a)n+»VK..+r7n-i»n(m-i)  _R  (^  _  a)? 

where  R  is  a  holomorphic  function  of  its  argument  in  that 
immediate  vicinity,  and  does  not  vanish  at  a. 

31.  This  result  enables  us  to  infer  the  form  of  the  differential 
equation  in  the  vicinity  of  the  singularity  a.  Manifestly,  the 
equation  is 

dmw  _       dm~lw          dm~zw 
~d^  ~Pl  ~dz^  +  P*  ~dz^  +  •••> 
if 

PK  =  -£,  (*  =  !,...,  m), 

where  A  is  the  determinant  of  the  m  integrals  in  the  fundamental 
system,  and  A*  is  the  determinant  that  is  obtained  from  A  on 

dm-"ws  dmws 

replacing  the  column  -j~m_K  ,  for  s=  1,  ...,  m,  by  the  column  ~r~ , 

for  s  =  1,  ...,  m. 

Now  consider  a  simple  closed  path  round  a.  After  it  has  been 
described,  A  and  AK  resume  their  initial  values  multiplied  by  the 
same  constant  factor,  which  is  the  non-vanishing  determinant  of 
the  coefficients  a  (§  13)  in  the  expressions  for  the  transformed 
integrals ;  thus  pK  is  uniform  for  the  circuit.  Hence,  when  the 
expressions  for  the  regular  integrals  are  substituted  in  A  and  A^, 
all  the  terms  involving  powers  of  log  (z  —  a)  disappear.  Moreover, 
A  belongs  to  the  index 

*-!+...  +rm-%m(m-  1) ; 

and  so  far  as  concerns  the  index  to  which  A*  belongs,  it  contains  a 
column  of  derivatives  of  order  K,  =  m  —  (m  —  K),  higher  than  the 
corresponding  column  in  A,  so  that  LK  belongs  to  the  index 

T!  +  ...  +rm- \m (m  -  1) -  K. 
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Hence  pK  belongs  to  the  index  —  K  and  therefore,  in  the  immediate 
vicinity  of  a,  the  form  of  pK  is  given  by 

P*=  (*-«)" 

where,  at  a  and  in  the  immediate  vicinity  of  a,  the  function 
PK  (z  —  a)  is  a  holomorphic  function  which,  in  the  most  general 
instance,  does  not  vanish  when  z  =  a,  though  it  may  dcf  so  in 
special  instances.  As  this  result  holds  for  K  =  \,  ...,m,  we  con- 
clude that,  when  a  homogeneous  linear  differential  equation  of 
order  in  has  all  its  integrals  regular  in  the  vicinity  of  a  singularity 
a,  the  equation  is  of  the  form 

/7»*/j/i            P       rlm~*iii  P         f}m~Zi/i  P 

<*>    w  -*  1     ^* ^    ,         -*  2  }_    ,  .         *  in 

dzm  ~  z  —  a  dzm~l      (z  —  a)2  dzm~z  (z  —  a)m  U 

in  that  vicinity,  where  P,,  P2,  ...,  Pm  are  holomorphic  functions  of 
z  —  a  in  a  region  round  a  that  encloses  no  other  singularity  of  the 
equation. 


CONSTRUCTION  OF  REGULAR  INTEGRALS,  BY  THE  METHOD 
OF  FROBENIUS. 

32.  The  argument  establishing  this  result,  which  is  due  to 
Fuchs*,  is  somewhat  general,  being  directed  mainly  to  the 
deduction  of  the  uniform  meromorphic  character  of  the  coefficients 
of  the  derivatives  of  w  in  the  equation.  No  account  is  taken  of 
the  constants  in  the  integrals:  and  it  is  conceivable  that  they 
might  require  the  existence  of  relations  among  the  constants  in 
the  functions  P1}  ...,  Pm.  Hence  for  this  reason  alone,  even  if  for 
no  other,  the  converse  of  the  above  proposition  cannot  be  assumed 
without  an  independent  investigation.  The  conditions,  which 
have  been  shewn  to  apply  to  the  form  of  the  equation,  are 
necessary  for  the  converse :  their  sufficiency  lias  to  be  discussed. 
Accordingly,  we  now  consider  the  integrals  of  the  equation  in 
the  vicinity  of  the  singularity  f. 

Denoting  the  singularity  by  a,  we  write 

z-a  =  x,     Pr(z-a)  =  pr(x)=pr,         (r  =  l,  ...,m); 

*  Crelle,  t.  LXVI  (1866),  p.  146. 

t  The  following  method  is  due  to  Frobeuius  ;  references  will  be  given  later. 
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so  that  the  equation  can  be  taken  in  the  form 

dmw      (  n         d™^1™  dw 

~ 


valid  in  the  vicinity  of  x  —  0. 

If  regular  integrals  exist  in  this  vicinity,  they  are  of  the  form 
indicated  in  §§  18,  24,  the  simplest  of  them  being  of  the  form 

00  00 

w  =  x*  "2,  gvxv  =  2  gva?+v 

v  =  Q  v  =  0 

=  #O>/°)> 

say  ;   should  this  be   an  integral,  it   must   satisfy  the  equation 
identically.     We  have 

{<r((r—  l)...(cr  —  w+  1)  —  o-(<r  —  l)...(cr  —  m+ 


=  x*f(x,  o-), 

say.  Here,/(#,  d)  is  a  holomorphic  function  of  a;  in  the  vicinity  of 
the  ^-origin  and  is  a  polynomial  of  degree  m  in  <r,  the  coefficient  of 
<rm  being  unity  :  so  that,  if  it  be  arranged  as  a  power-series  in  x, 
we  have 

/(^,a-)=/0((7)  +  ^/1(0-)  +  ^/2((7)  +  ...) 

where  /0(o-)  is  a  polynomial  in  a  of  degree  m,  and  /i(cr),  /2(a"),  ... 
are  polynomials  in  <r  of  degree  not  higher  than  m  —  1.  Then 

Dg(x,p}=  2  gvDxo+" 

v=0 

=  I  gvaf+"f(x,  p  +  v) 


If  the  postulated  expression  for  w  is  to  satisfy  the  equation,  the 
coefficients  of  the  various  powers  of  a;  on  the  right-hand  side  must 
vanish  :  hence 

0  =  #0/0  (p), 


0  =  #o/2  (p)  +  gifi  (p  +  'D+  0./o  (P  +  2), 

and  so  on.     These  equations  shew  that  the  values  of  p,  which  are 
to  be  considered,  are  the  roots  of  the  algebraical  equation 
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of  degree  m  in  p  :  and  that,  for  each  such  value  of  p, 


where  —  hv  (p)  is  the  value  of  the  determinant 

/o(p  +  l),           0         ,  0         ,  ...,  0  ,  /(p) 

/!(/>  +  !),     /.(p  +  2),  0         ,...,  0  ,  /,(p) 

..,  0  ,  /3(p) 


,  ...,  /0(p  +  „-!),  /^(p) 

1),  /,_2(p  +  2),  /,_3(p  +  3),  .  .  .  ,  /Xp  +  P  -  1),      /„  (p) 
so  that  hv  (p)  is  a  polynomial  in  p. 

If  no  two  of  the  roots  of  the  equation  f0  (p)  =  0  differ  by  whole 
numbers,  then  no  denominator  in  the  expressions  for  the  successive 
coefficients  gv  vanishes  ;  the  expression  g(x,  p)  is  formally  adequate 
for  an  integral,  but  the  convergence  of  the  series  must  be  estab- 
lished to  ensure  the  significance  of  the  expression. 

If  a  group  of  roots  of  the  equation  f0(p)  =  0  differ  among  one 
another  by  whole  numbers,  let  them  be 

p,  p  +  €lt  ...,  p  +  e, 

where  the  real  part  of  p  is  the  smallest,  and  that  of  p  +  e  is  the 
largest,  among  the  real  parts  of  these  roots  ;  equality  of  roots 
would  be  indicated  by  corresponding  equalities  among  the  positive 
integers  0,  6j,  ...,  e.  We  then  take 


and  thus  secure  that  no  one  of  the  coefficients  gv  becomes  infinite. 
The  condition,  that  the  equation  shall  formally  be  satisfied,  has 
imposed  no  limitation  upon  g0,  which  accordingly  can  be  regarded 
as  arbitrary  ;  hence  g  also  can  be  regarded  as  arbitrary.* 

33.  In  order  to  deal  with  both  sets  of  cases  simultaneously, 
the  formal  expression  is  constructed  in  a  slightly  different  manner. 
A  parametric  quantity  a  is  introduced  and  it  is  made  to  vary 
within  regions  round  the  roots  of  /0(p)  =  0,  each  such  region  round 
a  root  being  chosen  so  as  to  contain  no  other  root.  The  quantity 
g0  in  the  first  set  of  cases,  and  the  quantity  g  in  the  second  set, 
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are  arbitrary ;  they  are  made  arbitrary  functions  of  a.     Quantities 
glf  g2,  ...  are  determined  by  the  equations 

0  =  flri/o  (a+l)+  0o/i  (a), 

0  =  $r,/0  («  +  2)  +  ft/;  (a  4-  .1)  +  <7o/2  (a), 


the  same  in  form  as  the  earlier  equations  other  than  the  first  : 
these  quantities  g  are  functions  of  a.     Moreover,  we  have 


in  consequence  of  the  assumption  as  to  g0  (a)  in  the  second  set  of 
cases,  and  of  the  regions  round  the  roots  of/0(p)  =  0  in  which  a 
varies,  it  follows  that  the  quantities  gly  g2,  ...  are  each  of  them 
finite  for  all  variations  of  a  within  the  regions  indicated.  We 
thus  have  an  expression 

00 

y=g(x,a)=?,  gvx*+v  ; 

v  =  0 

also 

Dy  =  2  gvDx«+v 

v  =  Q 

00 

=  2  gvx°-+v  f(x,  a  +  v) 

v  =  0 

v  (a)} 


the  coefficient  of  every  power  of  x  except  of-  vanishing,  in  conse- 
quence of  the  law  of  formation  of  the  quantities  g. 

34.  We  proceed  next  to  consider  the  convergence  of  the 
power-series  for  y,  before  bringing  the  equation  satisfied  by  y  into 
relation  with  the  original  differential  equation.  We  denote  by  R 
the  radius  of  a  circle  round  the  ^-origin  within  and  upon  which 
the  functions  pl}  ...,  pm  are  holomorphic  :  so  that  the  circle  lies 
within  the  domain  of  this  origin.  Then  f(x,  a)  and  its  derivatives 
with  regard  to  x  are  also  holomorphic  for  values  of  x  within  the 
circle  and  for  all  values  of  a  considered.  As  the  first  of  them,  say 
/'  (x,  a),  is  of  degree  in  a  one  less  than  f(x,  a),  it  is  convenient 
to  consider  that  first  derivative:  let  M  (a)  be  the  greatest  value 
of  \f  (x,  a)  |  for  the  values  of  x  and  a,  so  that,  as 


F.    IV. 
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we  have* 


and  therefore,  as  v  +  1  is  a  positive  integer  ^  1,  also 


By  the  definition  of  the  regions  of  variation  of  a  and  the  signi- 
ficance of  the  integer  e,  it  follows  that  the  quantity /0(a+  v+1)  is 
distinct  from  zero,  for  all  values  of  v  ^  e  and  for  all  values  of  a 

hence,  as 

1 


from  the  equations  that  define  the  coefficients  g,  it  follows  that 


(g  +  „ 


say,  where  7,,+1  denotes  the  expression  on  the  right-hand  side. 
Evidently 


^    Jv    M(OL  +  V), 

and  therefore 


7"+i  <  7- 
Let  a  series  of  quantities  Tv  be  determined  by  the  equation 

r     —  r 

•I  i/-H  —  A  i 


for  values  of  i/^e;  and  let  Fe  =  7€.     Then  all  the  quantities 
thus  determined  are  positive,  and  we  have 


Consider  the  series 

^+I  +  ...  4- 
*  T.  .P.,  §  22. 
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its  radius  of  convergence  is  determined  *  as  the  reciprocal  of 

Lim^fy. 

v  =  oo       -I  v 

Now  M(ff]  is  the  greatest  value  of  the  modulus  of 


within  the  circle  x\  =  R.  As  the  functions  jp/,  ...,  pm'  are  holo- 
morphic  within  the  circle,  there  are  finite  upper  limits  to  the 
values  of  p^\,  .  ..,  \pm'\  within  the  region,  say  Mlt  ...,  Mm;  then 

M(ff)Z<r(ff  +  l)...(<r  +  m  +  $)Mi+...+Mm<+  (a-), 
say,  where  |0|  =  <r.     Again 

=6(6-  1)...(0  _  m  +  i)  -  0  (0-  1)...(0  -  m  +  2)P1  (0)  -  ... 


so  that,  if 

(f)  (o-)  =  _  o-m  +  a-  (a-  +  1).  ..(a-  +  m  -  1) 

we  have 
and 


the  term  in  #m  being  absent  from  fQ(6)  —  6™,  and  the  term  in  <rm 
being  absent  from  <£(er).  Moreover,  as  these  quantities  are 
required  for  a  limit  when  v  tends  to  infinity,  the  quantities  a 
and  6  will  be  large  where  they  occur;  thus  <rm  is  greater  than 
0  (<r),  which  is  a  polynomial  in  <r  only  of  degree  m  —  1.  Hence 


Returning  now  to  the  expression  for  Tv+1  -f-  !"„,  let  y8  denote 
|a|  ;  then 

so  that 
Again, 


*  Chrystal's  Algebra,  vol.  u,  p.  150. 

6—2 
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Finally,  |a  +  v  <  v  +  /9,  and  therefore 

Af(a  +  F)<-f|a  +  v|<^r 
so  that 


/,(a  +  jr+l)| 

Now  i/r  (<r)  is  a  polynomial  in  <r  of  degree  m  —  1,  as  also  is  <£  (<r) ; 
hence,  owing  to  the  term  (v  +  1  —  ft)m  in  the  denominator  on  the 
right-hand  side,  we  have 

Lim  ^pri  =  0, 


for  all  values  of  y9,  that  is,  for  all  values  of  a.  within  its  regions  o 
variation.     Again,  as  f0  (a)  is  a  polynomial  in  a  of  degree  ra,  it 
follows  that 

Lim 


.. 


for  all  the  values  of  a,  and  therefore 
Lim 


/•(« 

Using  these  results,  we  have 

F 

Lim 


i,=  ac         if 

and  therefore  the  series 


converges  within  the  circle  \x\  =  R  and  for  the  values  of  a  :  conse- 
quently also  the  series 


converges  for  the  same  ranges  of  variation  for  x  and  a.  The 
addition  of  a  limited  number  of  terms  that  are  finite  does  not 
affect  the  convergence:  and  therefore 

I  gvaf 

v=0 

converges,  for  values  of  x  within  the  circle  ja;  =  R,  and  for  values 
of  a  within  its  regions  of  variation. 

Let  any  region  for  a  be  defined  by  the  condition  |  a  —  p  \  <  r. 
Then  the  series  converges  absolutely  within  the  a;-circle  of  radius 
R  and  the  a-circle  of  radius  r.  Let  R'  <  R,  and  r'  <  r  ;  and  let 
K,  K  denote  any  finite  positive  quantities  which  may  be  taken 
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small :  then*  the  series  converges  uniformly  for  values  of  as  and  a 
such  that 

\x\<R'  —  K,      a.  —  p\<r'  —  K. 

Thus  the  series  converges  uniformly  in  the  vicinity  of  the  ^-origin, 
for  all  values  of  a  in  the  regions  assigned  to  that  parametric 
variable. 

By  a  theorem  due  to  Weierstrassf,  the  uniform  convergence 
of  the  series,  which  is  a  power-series  in  x  and  a  function-series  in 
a,  permits  it  to  be  differentiated  with  regard  to  a;  and  the 
derivatives  of  the  series  are  the  derivatives  of  the  function 
represented  by  the  series  within  the  a-regions  considered. 

SIGNIFICANCE  OF  THE  INDICIAL  EQUATION. 

35.  We  now  associate  the  factor  of-  with  the  preceding  series, 
and  then  we  have 

00  00 

g  (x,  a)  =  of-  2  gvxv  =  2  gvoca+v 

V  =  Q  v  =  0 

as  a  series,  which  converges  uniformly  within  a  finite  region 
round  the  ^-origin  and  can  be  differentiated  with  regard  to  a 
term  by  term.  (It  may  happen  that  the  origin  must  be  excluded 
from  the  region  of  continuity  of  g  (x,  a),  as  would  be  the  case  if 
the  real  part  of  a  were  negative  ;  the  origin  must  then  be  excluded 
from  the  region  of  continuity  of  the  derivatives  with  regard  to  a, 
owing  to  the  presence  of  terms  such  as  g0x°-\oga;.) 

The  function  g  (x,  a)  thus  determined  has  been  shewn  to 
satisfy  the  equation 

Dg(x,  a)  =  xaf0(a)g0(a). 

As  associated  with  the  original  differential  equation,  this  result 
requires  the  consideration  of  the  algebraical  equation  (hereafter 
called  the  indicial  equation) 

/<>(/>)  =  0 

of  degree  m.  The  preceding  analysis  indicates  that  two  cases 
have  to  be  discussed,  according  as  a  root  does  not,  or  does,  belong 
to  a  group  the  members  of  which  differ  from  one  another  by 

*  The  uniform  convergence  with  regard  to  x  is  known,  T.  F.,  §  14,  finis.  The 
uniform  convergence  with  regard  to  a  is  established  by  means  of  a  theorem  due  to 
Osgood,  Bull.  Amer.  Math.  Soc.,  t.  in  (1897),  p.  73;  see  the  Note,  p.  122,  at  the 
end  of  this  chapter. 

t  Ges.  Werke,  t.  n,  p,  208 ;  see  T.  F.,  §§82,  83. 
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whole  numbers  (including  a  difference  by  zero,  so  as  to  take 
account  of  equal  roots). 

Firstly,  let  p  be  a  simple  root  of  f0(p)=  0,  in  the  sense  that  it 
is  not  equal  to  any  other  root  and  that  the  difference  between  p 
and  any  other  root  is  not  a  whole  number.  Then  when  we  take 
a  =  p,  all  the  coefficients  glt  g2,  ...  in  g  (x,  p)  are  finite  ;  we  have 

that  is, 

is  an  integral  of  the  differential  equation :  it  is  associated  with 
the  simple  root  p  of  the  equation  f0  (p)  =  0,  and  it  is  a  regular 
integral. 

36.  Secondly,  let  p0,  p^  ...,  pn  constitute  a  group  of  roots  o: 
f0  (p)  =  0,  differing  from  one  another  by  whole  numbers  and  from 
each  of  the  other  roots  by  quantities  that  are  not  whole  numbers 
and  let  them  be  arranged  so  that  the  real  parts  of  the  successive 
roots  decrease  :  thus  the  real  part  of  p0  is  the  greatest  and  that  o 
pn  is  the  least  in  the  group.  In  order  to  secure  the  fmiteness  o 
the  coefficients  g1}  g»,  ...,  it  now  is  necessary  to  take 

<70(a)=/0(a  +  !)/„(«  +  2)  .../0(a  +  e)  g  (a),    =/(a)0(a), 

say,  where  e  ^  p0  —  pn ,  and  g  (a)  is  an  arbitrary  function  of  a :  anc 
now 

Dg  (x,  a)  =  x*g  (a)  U  f0  (a  +  s)  =  arg  (a)  ^(a), 

*=o 
where 


Further,  there  may  be  equalities  among  the  roots  in  the  group 
let  p0,  pi,  pj,  pie,  ...  be  the  distinct  roots  taken  from  the  successior 
in  the  group  as  they  occur,  so  that  p0  is  a  root  of  multiplicity  i 
Pi  of  multiplicity  j  -  i,  pj  of  multiplicity  k  —j,  and  so  on.  Then  ir 
F(a),  there  is  a  factor  (a  — ^0)*  through  its  occurrence  inyo(a) 
there  is  a  factor  (a  —  p$,  through  the  occurrence  of  (a  -  /Of V'~*  ii 
yo(a),  and  the  occurrence  of  (a  —  />,-)*  in  f0  (a  +  p0  —  pi) ;  there  is  i 
factor  (a  —  pj)k,  through  the  occurrence  of  (a  —  pj)k~j  in  f0  (a),  th( 
occurrence  of  (a  —  pj)*"*  in  /„  (a  +  pi  —  pj),  and  the  occurrence  o 
(a  -  pjY  in  /0  (a  +  p0-  pj).  Now 

0  <  i  <    <  k  <  ..., 
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so  that,  for  F(a),  p0  is  a  root  of  multiplicity  i,  that  is,  1  at  least  : 
pi  is  a  root  of  multiplicity  j,  that  is,  i  +  1  at  least  ;  pj  is  a  root  of 
multiplicity  k,  that  is,  j  +  1  at  least  ;  and  so  on.  Hence  if  pK  be  a 
root  in  the  group  as  arranged,  it  is  a  root  of  F(ct)  of  multiplicity 
K  +  1  at  least  ;  and  therefore 


8=" 
for  /4  =  0,  1,  ...,  /c.     But 


and  g  (x,  a)  can  be  differentiated  with  regard  to  a  ;  hence 


=  0, 

for  /x  =  0,  1,  ...,  K  certainly,  and  for  all  other  integer  values  of  p 
less  than  the  multiplicity  of  pK  as  a  root  of  ^(a)  =  0.     Conse- 

quently, the  expression 

yQc,  a) 


say,  for  the  same  values  of  fi,  provides  a  set  of  integrals  of  the 
equation. 

Moreover,  each  of  the  distinct  roots  in  the  group  thus  provides 
a  set  of  integrals;  we  must  therefore  enquire  how  many  of  the 
integrals  out  of  this  aggregate  are  linearly  independent. 

37.  We  first  consider  the  members  of  any  set  ;  they  are 
furnished  by 

O,  «) 


for  a  value  p  assigned  to  a,  and  for  a  number  of  values  of  /A,  say 
0,  1,  ...,  K.     Now 

GO 

g(x,  a)=#a2  #„(«)#"; 

v=0 

and  therefore 


v=o  oar  i-=o 
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where  it  will  be  noticed  that  the  coefficient  of  the  highest  power 
of  log  x  on  the  right-hand  side  is  g  (x,  a).     Hence  the  set  is 


yl  =  w  log  x  +  Wi  , 

y.2=w  (log  xf  +  2wj  log  x  +  w.2, 


yK  =  w  (log  x)K  +  KWI  (log  x)K~l  +  \ic  (K  —  1)  w.2  (log  a?)*"2  +  . . . 

•  ic     1        o  *c  j 

where  the  coefficients  wp  are  independent  of  logarithms.  From 
the  fact  that  yp  contains  a  power  of  log  a;  higher  than  any 
occurring  in  y0,  y1}  ...,  yp-i,  it  follows  (by  the  lemma  in  §  27) 
that  no  linear  relation  of  the  form 

can  subsist  among  the  integrals. 

38.  Next,  we  consider  the  sets  in  turn,  associated  with  the 
values  p0,  pi,  pj,  ...  of  a,  as  arranged  in  decreasing  order  of  real 
parts.  The  earliest  of  them  is  given  by  a  =  p0 :  and  it  contains 
the  i  members 

I 

for  fi  =  0,l,  ....  i-l.     Now 
and  therefore 


77  -  *> 

Jo  \a) 

where  A1}  A2,  A3  are  quantities  which  neither  vanish  nor  become 
infinite  for  any  of  the  values  p0,  pi}  ... ,  pi  of  a.     Also 

#o  (a)  =  # 


. 

where  g  (a)  is  an  arbitrary  function  of  a ;  so  that  g0  (a)  does  not 
vanish  for  a  =  p0 ;   and  therefore  the  various   quantities   derived 
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from  #,(«)  for  «  =  po,  including  g0(a)  itself,  given  by      f0'0^  for 

da11 
fji  =  Q,  1,  ...,i—l  do  not  all  vanish.     Further 


L  a**   J« 

„  fv  a" 

=  «"«    2  ^~ 

L^=o  9/ 


=Po 


which  is  one  of  the  integrals  ;  as  the  quantities 


do  not  all  vanish,  this  integral  belongs  to  the  index  p0  ;  and  the 
coefficient  of  the  highest  power  of  log  x  is  g  (x,  p0).  The  first  set 
thus  gives  i  linearly  independent  integrals  obtained  by  taking 
/u,  =  0,  1,  ...,  i—  1  in  the  preceding  expression.  That  which  arises 
from  /-i  =  0  is 

w  =  g  (x,  PQ) 

=  gfi*g  (p0)  (1  -f  A  (Po)  +  a*h*  (p0)  +  x*hs  (p0)  +...}, 

where  all  the  coefficients  are  finite  :  thus  it  is  a  constant  multiple 
of 

x?«  +  ^»+1A1  (Po)  +  #"«+2A2  (/BO)  +  .  .  .  , 

an  integral  that  is  uniquely  determinate. 

Now  consider  the  second  set:  it  is  given  by  a=pi,  and  it 
contains  the  members 


3<*4 
for  p  =  0,  .  .  .  ,  i  '—  1,  i,  i  +  1,  .  .  .  ,  j  —  1  .     The  value  of  g  (x,  a)  is 

QO 

g(x,  o)  =  a^  2  #„(«)#* 


As  regards  the  first  part  of  this  expression,  we  note  that  all 
the  coefficients  gv  (a)  for  v  =  0,  1,  .  .  .  ,  p0  —  pi  —  1  contain  the  factor 
(a  —  piY  ;  and  therefore  all  the  derivatives 


fin 
^- 
9^ 
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for  p  —  0,  1,  ...,  i—l,  vanish  when  a  is  made  equal  to  pi,  while 
they  do  not  necessarily  vanish  for  higher  values  of  //,. 

As  regards  the  second  part  of  the  expression  for  g(x,  a),  we 
write  it  in  the  full  form 


when  a=  pi,  this  becomes 


which  accordingly  is  an  integral,  and  it  belongs  to  the  index  p0, 
being  free  from  logarithms.  But  it  has  been  seen  that  the 
integral,  which  belongs  to  the  index  p0  and  is  free  from  logarithms, 
is  uniquely  determinate,  being  g  (#,  p0)  ;  hence  the  foregoing 
integral,  being  the  non-vanishing  part  of  g(x,  a)  when  a  is  pit  is  a 
constant  multiple  of  g  (x,  p0),  say  Kg  (x,  p0).  It  might  happen 
that  K=0. 

A  similar  result  holds  for  the  derivatives  of  g(x,  a),  for  the 
values  /JL=  1,  .  ..,  i  —  1. 

Consequently,  it  follows  that  the  integrals 

-  —  q  (x,  a 
» 


for  //.  =  0,  1,  ...,  i—  1,  can  be  compounded  from  the  integrals  of 
the  first  set  ;  they  are  i  in  number,  but  they  provide  no  integrals 
additional  to  those  in  the  first  set;  and  therefore,  without  limiting 
the  range  of  their  own  set,  they  can  be  replaced  by  the  i  integrals 
of  that  set.  As  for  the  remainder  arising  from  other  values  of  p, 
they  are 


0 


for  fj,  =  i,  i  +  1,  .  .  .  ,  j  —  1  .     Now 

g0  (a)  =  g  (a)  (a  -  p{)<  (a  -  Pj)i  ...  (a  -  ptf  A3, 
so  that  the  quantities 


for  the  values  s  =  0,  1,  ...,/*  in  any  one  integral,  and  for  the  values 
fjL—i)i  +  1,...,j  —  'L  in  the  different  integrals,  do  not  all  vanish. 
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All  these  integrals  therefore  belong  to  the  index  piy  and  they  are 
j  —  i  in  number.  Moreover,  the  original  set  of  j  integrals,  com- 
posed of  these  j  —  i  and  of  the  replaced  i  integrals,  was  a  set  of 
linearly  independent  members  ;  and  therefore  we  now  have  j  —  i 
integrals,  linearly  independent  of  one  another  and  of  the  former 
set  of  i  integrals.  Thus  our  second  set  provides  j  —  i  new 
integrals,  distinct  from  those  of  the  first  set  ;  and  each  of  them 
belongs  to  the  index  p{.  The  first  of  them  is  given  by  p  =  i: 


v=0 


which  certainly  contains  terms  not   involving  log  x  ;   if  j  —  1  >  i, 
the  second  of  them  is 


„=<>    opi  •>=(> 

which  certainly  contains  terms  multiplying  the  first  power  of 
log  x\  if  j  —  1  >  i  +  1,  the  third  of  them  certainly  contains  terms 
involving  the  second  power  of  log#;  and  so  on. 

The  third  set  among  our  integrals  is  connected  with  the  value 
a  =  pj,  and  it  is  given  by 


«-« 

for  fj,  =  0,  1,  ...,  k—  1.     Now 

00 

g(x,a)  =  af  2  gv(u)xv 


The  coefficients  g,  (a)  contain  (a  -  />,)'  as  factor  for  all  integers  v 
which  are  less  than  pi  —  pj  ;  hence  the  quantities 


vanish  for  /A  =  0,  1,  ...,j—l,  and  are  different  from  zero  only  for 
fi=j,  j  +  1,  ...,  k—  1.  As  in  the  case  of  the  preceding  set,  the 
quantities 
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for  /i  =  0,  1,  ...,  i  —  1,  are  linearly  expressible  in  terms  of  the  * 
integrals  of  the  first  set  ;  while  for  yu,  =  i,  i  +  l,  .  .  .  ,  j  —  1,  they  are 
linearly  expressible  in  terms  of  the  j  —  i  integrals  of  the  second 
set,  subject  to  additive  linear  combinations  of  the  first  set.  Thus 
the  integrals  in  the  present  set  which  are  given  by 


L   *r 

for  /x  =  0,  1,  ...,  j—  1,  provide  no  integrals  linearly  independent 
of  the  i  integrals  of  the  first  set  and  the  j  —i  integrals  of  the 
second  set  ;  the  j  integrals  in  this  new  aggregate  are  linearly 
expressible  in  terms  of  those  in  the  old.  Now  the  present  set  of 
integrals,  for  p  =  0,  1,  .  .  .  ,  j  —  1,  j,  j  +  I  ,  .  .  .  ,  k  —  1,  are  linearly 
independent  of  one  another  ;  and  therefore  the  integrals  for 

/*=./.  .7  +  !>  •••>  k~l 

are  linearly  independent  of  one  another,  of  the  i  integrals  of  the 
first  set,  and  the  j  —  i  integrals  of  the  second  set.  Thus  the  third 
set  provides  k  —j  new  independent  integrals,  given  by  the  k  —  j 
highest  values  of  p.  The  first  of  them,  determined  by  /*  =j,  is 


=o       pj 

which  certainly  contains  terms  not  involving  log  a;;   if 
the  second  of  them,  determined  by  fi=j+l,  is 


which  certainly  contains  terms  multiplying  the  first  power  of 
logar ;  if  &—  1  >j  +  1,  the  third  of  them  certainly  contains  terms 
multiplying  the  second  power  of  log  x ;  and  so  on.  Moreover,  it 
is  clear  that  all  these  k—  j  integrals  belong  to  the  index  pj. 

The  law  of  the  successive  sets  is  now  clear.     The  last  of  them, 
determined  by  a  =  pi,  contains  the  integrals 

g(x,  a)~ 


for  fj>  =  l,  Z  +  1,  ...,  n,  which  are  linearly  independent  of  one 
another  and  of  all  the  integrals  of  the  preceding  sets  already 
retained.  All  these  integrals,  being  n  + 1  —  I,  in  number,  belong 
to  the  index  pi. 
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The  results  thus  obtained  may  be  summarised  as  follows : 
When  the  equation  /0(p)  =  0  has  a  group  of  roots  p0,  ply  ...,  pn, 
which  differ  from  one  another  by  integers  (including  zero)  and 
differ  from  all  the  other  roots  by  quantities  that  are  not  integers ; 
when  also  the  distinct  roots  are  arranged  in  decreasing  succession  of 
real  parts,  so  that  p0  is  a  root  of  multiplicity  i,  p^  is  a  root  of 
multiplicity  j  —  i,  PJ  is  a  root  of  multiplicity  k  —j,  and  so  on,  where 
p0,  pi,  PJ,  ...  are  distinct  from  one  another  and  are  arranged  in 
decreasing  succession  of  real  parts;  then,  corresponding  to  that 
group  of  roots,  there  exists  a  group  of  n  +  1  linearly  independent 
integrals  which  are  regular  in  the  vicinity  of  the  singularity.  This 
group  of  integrals  is  composed  of  a  set  of  i  integrals,  which  are 
given  by 

[><7  (*,«) 


for  /j,  =  0,  1,  . . . ,  i  —  1,  and  belong  to  the  index  p0;  of  a  set  of  j  —  i 
integrals,  which  are  given  by 


1_     da? 

for  n  =  i,  i  + 1,  ...,  j  —  1,  aid  belong  to  the  index  pt;  of  a  set  of 
k  —j  integrals,  which  are  given  by 


L 

for  (j,=j,j+l,...,k—l,  and  belong  to  the  index  p^;  and  so  on, 
the  last  set  being  composed  of  n  + 1  —  I  integrals,  which  are 
given  by 


*j 

for  (M  =  l,  l  +  I,  ...,  n,  and  belong  to  the  index  pt. 

The  preceding  investigation  is  in  substantial  agreement  with  that  which 
is  given  by  Frobenius*. 

A  different  proof  is  given  by  Fuchs  f :  briefly  stated,  it  amounts  to  the 
establishment  of  an  integral  w0  belonging  to  the  index  p0,  to  the  transforma- 
tion of  the  equation  of  order  m  by  the  substitution 


*  Crelle,  t.  LXXVI  (1873),  pp.  214—224. 

t  Crelle,  t.  LXVI  (1866),  pp.  148—154  ;  ib.,  t.  LXVIII  (1868),  pp.  361—367. 
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into  a  linear  equation  in  v  of  order  m—l,  and  to  the  discussion  of  this  new 
equation  in  a  manner  similar  to  that  in  which  the  equation  of  order  m  is 
discussed.  Expositions  of  the  method  devised  by  Fuchs  will  also  be  found  in 
memoirs  by  Tannery*  and  Fabryt. 

39.  All  the  integrals  of  the  differential  equation,  which  has 
the  specified  form  in  the  vicinity  of  the  singularity,  are  regular  in 
that  vicinity  ;  their  particular  characteristics  are  governed  by  the 
roots  of  the  equation  f0  (p)  =  0,  that  is, 

p(p-l)..  .(p-m  +  l)-p(p-l)...(p-m  +  2)^(0)  -...-/>m(0)=0, 

the  differential  equation  in  the  vicinity  of  the  singularity  being  of 
the  form 

(Jin*,,         m  f1m~r'>ii 

-  2  **-*  =  0- 


r=l 


This  algebraic  equation  is  of  degree  m,  equal  to  the  order  of  the 
differential  equation  ;  it  is  called^  the  indicial  equation  of  the 
singularity,  and  the  function  f(x,  p),  of  which  f0(p)  is  the  term 
independent  of  x,  is  called  the  indicial  function.  From  the  form 
of  the  integrals  which  belong  to  the  roots  p  of  the  indicial  equa- 
tion of  a  singularity,  and  those  which  belong  to  the  roots  6  of  the 
(§  13),  fundamental  equation  of  the  same  singularity,  it  is  clear 
that  the  roots  of  the  two  equations  can  be  associated  in  pairs  such 
that 

6  =  e2™?. 

When  the  roots  of  the  indicial  equation  are  such  that  no  two  of 
them  differ  by  an  integer,  the  roots  of  the  fundamental  equation 
are  different  from  one  another  ;  there  is  a  system  of  m  regular 
integrals,  and  the  m  members  belong  to  the  m  different  values  of 
p.  When  the  indicial  equation  possesses  a  group  of  n  roots  which 
differ  from  one  another  by  integers  (including  zero),  the  corre- 
sponding root  of  the  fundamental  equation  is  of  multiplicity  n  : 
there  is  a  corresponding  group  of  n  regular  integrals,  the  ex- 
pressions of  the  members  of  which  in  the  vicinity  of  the  singularity 
may  (but  do  not  necessarily)  involve  integer  powers  of  log  x. 
When  a  root  of  the  indicial  equation  occurs  in  multiplicity  K, 

*  Ann.  de  VEc.  Norm.,  2e  Se"r.  t.  iv  (1875),  pp.  113-182. 
t  These,  Facult6  des  Sciences,  Paris  (1885). 

J  Cayley,  Coll.  Math.  Papers,  vol.  xn,  p.  398.     The  names  adopted  by  Fuchs 
are  determinirende  Fundamentalgleichung,  and  determinirende  Function,  respectively. 
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so  that  the  corresponding  root  of  the  fundamental  equation  occurs 
in  at  least  multiplicity  K,  there  is  a  set  of  K  associated  integrals, 
the  expressions  of  all  but  one  of  which  certainly  involve  integer 
powers  of  log  x. 

40.  Having  now  obtained  the  form  of  integral  or  integrals 
associated  with  a  root  of  the  indicial  equation  f0  (p)  =  0,  we  must 
shew  that  the  aggregate  of  the  integrals  obtained  in  association 
with  all  the  roots  constitutes  a  fundamental  system. 

First,  suppose  that  the  roots  of  the  indicial  equation  are  such 
that  no  two  of  them  differ  by  an  integer;  denoting  them  by 
PI,  p%,  •••>  Pm>  and  the  m  integrals  associated  with  these  roots 
respectively  by  w1}  ...,  wm,  we  have 

ws  =  (z-  aY*  Ps  (z  -  a), 

where  Ps  (z  —  a)  is  a  holomorphic  function  that  does  not  vanish 
when  z  =  a.  No  homogeneous  linear  relation  can  exist  among 
these  integrals :  for,  otherwise,  we  should  have  some  equation  of 

the  kind 

clwl  +  c2w2  +  . . .  +  cmwm  =  0. 
Writing 

es  =  e2^,  (s  =  l,  2,  ...,m), 

so  that  no  two  of  the  quantities  6l, ...,  6m  are  equal  to  one  another, 
we  can,  as  in  §  18,  deduce  the  equation 

Ci#irWi  +  cz6jw2  +  . . .  +  cmOmrwm  =  0, 

for  any  number  of  integer  values  of  r,  from  the  above  equation,  by 
making  z  describe  r  times  a  simple  contour  round  a.  Taking  the 
latter  equation  for  ?'  =  !,  ...,  ra  —  1,  the  set  of  m  equations  can 
exist  with  values  of  ca,  ...,  cm  differing  from  simultaneous  zeros, 

only  if 

=  0, 


1    ,1    ,  .. 

A)                /3 
t/j           ,      1/2          ,     •  • 

-,     1 

Q  m—  i      ^  m—  1 

.,     0mm~l 

which  cannot  hold  as  no  two  of  the  quantities  0  are  equal. 
Hence  we  must  have  GI=  0  =  c2=  ...  =cm,  and  no  homogeneous 
linear  relation  exists  :  the  system  of  integrals  is  a  fundamental 
system. 
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Next,  suppose  that  the  roots  of  the  indicial  equation  can  be 
arranged  in  sets,  such  that  the  members  contained  in  each  set 
differ  from  one  another  by  integers.  With  each  such  set  of  roots 
a  group  of  integrals  is  associated,  the  number  of  integrals  in  the 
group  being  the  same  as  the  number  of  roots  in  the  set. 

It  is  impossible  that  any  homogeneous  linear  relation  among 
the  members  of  a  group  can  exist :  if  it  could,  it  would  have 
the  form 

blwl  +  ...  +  bnwn  =  0. 

If  wlt  ...,  wn  involve  logarithms,  then  (§  27)  the  aggregate  coeffi- 
cient of  the  highest  power  of  log  (z  —  a)  must  vanish  ;  in  the  case 
of  each  integral  in  which  the  logarithm  occurs,  this  coefficient 
(§  25)  is  itself  an  integral  of  the  equation,  and  therefore  we  should 
have  a  relation  of  the  form 

brwr  +  . . .  +  bsws  =  0, 

where  the  quantities  wr,  ...,  ws  belong  to  different  indices,  say 
pr,  ...,  ps,  no  two  of  which  are  the  same;  and  wr,  ...,  ws  are  free 
from  logarithms.  Dividing  by  (z  —  ay*,  we  should  have  an  equa- 
tion of  the  form 

br(z-ayr-p*Pr(z -  a)  +  ...  +  bgPs  (z  -  a)=  0, 

where  Pr,  ...,  Ps  are  holomorphic  functions  of  z  —  a,  not  vanishing 
when  z  =  a.  No  one  of  the  indices  pr  —  pg  is  zero :  no  two  are  the 
same :  and  so  the  preceding  equation  can  be  satisfied  identically, 
only  if  br  =  . . .  =  bx.  We  therefore  remove  the  corresponding  terms 
from 

blw1  +  ...  +bmwm=Q, 

and  proceed  as  before  :  we  ultimately  obtain  zero  as  the  only 
possible  value  of  each  of  the  coefficients  b. 

If  wlt  ...,  wm  do  not  involve  logarithms,  the  argument,  above 
applied  to  wr,  ...,  ws,  can  be  repeated:  there  is  no  linear  relation. 
The  initial  statement  is  thus  established. 

If  the  tale  of  the  groups,  the  members  of  each  of  which 
are  linearly  independent  among  themselves,  IB  not  made  up  of 
linearly  independent  integrals,  then  an  equation  of  the  form 

c1wl  +  ...  +  cmwm  =  0 
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exists.  Equating  to  zero  (§  27)  the  aggregate  coefficient  of  the 
highest  power  of  log  z  that  occurs,  we  have,  as  above,  a  relation  of 
the  form 

CrWr  +  .  .  .  +  CSWS  +  CpWp  +  .  .  .  4-  CqWq  +  .  .  .  =  0, 

where  wr,  ...,  wg  belong  to  one  group,  wp,  ...,  wq  belong  to  another 
group,  and  so  on.  Writing 

crwr  +  .  .  .  +  csws  =  TFj,     CpWp  +  .  .  .  +  cqwq  =  W2,  .  .  . 

we  have 

^+^+...=0. 

Now  let  6-i,  =e'2vip,  be  the  factor  which,  after  description  of  a  loop 
round  a,  should  be  associated  with  W±;  let  #2be  the  corresponding 
factor  for  TF2  ;  and  so  on:  the  quantities  6lt  02,  ...  being  unequal 
to  one  another,  because  Wl}  W2,  ...  belong  to  different  groups. 
Then,  as  in  §  18,  we  deduce  the  equation 

&*F,+0,*F»*...'-e, 

after  A.  descriptions  of  the  loop;  and  this  would  hold  for  all 
integer  values  of  X.  As  before,  taking  a  sufficient  number  of 
these  equations  for  successive  values  of  \,  we  infer  that 

Tf1  =  0,    TF,  =  0,  ...; 

if  these  are  not  evanescent,  they  would  imply  relations  among  the 
members  of  a  group,  and  so  they  can  be  satisfied  only  if 

£/}•  =  U  ==  ...  =Cg,      Cp  —  U  =  ...  =  Cg  ,  .... 

Remove  therefore  the  corresponding  terms  from  the  relation 

clwl  +  ...+  cmwm  =  0, 

and  proceed  as  before  :  we  ultimately  obtain  zero  as  the  only 
possible  value  of  each  of  the  coefficients  c.  Hence  no  homogeneous 
linear  relation  exists  :  the  system  is  fundamental. 

Some  examples  illustrating  the  preceding  method  of  obtaining 
the  integrals  of  a  linear  equation  will  now  be  given. 

Ex.  1.     Consider  the  integrals  of  the  equation* 

D  (w)=x  (2  -  #2)  tff"  -  (o;2  +  4^+2)  {(1  -x)  u/+w}  =  0 
in  the  vicinity  of  the  origin.     To  obtain  a  regular  integral,  we  take 

w  —  x0-  2  cnxn  ; 
n=0 

*  The  equation  is  not  in  the  exact  form  indicated  in  the  text.     We  have  HI  =  2, 
j>2  (0)  =  0,  and  so  a  factor  x  has  been  removed  ;  also  we  have  multiplied  by  the  factor 


p.  iv. 
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substituting,  we  have 

provided 

0=cl(a«-rl)-^(a+l), 

0  =  2c2a(a  +  2)-2c1(a  +  2)-c0(a-2)2, 
and 

2  (n  +  a  +  1)  {(»  +  a-  1)  cn+1-en}  =  (n  +  a-3)  {(»+a-  3)  c^-  cn_2}, 

the  last  holding  for  ?i  =  2,  3,  .... 

The  indicial  equation  is 

a(a-2)=0, 

giving  (simple)  roots  a  =  2,  a  =  0,  so  that  a  factor  a  +  1  can  be  neglected  :  the 
relations  among  the  coefficients  are  equivalent  to 


°a 


Firstly,  consider  the  root  a  =  2.     We  have 

Cl=CQ1 

2c2  =  Cj  , 

OCo  ==  Crt  ,      ... 

so  that  the  integral  belonging  to  the  index  2  is 

(X1         H& 
1+*+2]  +3!+ 

say  the  integral  is  u,  where 

u=x2ex. 

Secondly,  consider  the  root  o  =  0.     From  the  original  form  of  the  relations, 
we  have 

ci=  ~co> 

by  the  first  relation  :  and  the  second  relation  is  then  identically  satisfied, 
leaving  c2  arbitrary.  Using  the  reduced  form  of  the  relations  for  the  higher 
coefficients,  we  have 


3c5=c4,  ... 
and  therefore  the  integral  belonging  to  the  index  0  is 


On  subtracting  c2u  from  this  integral,  the  remainder  is  still  an  integral,  and  it 
belongs  to  the  index  0  in  the  form  (say) 

v,  =1  —  x. 

Thus  the  system  of  two  integrals,  regular  in  the  vicinity  of  .r=0,  is 
u,  =3?ex  ;     v,  =\—x. 
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This  method  of  dealing  with  the  root  a  =  0  is  not  quite  in  accord  with  the 
course  of  the  general  theory  ;  it  happens  to  be  successful  because  c2  is  left 
arbitrary.  In  order  to  follow  the  general  theory,  we  note  that  the  coefficient 
of  c.2  in  the  original  difference-equation  contains  a  factor  a  which  vanishes  for 
the  present  root.  Hence,  taking 

c0  =  Cu, 
we  find 

Ca 


,Ca(a2-5a-HO) 

a2+^2~~' 

-—  2 


where  A  is  finite,  and  so  on  ;  thus 


where  R  (x,  a)  is  a  holomorphic  function  of  x  which,  by  the  general  theory, 
is  finite  when  a  =  0.  According  to  the  general  theory,  this  quantity  should 
give  rise  to  two  integrals,  viz. 


Taking  account  of  the  value  of  c2,  the  first  of  them  is  zero,  thus  giving  an 
evanescent  integral.     The  second  is 


(7(1-*)  - 
or  adding  to  this  integral  f  (7w,  which  is  an  integral,  we  have 

0(1-*), 

thus  giving  1  —  x  as  the  integral. 

Ex.  2.     Discuss  in  a  similar  manner  the  regular  integrals  of  the  equation 

xw"  +  u/  —  w=0 
in  the  vicinity  of  the  origin  :  likewise  those  of  the  equation 


in  the  same  vicinity. 

Ex.  3.     Consider  the  integrals  of  the  equation 

Dw=xz  (1  +x)  10"  -  (1  +  2.r)  (xw'  -w)= 
in  the  vicinity  of  the  origin.     Substituting  the  expression 

x«  2  cn#", 

n-O 

we  have 


7—2 
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provided 

(a  +  7i-l)2cn= 

for  7i  =  l,  2,  3,  ...  ;  these  values  give 


where  Fis  a  holomorphic  function  of  x  which  is  finite  when  a  =  l. 

The  indicial   equation   has  a  repeated   root  a  =  1  ;    hence  two  regular 
integrals  are 


The  former  is  c0x,  say  the  integral  is  u,  where 

u=x  ; 
the  latter  is  c0xlogx+c0x^,  say  the  integral  is  p,  where 


Both  integrals  belong  to  the  index  1  ;    and  one   of  them  must  contain  a 
logarithm,  since  the  index  is  a  repeated  root  of  the  indicial  equation. 

Ex.  4.     Consider  Bessel's  equation  for  functions  of  order  zero,  viz. 

Dw  =  xv/'  +  vf  +  xw  =  0. 
Substituting 

w 
we  have 

provided 


the  latter  holding  for  p  =  l,  2,  3,  ....     When  these  relations  are  solved,  the 
value  of  w  is 


The  indicial  equation  is  a2  =  0,  so  that  a=0  is  a  repeated  root;   thus  the 
integrals  of  the  equation,  both  of  them  belonging  to  the  index  zero,  are 

r   ,  rdw~\ 

The  first  of  them  is 


__ 

22      22.42     ""/' 
in  effect,  JQ(x\  on  making  c0  =  l.     The  second  is 

L     x2  ,      a* 
c0  log  a?    i  -  p  +  22742  ~  -" 
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Denoting  this  by  K§  when  c0  =  l,  we  have 

p-i  /v\2p 

+(p}, 


where  ^  Q0)  denotes  the  value  of  -j-  (log  n  («)}  when  2  =  p.     The  two  integrals, 
regular  in  the  vicinity  of  #=0,  are  I/Q  and  ^0. 

.Zfo.  5.     Consider  next  Bessel's  equation  for  functions  of  order  n,  viz. 


Substituting  an  expression 

tt'  = 

in  the  equation,  we  have 

Dw  —  c0  (a2  —  n2)  xa, 
provided 


for  j0  =  l,  2,  3,  ...  ;  we  thus  have 
2 


The  roots  of  the  indicial  equation  are 

a=  +n,    a=  -n. 

When  n  is  not  an  integer,  the  corresponding  integrals  are  seen  to  be 
effectively  Jn,  J-n. 

When  n  is  zero,  we  have  a  repeated  root  ;  this  case  has  been  discussed  in 
the  preceding  example  (Ex.  4). 

When  n  is  an  integer  different  from  zero,  the  two  roots  belong  to  a  group  ; 
and  for  a=  —  n,  the  coefficient  of  x2n  is  formally  infinite,  so  that  we  have  an 
illustration  of  the  general  theory  in  §§  36  —  38.  We  take  the  roots  in  order. 

Firstly,  let  a=  +n  :  then  the  integral  is 


on  taking  cn  equal  to  „  This  is  the  function  usually  denoted  by  Jn  ; 

2nn(») 

and  it  belongs  to  the  index  n. 

Secondly,  when  a  =  -  n,  one  of  the  coefficients  becomes  formally  infinite 
through  the  occurrence  of  a  denominator  factor  (a  +  2w)2-ra2.  Accordingly, 
we  write 

c0  =  C  {(a  +  2rc)2  -  n2},     (-l)nC=E"n{(a  +  2r)2  -  n2}  ; 

r=l 
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and  then 

n*}x*ri-         *         +...+(-l)n-in_T-^  -I 

H  {(a  +  2r)2-«2} 

r=l  -I 


say  :  and  now 

Dw  =€(<?-  n2)  {(a  +  2»)2  -  n2}  x*. 

Two  integrals  arise  through  this  root,  viz. 

r  n  r8w,      3w9~l 

K+"2U-»>  L^+fcJ    ; 

i_  _ia  =  —  71 

For  the  first  of  them,  we  have 

V 

[<U  _»=o,   WL--  .- 


so  that  it  provides  no  new  integral.     For  the  second  of  them,  we  have 

fel  =  1       2gn     V/^\»n(M-l-j?)_ 

L8aja=_n      a-H(l»-l)4,W  H(p) 

say  ;  and 


say  :  so  that  the  integral  is  Wl+  W2. 
In  TF2,  the  part  represented  by 


o    n(r)D(n  +  r) 

is  a  constant  midtiple  of  t/B  and  therefore  can  be  omitted,  owing  to  the  earlier 
retention  of  Jn.     Rejecting  this  part,  and  taking 


so  that 

E= 
the  integral  becomes 

'2\»«-in  (n-p- 


(i)'  J.  n  (,)^+r)  '2  ^g'-*  M  -  *  ("+'•»  (f)"' 


which  differs,  only  by  a  constant  multiple  of  Jn,  from  the  expression  given  by 
Hankel*. 

*  Math.  Ann.,  t.  i  (1869),  pp.  469  —  471,  quoted  in  my  Treatise  on  Differential 
Equations,  p.  167. 
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Ex.  6.     Discuss  in  a  similar  manner  the  integrals  of  the  equation 

x}  v/-abw=0 


in  the  vicinities  of  x=0,  and  x=l  :  indicating  the  form  for  the  latter  vicinity 
when  a+b=l. 

This  equation  is  the  differential  equation  of  the  hypergeometric  series 
F(a,  b,  1,  x).     When,  in  Legendre's  equation 

„.  Cpw     _   dw 


the  independent  variable  is  transformed  to  x,  where  z=l  —  2#,  it  becomes 
x(\  -x)u/'+(I-2x)u/+p(p  +  l)  w=0, 

which  is  the  special  case  of  the  above  given  by  b=p  +  I,  a=  -p.  The 
integrals  of  Legendre's  equation  in  the  vicinity  of  x  =  Q  and  of  #=1,  that  is, 
in  the  vicinity  of  2  =  1  and  of  2=  —  1,  can  be  deduced  from  those  of  the 
hypergeometric  equation  ;  the  actual  deduction  is  left  as  an  exercise. 

Ex.  7.     Apply  the  general  theory  to  obtain  the  integrals  of 

x3™'"  -  3x  V  +  7xw'  -8w  =  0, 
which  are  regular  in  the  vicinity  of  x—0. 

Ex.  8.     Consider  in  the  same  way  the  equation 

D  (w)  =  (1  +  x)  x*w'"  -  (2  +  4r)  x^w"  +  (4  +  Wx)  xw'  -  (4  +  12#)  w=0. 
Substituting  for  w  the  expression 


as  in  the  earlier  examples,  we  have 

Dw  =  c 
provided 


for  %  =  !,  2,  3,  .... 

The  roots  of  the  indicial  equation  are  2,  repeated,  and  1,  so  that  they  form 
a  group  the  members  of  which  differ  by  integers.  Moreover,  when  a=l,  the 
coefficient  ct,  which  is 

(a -2)2  (a -3) 
0      a(a-l)2 

is  formally  infinite  ;  for  that  root,  we  shall  take 

C0=C (a-  I)2. 
Firstly,  for  the  repeated  root  a =2,  we  have 

w  =  c  x"-  {1  +(a  —  2)2  R(x  a)} 

where  R  is  a  holomorphic  function  of  x  which  remains  finite  when  a  =  2.    The 
two  integrals  are 

Ma=2>  5 
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it  is  easy  to  see  that  they  are  constant  multiples  of 

U-L  =  x2,    u2  =  x1  log  x, 
both  of  which  belong  to  the  index  2. 

Secondly,  for  the  root  a  =  l,  we  take  c0  =  (7(a—  I)2,  and  then 

JD(w)  =  C'(a-l)3(a-2)2^, 
where 


where  Q  (x,  a)  is  a  holomorphic  function  of  x  which  remains  finite  when  ct=l. 
In  connection  with  this  expression,  three  integrals  are  derivable,  viz. 


raw!         pvi 

.-..  [si.,1  L».L- 


The  first  of  these  is 

C2x2, 

which  is  2(7%!  :  it  is  not  a  new  integral.     The  second  is 

2Cx2  \ogx-7Cx*, 

which  is  2(/M2  —  7<?Wj  :  it  is  not  a  new  integral.     The  third  is 
2Cx  +  2CX2  (log  x)2  -  UCx2  log  x  +  22Or2  +  SCx3  ; 

adding  to  it  14(7w2-22C'tt1,  the  new  expression  is  still  an  integral  and  is  a 
constant  multiple  of  w3,  where 

u^  =  x  +  x3  +  x2  (log  x)2, 
which  manifestly  belongs  to  the  index  1. 

Ex.  9.     Obtain  the  integrals  of  the  equations 
(i)     (l+x2)x3w>"-(2  +  4tx2')x2w''  +  (4:  +  Wx2)xw'-(4  +  l2x2)w=0; 
(ii)    (1  +  4a?)  3*wf'"  -  (4  +  20o,-)  afrif"  +  (14  +  72^)  x*w" 

-  (32  +  16&r)  xw1  +  (36  +  192o;)  w=0  • 
which  are  regular  in  the  vicinity  of  the  origin. 

Ex.  10.     Consider  the  integrals  of 


in  the  vicinity  of  x=0,  the  constant  at  not  being  an  integer.     To  obtain  the 
regular  integrals,  we  substitute 


w=x°-  2 

n=0 

so  that 


provided 

for  values  of  n  greater  than  zero,  no  one  of  the  quantities/0,/15  ...  being  of 
degree  in  n  greater  than  2. 
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The  roots  of  the  indicial  equation  are 

a=0,  1,  2-a:. 

For  a  =  2-at,  the  difference-equation  determines  coefficients  cn,  which 
lead  to  a  series  converging  for  values  of  ]  x  \  within  the  common  region  of 
convergence  of  the  coefficients  of  w",  itf,  w. 

For  a  =  0  or  1,  the  difference-equation  holds  for  values  of  n  greater  than 
2  or  1  respectively  ;  the  only  other  conditions  are 

<Zj  .  2c.z  +  a2  .  cl+a3c0=0 
for  a  =  0,  and 

«!•  2c1  +  a2.  c2=0 

for  a  =  l.  Then  the  difference-equation  again  determines  coefficients  which 
in  each  case  lead  to  a  series  that  converges  within  the  same  region  as  the 
series  that  belongs  to  the  exponent  2  —  at.  Each  of  the  latter  integrals  is 
a  holomorphic  function'  of  x  ;  and  therefore  the  three  integrals  of  the  equation, 
which  are  regular  in  the  vicinity  of  #  =  0,  are  :  —  one,  a  holomorphic  function 
of  x  belonging  to  the  index  0  ;  a  second,  likewise  a  holomorphic  function  of  x 
belonging  to  the  index  1  ;  and  a  third,  belonging  to  the  index  2  —  at  . 

Ex.  11.  Discuss  the  regular  integrals  of  the  equation  in  the  preceding 
example,  when  av  is  an  integer. 

Ex.  12.     Prove  that  the  equation 


has  m  —  1  integrals  which  are  holomorphic  functions  of  x  in  the  vicinity  of 
#=0,  when  at  is  not  an  integer,  the  various  coefficients  ar  +  brx+...  in  the 
differential  equation  being  holomorphic  in  that  vicinity  ;  and  discuss  the 
regular  integrals  when  av  is  an  integer.  (Poincare.) 

Ex.  13.     Shew  that  the  series 

—          °  (a       *  '2 


F(a,  p,  a;  T,  #)  =  !  +  — 


— 

P<TT         2  !  p  (p  +  1) 

satisfies  the  equation 


dy 
-^ 

and  obtain  the  other  integrals,  regular  in  the  vicinity  of  #  =  0. 

Verify  that,  when  a  =  r,  the  form  of  the  function  F,  say  G(p,  <r,  x\  satisfies 
the  equation  of  the  third  order 

dO 


and  indicate  the  relation  between  the  two  differential  equations. 

(Pochhammer.) 
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REGULAR  INTEGRALS,  FREE  FROM  LOGARITHMS. 

41.  Alike  in  the  general  investigation  and  in  the  particular 
examples,  it  has  appeared  that  the  regular  integrals  are  sometimes 
affected  with  logarithms,  sometimes  free  from  them.  Thus  if  no 
two  of  the  roots  of  the  indicial  equation  differ  by  a  whole  num  her, 
each  one  of  the  integrals  in  the  vicinity  of  the  singularity  is 
certainly  free  from  logarithms  ;  if  a  root  of  the  indicial  equation  is 
a  repeated  root  of  multiplicity  n,  then  the  first  n  —  1  powers  of 
log  x  certainly  appear  in  the  group  of  n  integrals  which  belong 
to  that  root.  When  a  root  of  the  indicial  equation,  though  not  a 
repeated  root,  belongs  to  a  group  the  members  of  which  differ 
from  one  another  by  whole  numbers,  the  integral  belonging  to 
the  root  may  or  may  not  involve  logarithms  :  we  proceed  to  find 
the  conditions  which  will  secure  that  every  integral  belonging  to 
that  root  is  free  from  logarithms. 

Let  the  group  of  roots  be  denoted  by  pQ,  pl}  .  ..,  p^,  ,..,  arranged 
in  descending  order  of  real  parts,  so  that  pK  —  p^,  for  «  =  0,  1,  ... 
yu,  —  1,  is  in  each  case  a  positive  integer:  and  consider  the  root 
Pn,  in  order  to  obtain  the  conditions  under  which  every  integral 
belonging  to  p^  shall  be  free  from  logarithms.  In  the  first  place, 
Pn  must  be  a  simple  root  of  the  indicial  equation.  Assuming  this 
to  be  the  case,  we  know  that  the  integral  belonging  to  pM  is 


r>gr(a?,q)1 

L   9«M   J«=P 


in  the  notation  of  §  38.  If  we  further  admit  the  legitimate 
possibility  that,  to  this  expression,  we  may  add  constant  linear 
multiples  of  the  integrals  which  belong  to  the  earlier  roots 
PO,  PD  •••>  p/i-i  and  still  have  an  integral  belonging  to  the  root 
pn,  then,  in  order  to  secure  that  every  integral  belonging  to  p^ 
shall  be  free  from  logarithms,  the  integrals  belonging  to  the 
earlier  roots  must  also  be  free  from  logarithms;  hence,  as 
further  conditions,  each  of  the  roots  p0,  plt  ...,  /OM_J  of  the  indicial 
equation  must  be  simple.  These  conditions  also  will  be  assumed 
to  be  satisfied. 

The  full  expression  for  the  integral  belonging  to  p^.  is  the 
value,  when  «  =  /v,  of  the  expression 
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in  order  to  be  free  from  logarithms,  the  quantities 


for  a-  =  0,  1,  ...,  p—  1,  and  for  all  values  v  =  Q,  1,  ...  ad  inf.,  must 
vanish  :  and  if  these  conditions  be  satisfied,  the  above  expression 
will  acquire  the  desired  form.  The  conditions  will  be  satisfied  for 
every  value  of  a,  if  gv  (a)  contains  (a  —  p^  as  a  factor.  But  (p.  81) 

=    TT     ,     , 


say;  and  g0(a),  which  (§  36)  is  equal  to  <7(«)/(a),  contains 
(of  —  ppY  as  a  factor  on  account  of  its  occurrence  in  /(<*); 
hence  it  is  sufficient  that  Hv(a)  should  remain  finite  (that  is, 
not  become  infinite)  when  a=pli,  for  all  values  of  v.  Moreover, 
H0  (a)  =  1.  Having  regard  to  the  equation  by  which  gv  (a)  is 
determined,  we  obtain  the  relation 


.  .  .  +  H,f^  (a  +  1)  +  H0fv  (a)  =  0. 

All  the  quantities  f^  (a  +  v  —  1),  ...,/„  (a)  are  finite  for  values  of  a 
that  are  considered  ;  hence  HvfQ(ct  +  v)  is  finite  if  HQ  (=  1),  HI,  ..., 
Hv_i  are  finite,  and  therefore,  on  the  same  hypothesis,  Hv  will  be 
finite  for  all  values  of  v,  if  it  remains  finite  for  those  values  of  the 
positive  integer  v,  which  make  p^  +  v  a  root  of  the  indicial  equa- 
tion /0(0)  =  0.  These  values  are  known;  in  ascending  order  of 
magnitude,  they  are 

pt-i-pn,  p^-z-pn,  ...,  po-/V 
Consider  them  in  ascending  order.     We  have 

TT  _  _  hv  (a)  _ 
~/o(a  +  l)/o(«  +  2).../o(a+^)' 

When  v  =  p^^  —  p^,  a  single  factor 

/.(a**) 

in  the  denominator  vanishes  when  a=p^;  and  it  vanishes  to  the 
first  order,  because  pM_x  is  a  simple  root  of  the  indicial  equation. 
Hence,  in  order  that  Hv  may  be  finite  for  this  value  of  v  when 
a  =  pn  ,  it  is  necessary  that 

A,0v)  =  °>   wnen    v  =  pl^.1-pp', 
and  it  is  sufficient  that  hv         should  vanish,  to  the  first  order. 
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When  v  —  /3M_2  —  PH,  two  factors 

/0  (a  +  v  -  p^-2  +  pn-i),    /„  (a  +  v) 

in  the  denominator  vanish  when  a  =  p^  ;  and  each  of  them  vanishes 
to  the  first  order,  because  p^-i  and  p^2  are  simple  roots  of  the 
indicial  equation.  Hence,  in  order  that  Hv  may  be  finite  for  this 
value  of  v  when  a  =  pli,  it  is  necessary  and  sufficient  that  hv  (a) 
should  vanish  to  the  second  order  when  a  =  p^  :  the  analytical 
conditions  are  that 


when  v  =  pM_2  —  p^  and  a  =  /v 

When  v  =  /JM_3  —  pM,  then  the  three  factors 
f0(a  +  v-  /cv_3  +  ,v-iX    fo(*  +  v-  PM-S  +  /V-2),    /o  («  +  v) 
in  the  denominator  vanish  when  a  =  /3M;  and  each  of  them  vanishes 
to  the  first  order,  because  pM_j,  pM_2,  pM_3  are  simple  roots  of  the 
indicial  equation.     Hence,  in  order  that  Hv  may  be  finite  for  this 
value  of  v  when  a  =  p(i,  it  is  necessary  and  sufficient  that  ht,(a) 
should  vanish  to  the  third  order  when   a  =  p^  ;    the   analytical 
conditions  are  that 


when  v  =  pM_3  —  p^  and  a  =  pM. 

Proceeding  in  this  way,  we  obtain  the  conditions  for  the 
successive  values  of  v  that  need  to  be  considered  :  the  last  set 
is  that 


when  v  =  p0  —  pn  and  a  =  pM. 

Such  is  the  aggregate  of  conditions  for  a  =  pM.  We  have  seen 
that,  in  order  to  secure  the  freedom  from  logarithms  of  every 
integral  belonging  to  p^,  every  preceding  integral  in  the  set  as 
arranged  must  similarly  be  free  :  and  so  we  have,  in  addition,  all 
the  similar  conditions  for  p^_i,  p^-**,  •••,  pi,  there  being  no  condition 
for  the  simple  root  p0.  When  all  these  conditions  are  satisfied, 
every  integral  belonging  to  p^  is  free  from  logarithms. 

Manifestly  these  conditions  also  secure  that  every  integral 
belonging  to  the  roots  p^-i,  /V-2,  •••>  p\  of  the  indicial  equation 
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is  free  from  logarithms  :  (one  integral,  belonging  to  p0,  is  always 
unconditionally  free  from  logarithms)  :  it  being  assumed  that  each 
of  the  roots  p0,  plt  ...,  p^  is  a  simple  root  of  the  indicial  equation. 
The  conditions  thus  secure  that,  when  each  of  the  //,  +  1  greatest 
roots  in  the  group  of  roots  of  the  indicial  equation  is  simple,  the 
/j,  4-  1  integrals  belonging  to  those  roots  respectively  are  free  from 
logarithms. 

The  preceding  investigation  is  based  upon  the  results  obtained  by 
Frobenius,  Crelle,  t.  LXXVI  (1873),  pp.  224—226. 

A  different  investigation  is  given  by  Fuchs,  Crelle,  t.  LXVIII  (1868), 
pp.  361—367,  373—378  ;  see  also  Tannery,  Ann.  de  VEc.  Norm.,  t.  iv  (1875), 
pp.  167—170. 

Ex.  1.     A  simple  illustration  arises  in  Ex.  1,  §  40,  for  the  equation 

#  (2  -  #2)  w"  -  (.r2  +  4#  +  2)  {(1  -  #)  w>'  +  w?}  =  0. 
With  the  notation  of  the  text,  we  have 

/„(«)  =  a  (a  -2), 
so  that 

Po  =  2>     Ai  =  1>     Pi  =  0: 

we  thus  have  to  consider  hv(a)  for  a=p1  =  0,  j/=p0-p1  =  2.     But 


so  that,  as 


we  have 


=  (4-a)(a 
The  (one)  condition  in  the  present  case  is  that 

A,(e)-0, 
when  a  =  0  :  which  manifestly  is  satisfied. 

Ex.  2.  If  the  roots  of  the  indicial  equation  are  different  from  one  another, 
then  the  integrals  which  belong  to  them  certainly  possess  terms  free  from 
logarithms.  (Fuchs.) 

Ex.  3.  Let  PO,  pl5  ...,  pn  be  the  roots  of  the  indicial  equation  which  form 
a  group,  the  members  differing  by  integers  and  no  two  being  equal  ;  and 
assume  them  ranged  in  descending  order  of  real  parts.  Denote  p0-pn  by 
s  —  1  ;  and  form  the  equation  satisfied  by 

ir-  *.(«*-*)  5 
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then  according  as  the  indicial  equation  for  the  singularity  x=Q  of  the  equa- 
tion in  W  has  no  negative  roots  or  has  negative  roots  which  are  integers,  the 
integrals  of  the  original  equation  in  w  are  free  from  logarithms  or  are  affected 
by  logarithms.  (Fuchs.) 

Ex.  4.     Shew  that  the  integrals  of  the  equations 

2 
(i)      w"  +  qw' ^w=0, 

Sv 


(ii)     w" 

(iii)     10"  +  (q  -  20}  w'  +  ( 6*  -  q6  -  —A  w = 0, 
\  x  J 

where  q  and  6  are  constants,  are  free  from  logarithms. 

Ex.  5.     Discuss  the  integrals  of  the  equation 

2^2  /2 x\  w" x  (4 x}  w'  -f-  (3  —  x)  w=Q 

in  the  vicinity  of  the  origin.     [They  are  a?,  (x  -  \xrf.~] 

42.  If,  instead  of  requiring  (as  in  §  41)  that  every  integral 
belonging  to  an  exponent  p^  shall  be  free  from  logarithms,  when 
Pn  is  one  of  a  group  of  roots  of  the  indicial  equation  of  the  type 
indicated  in  §  36,  we  consider  the  possibility  that  there  shall  be 
some  one  integral  free  from  logarithms,  belonging  to  the  exponent 
and  belonging  to  no  earlier  exponent  in  the  group  as  arranged,  no 
such  large  aggregate  of  conditions  is  needed  as  for  the  earlier 
requirement.  Thus  it  is  no  longer  necessary  to  specify  that 
p0,  ...,  /V-i  shall  be  simple  roots  of  the  indicial  equation;  nor  is 
it  necessary  to  specify  that,  even  if  these  roots  are  simple,  the 
integrals  associated  with  them  are  of  the  required  form.  The 
conditions  that  arise  will  be  particularly  associated  with  a  =  p^ ; 
but  they  will  be  affected  by  modifications  arising  out  of  the  possible 
multiplicity  of  p0,  ...,  /3M_j  as  roots  of  the  indicial  equation. 

The  detailed  results  are  complicated :  a  mode  of  obtaining 
them  will  be  sufficiently  indicated  by  an  investigation  of  the  con- 
ditions needed  to  secure  that  some  integral  free  from  logarithms 
exists  belonging  to  pi  and  not  to  p0,  with  the  notation  of  §§  36 — 38. 
Suppose  that  p0  is  a  root  of  the  indicial  equation  of  multiplicity  i ; 
and  let  y1}  ...,  yt  denote  the  set  of  integrals  associated  with  p0, 
where  the  expression  of  yg+l,  for  s  —  0,  1,  ...,  i  —  1,  is  given  by 

rygfoq)] 

9«*         J.-,/ 
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If  pi  is  a  root  of  the  indicial  equation  of  multiplicity  j  —  i,  only 
the  first  of  the  set  of  associated  j  —  i  integrals  can  be  free  from 
logarithms :  even  that  this  may  be  the  case,  conditions  will  be 
required.  Denoting  that  first  integral  by  W,  we  have 


Now  W  certainly  belongs  to  the  exponent  pt.  Its  expression,  in 
general,  involves  logarithms  ;  but  there  is  a  possibility  of  obtaining 
a  modification  of  its  expression,  so  as  to  free  it  from  logarithms,  if 
we  associate  with  W  a  linear  combination  of  yz,  ...,  yt  with  con- 
stant coefficients  ;  and  the  modified  integral  will  still  belong  to  pi 
but  not  to  p0.  Accordingly,  consider  the  combination 


t=2 

where  the  constant  coefficients  A  are  at  our  disposal  ;  this  gives 
,_  p'gQs,  °0"|  '     , 

-  "  ~ 


00      *     (         i  '  ?ii~n  ft        } 

=  xaz  2     ,,;•   ,.  (iog  x)n  ^-&  x* 

,=on=o  \n\(i-n)\  dpi1'1       j 

i-l    oo        t     I  t\  7\i~Vn          ) 

-  a*  S    2    2  Ut+1  -TT^  -r-.  (log  X)P  \-g  A  . 
t=lv=0p=o\     +1pl(t-p}r  dpj  P      } 

What  we  require  are  the  conditions  that  may,  if  possible,  secure 
that  no  logarithms  occur  in  this  expression  for  U. 

The  least  aggregate  of  conditions  that  will  secure  this  result 
is:  first, 

gv  (pi)  =  0, 

for  all  values  of  v,  which  secures  the  disappearance  of  (loga;)*; 
next, 

i/?  =  Aigm(pQ), 
opi 

for  all  values  of  m  and  n  such  that  pi  +  n  =  p0  +  m,  as  well  as 


for  j»  =  0,  I,...,p0-pi—l,   these   conditions   securing   the   dis- 
appearance of  (log  x)^1  ;   next, 

i(i  —  I)d2gn  /    \  ,  /•      i\  A    tym 

~-     =  A<-^(p-}  +  (t  "  1}  Ai     ' 
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for  all  values  of  m  and  n  such  that  pi  +  n  —  p0  +  m,  as  well  as 


for  jp  =  0,  1,  ...,  PO  —  Pi—  1,    these   conditions   securing  the  dis- 
appearance of  (loga;)*"2;   next, 


3!  dpt~  -'dp, 

>'-l)(»_2)  , 


2  3/v* 

for  all  values  of  m  and  n  such  that  p^  +  n  =  p0  +  m,  as  well  as 


for  p  =  Q,  1,  ...,  ^0  —  ^  —  1  ;  and  so  on.     This  aggregate  is  both 
necessary  and  sufficient. 

Manifestly  any  attempt  to  reduce  it  to  conditions  independent 
of  the  constants  A  would  be  exceedingly  laborious,  even  if  possible. 
The  difficulty  arises  in  even  greater  measure  when  we  deal  with 
the  conditions  that  some  integral  belonging  to  />M,  where  p  >  i,  and 
to  no  earlier  index,  should  exist  free  from  logarithms. 

43.  If  we  assume  zero  values  for  all  the  constants  Az,  ...,  Ai 
in  the  preceding  investigation,  the  surviving  conditions  are  cer- 
tainly sufficient  to  secure  the  result  that  the  integral  exists,  free 
from  logarithms  and  belonging  to  its  proper  exponent:  but  the 
conditions  cannot  be  declared  necessary. 

The  aggregate  of  this  set  of  sufficient  conditions  is,  in  the  case 
of  pi,  that  the  equation 

=o 


shall  hold  for  <r  =  0,  1,  ...,  i  —  1,  and  for  all  values  of  n.  As  in 
§  41,  it  can  be  proved  that  all  these  conditions  will  be  satisfied  if 
the  equation 

\-ft(«)-o 

has  a  simple  root  equal  to  pt-.  Assuming  this  to  be  the  case,  then 
an  integral  exists  in  the  form 
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which  is  free  from  logarithms  and  belongs  to  />;  (but  not  to  p0) 
as  its  proper  exponent.  If  pt  is  a  multiple  root  of  the  indicial 
equation,  the  remaining  integrals  belonging  to  pi  as  their  proper 
exponent  are  certainly  affected  with  logarithms. 

Corresponding  conditions,  that  are  sufficient  (but  are  more 
than  can  be  declared  necessary)  to  secure  the  existence  of  an 
integral,  free  from  logarithms  and  belonging  to  an  exponent  p^ 
(but  to  no  earlier  exponent  in  its  group),  can  similarly  be  found  ; 
they  are  inferred  from  the  investigation  in  §  41.  If  the  equation 


when  n  =  p^-i  —  p,,.,  has  a  simple  root  equal  to  p^;  if  the  same 
equation,  when  n  =  pF_2  —  p^,  has  a  double  root  equal  to  p^  ;  if  the 
same  equation,  when  n  =  /^_3  —  p^,  has  a  triple  root  equal  to  p^; 
and  so  on,  up  to  the  case  of  n  =  p0  —  p^,  when  the  equation  must 
have  a  root  equal  to  pM  of  multiplicity  p  :  then  an  integral  exists, 
belonging  to  p^  as  its  proper  exponent  (and  not  to  any  of  the 
exponents  p0,  plt  ...,  /OM_J),  and  free  from  logarithms.  If  p^  is  a 
multiple  root  of  the  indicial  equation,  the  remaining  integrals 
belonging  to  p^  as  their  proper  exponent  are  certainly  affected 
with  logarithms. 

On  the  preceding  basis,  the  identification  of  the  integrals, 
belonging  to  the  group  of  exponents,  with  the  sub-groups  as 
arranged  by  Hamburger  (§§  23,  24)  can  be  effected.  The  aggre- 
gate of  integrals  in  the  group,  which  are  free  from  logarithms  and 
belong  to  their  proper  exponents,  not  merely  indicate  the  number 
of  sub-groups  in  Hamburger's  arrangement  but  constitute  the 
respective  first  members  in  the  respective  sub-groups.  The 
general  functional  forms  of  the  remaining  integrals  belonging  to 
.any  exponent  are  (save  as  to  a  power  of  a  factor  27«)  similar  to 
those  which  occur  in  Jlirgens'  form  of  the  integrals  in  a  sub- 
group*. 

44.    In  the  practical  determination  of  the  integrals  of  specified 
equations,  it  sometimes-f-  is  convenient  to  begin  with  that  root 

*  In  this  connection,  the  following  memoirs  may  be  consulted:  Jiirgens, 
Crelle,  t.  LXXX  (1875),  pp.  150—168  ;  Schlesinger,  Crelle,  t.  cxiv  (1895),  pp.  159— 
169,  309—311. 

t  As  to  this  process,  see  the  remarks  by  Cayley,  Coll.  Math.  Papers,  t.  vm, 
pp.  458—462. 
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among  the  group  of  roots  which  has  the  smallest  real  part, 
instead  of  beginning  with  the  root  that  has  the  largest  real  part, 
as  in  §  36.  When  the  process  about  to  be  discussed  is  effective, 
it  has  the  advantage  of  indicating  at  once  the  number  of  integrals 
associated  with  the  group  which  are  free  from  logarithms  ;  but  it 
is  not  always  effective  for  this  purpose,  and  it  does  not  determine 
the  integrals  that  are  affected  with  logarithms. 

The  equations  determining  the  successive  coefficients  gl}  g^,  ... 
in  the  expression 


in  the  method  of  Frobenius  are  (§  33) 

0  =  ffnfo  («  +  n)  +  #„_!/;  (a  +  n  -  1)  +  .  .  .  +  g0fn  (a), 
for  n  =  1,  2,  —     Let  a  group  of  roots  of  the  indicial  equation 


differing  from  one  another  by  integers,  be  denoted  by  p0,  pl,  ...,  cr, 
where  cr  is  the  root  of  the  group  with  the  smallest  real  part  ;  and 
replace  a  by  a  in  the  foregoing  typical  equation  for  the  g's.  Then, 
whenever  cr  +  n  is  equal  to  another  root  of  the  group,  the  equation 
in  its  given  form  ceases  to  determine  gn,  as  a  unique  finite 
quantity. 

It  may  happen  that  the  equation  is  satisfied  identically  ;  in 
that  case  gn  is  arbitrary,  as  well  as  g0.  It  may  happen  that  the 
equation  appears  to  determine  gn  as  an  infinite  quantity  :  in  that 
case,  we  modify  g0  as  in  §  36,  and  gn  is  determinate  after  the 
modification. 

As  often  as  the  former  case  arises,  we  have  a  new  arbitrary 
coefficient  ;  if  AC  be  the  number  of  these  coefficients  left  arbi- 
trary, then  K  is  the  number  of  different  integrals,  associated  with 
the  group  of  roots  and  free  from  logarithms.  These  integrals 
themselves  are  the  quantities  multiplying  the  arbitrary  coefficients 
in  the  expression 


r=0 


Ex.  1.     As  an  example  in  which  the  process,  of  dealing  first  with  the  root 
of  a  group  that  has  the  smallest  real  part,  is  effective  as  indicating  the 


44.]  METHOD  115 

number  of  integrals  free  from  logarithms,  consider  the  equation 

(z*  +  2s)  ^  -  (72s  +  1  2*4  +  4z»)  ^J  +  (29z2  +  57*3  +  30^  +  &»)  ~ 


The  indicial  equation  is  easily  found  to  be 

(p-2)(p-3)2(p-5)  =  0, 

so  that  there  certainly  will  be  an  integral  belonging  to  the  exponent  5,  free 
from  logarithms  ;  there  may  be  a  similar  integral  belonging  to  the  exponent  3, 
and  there  will  certainly  be  an  integral,  belonging  to  that  exponent  and 
affected  with  logarithms  ;  and  there  may  be  an  integral  belonging  to  the 
exponent  2,  free  from  logarithms. 

Accordingly,  take  the  value  p  =  2,  and  substitute 


in  the  equation  ;  for  the  immediate  purpose,  we  need  not  consider  powers 
higher  than  nf>  in  w,  because  p  =  5  is  the  root  of  the  indicial  equation  with  the 
highest  real  part.  The  equations  for  determining  the  successive  coefficients 

are 

0=c0.0, 


from  which  we  see  that  c0,  c19  c3  remain  arbitrary.  All  the  other  coeffi- 
cients are  expressible  in  terms  of  them.  Consequently,  the  equation  has 
three  integrals  free  from  logarithms  belonging  to  2,  3,  5,  as  their  respective 
proper  exponents. 

(The  equation  was  constructed  so  as  to  have 

sPe?,   z3e*,   z3el\ogz+z*ez1   zze* 
for  a  fundamental  system  ;  the  system  is  easily  derived  by  writing 

when  the  equation  for  y  is 


which  can  easily  be  treated  by  the  general  method  of  Frobenius.) 

Ex.  2.     As  an  example  in  which  the  process  is  ineffective,  consider  the 
equation 


Taking,  as  usual, 

W=  2 

n=0 

8—2 
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we  have 

IMF-fr  - 

provided 

(p  +  7i 

for  values  n  =  l,  2,  — 

If  instead  of  beginning  with  the  root  p  =  3  as  in  the  general  theory  (§§  35, 
36),  we  try  p  =  2,  the  equation  for  the  coefficients  c  gives 


determining  q  apparently  as  infinite.     To  modify  this,  we  take 

c0  =  (7(p-2); 
the  equation  for  cx  then  becomes 


which  is  satisfied  identically,  when  p  =  2.  Thus  Cj  remains  arbitrary  ;  but 
c0=0.  The  integral  which  would  be  obtained  is,  in  fact,  that  which  belongs 
to  p  =  3;  and  the  process  is  ineffective.  There  happens  to  be  no  integral 
belonging  to  p  =  2  (and  not  to  p  =  3)  free  from  logarithms. 

The  actual  solution  is  easily  obtained  by  the  general  method  of  Frobenius. 
We  have 

W=  Cz»  |(p  -  2)  +  (p~^2  z  +  (p  -  2)2  (p  -  3)2  R  (z,  p)  j  , 

where  R  (z,  p)  is  a  holomorphic  function  of  z  when  p  is  either  2  or  3  ;  and  then 


For  p  =  3,  we  have  the  integral 


For  p  =  2,  we  have  the  two  integrals 

«h 

and 


=  =  Cz2  +  Cz*  log  z  -  3Cz3. 

\_  Op  _|p  =  2 


The  integral  belonging  to  the  index  3  is 

*, 

free  from  logarithms  ;  that  which  belongs  to  the  index  2  is  effectively 


which  is  affected  with  a  logarithm,  so  that  the  index  2  possesses  no  proper 
integral  free  from  logarithms. 
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DISCRIMINATION  BETWEEN  KEAL  SINGULARITY  AND  APPARENT 

SINGULARITY. 

45.  The  singularity,  in  the  vicinity  of  which  the  integrals 
have  been  considered,  is  a  singularity  of  coefficients  of  the  equa- 
tion 


dmw  ,  Pa  (z)  dr' 
dz* 


lw 


z  —  a  dz™~1 


(z  -  a)r 


and  the  indices  to  which  the  integrals  belong  are  the  roots  of  the 
indicial  equation  for  z  —  a,  which  is 


In  general,  the  integrals  of  the  equation  in  the  vicinity  of  a  cease 
to  be  holomorphic  functions  of  z  —  a ;  thus  they  may  involve 
fractional  powers  or  negative  powers  of  z  —  a,  and  they  may 
involve  powers  of  log  (z  —  a}.  When  this  is  the  case,  a  is  called  * 
a  real  singularity.  If,  on  the  contrary,  every  integral  of  the 
equation  in  the  vicinity  of  a  is  a  holomorphic  function  of  z  —  a, 
then  a  is  called  an  apparent  singularity  of  the  differential  equa- 
tion. The  conditions  that  must  be  satisfied  when  a  singularity  of 
the  equation  is  only  apparent,  so  that  it  is  an  ordinary  point  for 
each  of  the  integrals,  may  be  obtained  as  follows. 

Let  Wi,  w%,  ...,  wm  denote  a  fundamental  system  of  integrals 
in  the  vicinity  of  the  singularity  a ;  and  suppose  that  each  member 
of  the  system  is  a  holomorphic  function  of  z—a  in  that  vicinity, 
so  that  the  singularity  a  is  only  apparent.  Let  A  denote  the 
determinant  (§  10)  of  this  fundamental  system,  so  that 

l™-^!      dm~^w1  dwl 


dz™-1   '     dz™~2  ' 

dz   ' 

dz™~1   '     dz™~* 

,   ....     dz   ,   w, 

dm~lwm     dm~2wm 

dwm 

dz  ' 

*  Weierstrass  (see  Fuchs,  Crelle,  t.  LXVIII  (1868),  p.  378)  calls  the  singularity 
wesentlich  in  this  case :  in  the  alternative  case,  he  calls  it  ausserwesentlich. 
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and  let  Ar  denote  the  determinant  which  results  from  A  when  the 

jlm  —  r  an  dm  II) 

column          _*  is  replaced  by  -^~  ,  (for   s=l,  ...,  ra).      Then 

as  every  constituent  in  Ar  and  A  is  a  holomorphic  function  of 
z  —  a  in  the  vicinity  of  a,  both  A^.  and  A  are  holomorphic  func- 
tions of  z  —  a  in  that  vicinity  ;  neither  of  them  is  infinite  there. 
But  as  in  §  31,  we  have 


(^af       "A  '  =,...,m, 

and  some  one  at  least  of  the  quantities  Pr  (a)  is  not  zero  ;  hence, 
for  that  value  of  r, 

Ar(a) 
A  (a) 
is  infinite,  and  therefore 

A(a)  =  0, 

or  the  determinant  of  a  fundamental  system  vanishes  at  an 
apparent  singularity.  Moreover,  as  in  §  10,  we  have 

1  ^  =  _  piO)  =  _  -Pi  («)     dG(z-a) 
A  dz  z  —  a  z—  a  dz 

where  G  (z  —  a)  is  a  holomorphic  function  of  z  —  a  ;  whence 
A  (z)  =  A  (z  -  a)-p'  <«>  e°  <*-«>, 

where  A  is  a  constant.  Now  A  is  not  identically  zero  near  a,  for 
the  system  of  integrals  is  fundamental  ;  hence  A  is  not  zero.  We 
have  seen  that  A  (a)  =  0,  and  A  {z)  is  a  holomorphic  function  of 
z  —  a  ;  hence  P1  (a)  must  be  a  negative  integer,  numerically  greater 
than  zero.  This  condition  is  required,  in  order  to  ensure  that  a 
is  a  singularity  of  the  equation. 

As  each  of  the  integrals  is  a  function,  that  is  holomorphic  in 
the  vicinity  of  a,  it  follows  that  the  respective  indices  to  which 
they  belong  must  be  positive  integers  ;  and  therefore  the  roots  of 
the  indicial  equation 


must  be   positive  integers.     (When   one  of  these  is  zero,  then 
Pm  (a)  vanishes.)     Moreover,  no  two  of  these  roots  may  be  equal  ; 
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for  otherwise,  the  expressions  for  the  integrals  that  belong  to  the 
repeated  root  would  certainly  include  logarithms,  contrary  to  the 
current  hypothesis.  Accordingly,  let  the  roots  be  plt  p^,  ...,  pm, 
a  set  of  unequal  positive  integers  which  we  shall  assume  to  be 
ranged  in  decreasing  order  of  magnitude  :  they  thus  form  a  single 
group  the  members  of  which  differ  from  one  another  by  integers. 
The  integral  belonging  to  p1  involves  no  logarithm.  In  order  that 
every  integral  belonging  to  p2  may  involve  no  logarithm,  one 
condition  must  be  satisfied:  it  is  as  set  out  in  §  41.  In  order  that 
every  integral  belonging  to  ps  may  involve  no  logarithm,  two 
further  conditions  must  be  satisfied  ;  they  are  as  set  out  in  §  41. 
And  so  on,  for  each  of  the  roots  in  succession  until  the  last: 
in  order  that  every  integral  belonging  to  pm  may  involve  no 
logarithms,  m  —  1  further  conditions  must  be  satisfied,  being  the 
conditions  set  out  in  §  41. 

The  aggregate  of  these  conditions,  and  the  property  that  the 
roots  of  the  indicial  equation  are  unequal  positive  integers,  give 
the  requisite  character  to  the  integrals.  The  condition  that  Px  (a) 
is  a  negative  integer  makes  a  a  singularity  of  the  differential 
equation.  When  all  the  conditions  are  satisfied,  the  singularity  is 
apparent. 

In  all  other  cases,  the  singularity  is  real. 

Ex.  1.     Consider  whether  it  is   possible  that  x=Q   should   be  only  an 
apparent  singularity  of  the  equation 

Dw  =  x2w"  —  (4#  4-  X#2)  w'  +  (4  —  KX)  w  =  0, 
where  K  and  X  are  constants. 

The  first  condition,  that  Pl  (a)  should  be  equal  to  a  negative  integer,  is 
satisfied  :  in  the  present  instance,  it  is  -  4.     To  discuss  the  integrals,  let 


and  substitute  :  then 
Z> 
provided 


-l)=  (X 
for  «  =  1,  2,  ____ 

The  indicial  equation,  being  (a  -4)  (a-  1)  =  0,  has  all  its  roots  equal  to 
positive  integers  ;  so  that  another  of  the  conditions  is  satisfied.  The  two 
roots  form  a  group. 
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The  integral,  which  belongs  to  the  (greater)  root  4  as  its  index,  is  a  holo- 
morphic  function  of  x  ;  it  is  easily  proved  to  be  a  constant  multiple  of  (say)  u, 
where 

4X  +  K     5X  +  <    ,     4X  +  *    5X  + 


^.     -r-       —  q  —  -*    .    a     .  -  -  r~  .  -        .-  .  -=     77 

1.4  1.4       2.5  1.4        2.5       3.6 


for  brevity. 

As  regards  the  other  root  given  by  a  =1,  we  have  to  assign  the  conditions 
that  the  integral  which  belongs  to  it  contains  no  logarithms.  In  accordance 
with  the  results  of  §  41,  we  see  that  there  will  be  a  single  condition  ; 
expressing  it  in  the  notation  there  used,  we  write 

Po  =  4>   Pi  =  1>    "=Po~/:)i  =  3>  M  =  1. 
and  we  have  to  find  hv  (a)  for  v  =  3,  a=p1  =  l.     Now  (§  38) 


and 


so  that 


The  sole  condition  is  that 

A3(l)  =  0; 
and  therefore  we  must  have 

K=  —  X,   or   -2X,    or   —  3X. 

If  K  has  any  one  of  these  values,  the  origin  is  only  an  apparent  singularity  of 
the  equation. 

If  K  —  -  X,  the  independent  integral  belonging  to  the  root  1  is 

v=x. 
If  K=  -  2X,  the  integral  is 

v 
If  K=  —  3X,  the  integral  is 

^ 

In  all  other  cases,  the  origin  is  a  real  singularity  of  the  differential  equation. 

The  result,  as  to  the  relations  between  X  and  /i,  can  be  verified  inde- 
pendently.    As  w  and  u  are  solutions  of  the  differential  equation,  we  have 


/4         \ 

uwf'  -  wu"  =  (  -  +  X  )  (uv/  -  wu'\ 
\x       / 


and  therefore 

uw'  —  vm'  = 

where  K  is  a  constant.     Hence 

d_  /w\     K 
dx  \u 
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If  every  integral  is  to  be  holomorphic  in  the  vicinity  of  the  origin,  it  is  easy 
to  see  that,  as  u  belongs  to  the  index  4,  the  only  condition  necessary  is  that  the 

coefficient  of  -  on  the  right-hand  side  should  be  zero.     Thus 
x 


JX3-|X2  .  27l+X  (3Vl2-  2y2)  -  2 
which,  on  substitution  for  ylt  y2,  y3,  and  multiplication  by  —36,  gives 


thus  verifying  the  condition  obtained  by  the  general  method. 

In  this  example  it  appears  that  the  integral,  which  belongs  to  the  smaller 
root  of  the  indicial  equation,  is,  in  each  of  the  three  possible  instances,  a 
polynomial  iu  x.  It  must  not  be  assumed  that  such  a  result  always  holds 
when  a  singularity  is  only  apparent  ;  this  is  not  the  case*. 

Ex.  2.     Prove  that  the  origin  is  an  apparent  singularity  for  the  equation 

x2w"  -  x  (4  -f  X#2)  w'  +  (6  +/i#2)  w=0, 

where  X  and  /i  are  constants  ;  and  shew  that  no  integral,  holomorphic  in  the 
vicinity  of  the  origin,  can  be  a  polynomial  in  x  unless  /x  is  a  positive  integer 
multiple  of  X. 

Ex.  3.     Prove  that  2=0  and  2=1  are  real  singularities  for  the  equation 


and  that  2=1,  2  =  —  1,  are  real  singularities  for 

(1  -  z2)  w"  -  2zv/+n  (n  +  1)  w  =  0, 
when  n  is  an  integer. 

Ex.  4.     Shew  that  2=00  is  a  real  singularity  for  every  equation  of  the 
form 


where  R  (2)  denotes  a  rational  function  of  z. 

Ex.  5.     Shew  that,  if  2=00  be  an  apparent  singularity  for  each  integral  of 
the  equation 


dz 


where  P  and  Q  are  holomorphic  functions  of  z'1  for  large  values  of  |z|, 
then,  if 

zP  (  -  J  =  X  +  negative  powers  of  2, 

•O-"+ 


See  some  remarks  by  Cay  ley,  in  the  memoir  quoted  on  p.  113,  note. 
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X  must  be  a  positive  integer  equal  to  or  greater  than  2,  and  p  must  be  a 
positive  integer  which  may  be  zero.  Shew  also  that,  if  X  =  2,  then  /*  must  be 
zero. 

Are  these  conditions  sufficient  to  secure  that  each  integral  of  the  equation 
is  a  holomorphic  function  of  z~l  for  large  values  of  \z  ? 

Ex.  6.     Verify  that  every  integral  of  the  equation 

dw 


is  holomorphic  for  large  values  of  \z\. 


Note  on  §  34,  p.  85. 

To  establish  the  uniform  convergence  of  a  series  "S,gvxv  for  values  of  a, 
Osgood  shews  (I.e.,  p.  85)  that  it  is  sufficient  to  have  quantities  J/"n,  indepen- 
dent of  a,  such  that 


provided  the  series  "S,Mn  converges. 

Take  a  circle  in  the  a-plane  large  enough  to  enclose  all  the  regions  round 
the  roots  of /(p)=0  given  by  \a— p |  =  r/  — K'  ;  and  let  this  circle  be  of  radius 
rlf  so  that  r^  is  a  constant  independent  of  a.  With  the  notation  of  §  34,  take 
constants  GV)  for  values  of  v  ^  e,  such  that 


while  (7e  =  re=y€.     Then,  as 

+ 
we  have 

for  all  values  of  v.     Now,  as  in  §  34  for  the  ratios  of  the  r's,  we  find 

<Wi    i 
Llm  r   =ff; 

V=QC         ^y  4* 

and  therefore  the  series 

Cf(R'-Ky+C(+l(R'-Kf+l  +  ... 
converges,  R  being  less  than  R.     Accordingly,  by  taking 

Mn=Cn(R'-K)«, 
the  uniform  convergence  of  the  series  "S,g  xv  is  established. 


CHAPTER  IV. 

EQUATIONS  HAVING  THEIR  INTEGRALS  REGULAR  IN  THE  VICINITY 
OF  EVERY  SINGULARITY  (INCLUDING  INFINITY). 

46.  WE  have  seen  that,  if  a  linear  differential  equation  is  to 
have  all  its  integrals  regular  in  the  vicinity  of  any  singularity  a,  it 
is  necessary  and  sufficient  that  the  equation  should  be  of  the  form 

dmw  _    P1     dm~lw         P2      dm~*w  Pm 

~dz™  ~~z-a  dzm~l  +  (z-  of  dzm~2  + '" +(z -  a)™™' 

in  the  vicinity  of  that  singularity,  the  quantities  P1}  P2,  ...,  Pm 
being  holomorphic  functions  of  z  —  a  in  a  region  round  a  that 
encloses  no  other  singularity  of  the  equation.  We  can  immediately 
infer  the  general  form  of  a  homogeneous  linear  differential  equa- 
tion which  has  all  its  integrals  regular  in  the  vicinity  of  every 
singularity  of  the  equation,  including  z  =  oo .  As  Fuchs  was  the 
first  to  give  a  full  discussion*  of  this  class  of  equations,  it  is 
sometimes  described  by  his  name ;  the  equations  are  saidf  to  be 
of  Fuchsian  type  or  of  Fuchsian  class. 

Let  alt  a2,  ...,  ap  denote  all  the  singularities  of  the  differential 
equation  in  the  finite  part  of  the  £-plane,  and  write 


then  the  conditions  are  satisfied  for  each  of  these  singularities  by 
the  equation 

d™w_  ~    0*  d™'-"™ 

dzm  ~  K=1  y   dzrtt^K  ' 

*  See  his  memoir,  Crelle,  t.  LXVI  (1806),  pp.  139—154. 

t  Care  must  be  exercised  in  order  to  discriminate  between  equations  of  Fuchsian 
type  and  Fuchsian  equations.  The  latter  arise  in  connection  with  automorphic 
functions  and  differential  equations  having  algebraic  coefficients  :  see  Chap.  x. 
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provided  the  functions  QK  are  holornorphic  functions  of  z  every- 
where in  the  finite  part  of  the  plane.  To  secure  that  the  integrals 
possess  the  assigned  characteristics  for  infinitely  large  values  of  z, 
we  note  that 


where  R  is  a  polynomial  in  -  and  is  unity  when  z  =  oo ,  and 

Z 

therefore 


where  RI  is  of  the  same  polynomial  character  as  R,  and  is  unity 
when  z  =  oo  .  Now  suppose  that,  for  very  large  values  of  z,  the 
determinant  A  (z)  of  a  fundamental  system  belongs  to  the  index  a-, 
so  that 


where  T  is  a  regular  function  of  -  which  does  not  vanish  when 

z 

z  =  oo  .     Then,  with  the  notation  of  §  31,  we  have 


where  TK  is  of  the  same  character  as  T,  save  that  it  may  possibly 
vanish  when  z  =  GO  :  taking  account  of  the  latter,  we  have 

A        (~\    _   yr-V-K-tT   ' 

UK  \Z)  —  z 

where  e  is  an  integer  ^  0.     Thus 


where  U  is  a  regular  function  of  -  which  does  not  vanish  when 

z 

z  =  oo  ;  and  therefore 
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for  very  large  values  of  z.  But  QK  is  a  holomorphic  function  of  z 
near  2  =  oo ;  this  property,  imposed  on  the  preceding  expression, 
shews*  that  QK  is  a  polynomial  in  z,  of  degree  not  'higher  than 
(p-D/c. 

Moreover,  it  was   proved   in   the    last   chapter   that   all   the 
integrals  of  the  equation 

dmw  _    Pl    dm~lw  Pm 

ck™~7^a  dzin~l  +  '"+(z-a)niW 

are  regular  in  the  vicinity  of  z  =  a,  when  the  quantities  Plt  ...,  Pm 
are  holomorphic  functions  of  z  in  that  vicinity.  Applying  this 
proposition  to  each  of  the  singularities  (including  oo )  of  the 
equation 

d7*w  _  »    QK  dm~Kw 

d^1  ~  •-!  ^  dzm~K  ' 

with  the  restriction  upon  Q1}  ...,  Qm  as  polynomials  in  z  of  the 
appropriate  degrees,  we  infer  that  all  its  integrals  are  regular  in 
the  vicinity  of  each  of  the  singularities  (including  oo  ). 

Combining  the  results,  we  have  the  theorem,  due  to  Fuchs*f-: — 

When  ike  m  integrals  in  the  fundamental  system  of  a  linear 
homogeneous  equation  of  order  m  have  a1}  a2,  ...,  ap  as  the  whole  of 
their  possible  singularities  in  the  finite  part  of  the  z-plane ;  and 
when  all  the  integrals  are  regular  in  the  vicinity  of  each  of  these 
singularities,  as  well  as  for  infinitely  large  values  of  z ;  the  equation 
is  of  the  form 

dm*,,       ft        fjin—^,,       n.  ,      ,  /7w— 27/.  f}    , 

*J>-i  <*     _W       *J2(p— i)  "•         v  .    'Jwt(p— i) 

-  ~ 


dzm       -fy    i 

where  ty  denotes  II  (z  —  aK),  and  G^-D,  for  /£  =  !,  2,  ...,  m,  is  a 

polynomial  in  z  of  degree  not  higher  than  /j,  (p  —  1). 

Conversely,  all  the  integrals  of  this  differential  equation  are 
everywhere  regular,  whatever  be  the  polynomials  G  and  o/r  of  proper 
degree. 

Accordingly,  this  is  the  most  general  form  of  linear  equation  of 
order  m,  which  is  of  Fuchsian  type. 

*  This  result  may  also  be  obtained  by  using  the  transformation  zx  =  l  and 
applying  to  the  equation,  transformed  by  the  relations  in  §  5,  the  proper  conditions 
for  the  immediate  vicinity  of  x  =  0. 

t  Crelle,  t.  LXVI  (1866),  p.  146. 
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Ex.  1.     Legendre's  equation  is 


say 

22  n(n  +  l) 

w  =  -  -  -9  iff  --  ^  -  §-'  w. 

1  -  22  1  -  22 

Its  form  satisfies  all  the  necessary  conditions  ;  hence  its  integrals  are  regular 
in  the  vicinity  of  2=1,  z=  —  1,  and  are  regular  also  for  infinitely  large  values 
of  z. 

Similarly,  the  hypergeometric  equation,  which  is 


has  all  its  integrals  regular  in  the  vicinity  of  2=0,  2=1,  and  regular  also  for 
infinitely  large  values  of  z. 

Bessel's  equation  of  order  zero  is 


w"=  —  w'  —  w 

z 


its  integrals  are  regular  in  the  vicinity  of  2  =  0  ;  but,  on  account  of  the  order 
of  the  numerator  of  the  coefficient  of  w  in  its  fractional  form,  they  are  not 
regular  for  infinitely  large  values  of  z. 

The  same  result  as  the  last  holds  for 

1     ,     «2-22 

W   =  --  W  -\  --  5  —  W. 

Z  22 

which  is  Bessel's  equation  of  order  n. 

A  form  of  Lame's  equation,  which  proves  useful  (see  Chap,  ix,  §§  148  — 
151),  is 


where  A  and  B  are  constants  ;  its  integrals  are  regular  in  the  vicinity  of  any 
point  in  the  finite  part  of  the  2-plane  congruent  with  2  =  0,  and  these  are  all 
the  singularities  in  the  finite  part  of  the  plane  ;  but  they  are  not  regular 
for  infinitely  large  values  of  z. 

Ex.  2.  The  sum  of  all  the  exponents  associated  with  all  the  singularities 
(including  oo  )  of  the  equation  of  Fuchsian  type  obtained  at  the  end  of  the 
preceding  investigation  is  the  integer  \(p  -  1)  m  (m  -  1),  a  result  first  given  by 
Fuchs*.  The  proof  is  simple. 

The  polynomial  Gp_l  is  of  order  not  higher  than  p  —  1  :  say 

Gp_l  =  Az*-i  +  .... 
The  indicial  equation  for  the  singularity  an  is 


. 

Y    (an) 

Crelle,  t.  LXVI,  p.  145. 
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the  unexpressed  terms  on  the  right-hand  side  constituting  a  polynomial  in  Q 
of  order  not  higher  than  in  -  2.  Hence  the  sum  of  the  indices  for  the  singu- 
larity an  is 


and  therefore  the  sum  of  the  indices  for  all  the  singularities  alt  «2,  ...,  ap  in 
the  finite  part  of  the  plane 

-l)+  2    Gf-](a"} 

„=!      >//•    («„) 


because  al.  «2,  ...,  ap  are  the  roots  of  ty=0. 

The  indices  for  oo  are  obtainable  by  substituting 


the  indicial  equation  for  oo  is 


so  that  the  sum  of  the  indices  for  QO  is 

—  \m  (TO  —  1)  —  A. 
The  total  sum  of  all  the  indices  is  therefore 


Ex.  3.  The  general  equation  of  Fuchsian  type,  which  has  all  its  integrals 
regular  in  the  vicinity  of  every  singularity  (including  oo  ),  has  been  obtained. 
The  limitations  upon  the  form  of  the  type  are  mainly  as  to  degree,  so  that 
generally  the  construction  of  the  equations,  when  definite  singularities  and 
definite  exponents  at  the  singularities  are  assigned,  will  leave  arbitrary 
elements  in  the  form.  The  instances  when  the  equations  are  made  com- 
pletely determinate  by  such  an  assignment  are  easily  found. 

Taking  the  equation  as  of  order  m,  we  have  polynomials 

Gp  _  j  (z),    G9  _  2  (2),  .  .  .,  Gmp  _m  (z) 
which,  in  their  most  general  form,  contain 


=  \pm  (m+l)  —  \m  (m—  1) 
constants. 

The  assignment  of  the  positions  of  the  singularities  merely  determines  ^  : 
it  gives  no  assistance  to  the  determination  of  the  constants  in  the  poly- 
nomials G. 

Each  of  the  p  singularities  in  the  finite  part  of  the  plane  requires  m 
exponents,  as  does  also  the  point  2=00  ;  so  that  there  are  m(p  +  l)  constants 
thus  provided.  But,  by  the  preceding  example,  their  sum  is  definite  :  and 
thus  the  total  number  of  independent  constants  thus  provided  is 
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If  therefore  the  equation  is  to  be  made  fully  determinate  by  the  assign- 
ment of  these  constants,  we  must  have 

\pm  (m  +  1)  —  \m(m,  —  l)  =  m(p  +  l)-  1, 
and  therefore 

£pm(m-l)  =  £(m-l)(wi+2). 

When  m=l,  p  can  have  any  value;  that  is,  any  homogeneous  linear 
equation  of  the  first  order,  which  has  its  integral  regular  in  the  vicinity  of 
each  of  its  singularities  and  of  2  =  00 ,  is  completely  determined  by  the  assign- 
ment of  singularities  and  of  the  exponents  for  the  integral  in  the  vicinity  of 
the  singularities. 

For  such  equations  of  the  first  order,  let  a1}  ...,  ap  be  the  singularities  in 
the  finite  part  of  the  plane;  let  m^  ...,mp  be  the  indices  to  which  the 
integral  belongs  in  their  respective  vicinities,  and  let  m  be  the  index  for 

P 
2=00,  so  that  m+  2  mr=0.     The  equation  is 

r=l 

dw         p      mr 
-j-^w  2    -     -  : 
az        r=i  z  —  ar 

p 
which  gives  the  index  for  z=  QO  as  equal  to  -   2  mr,  being  its  proper  value. 

r=l 

When  m>l,  then 

P-1  +  -, 

m 

so  that,  as  p  is  an  integer,  m  must  be  2  and  then  p  =  2.  Thus  the  only  homo- 
geneous linear  equation  of  order  higher  than  the  first,  which  is  of  the 
Fuchsian  type,  and  is  completely  determined  by  the  assignment  of  the  singu- 
larities and  of  the  exponents  to  which  the  integrals  at  the  singularities 
belong,  is  an  equation  of  the  second  order :  it  has  two  singularities  in  the 
finite  part  of  the  plane,  and  it  has  z  =  QO  for  a  singularity  ;  and  the  sum  of  the 
six  indices  to  which  the  integrals  belong,  two  at  each  of  the  singularities,  is 
£  (2  -  1)  2  (2  -  1),  that  is,  the  sum  is  unity. 

The  discussion  of  the  determinate  equation  of  the  second  order  of  the 
foregoing  type  will  be  resumed  later  (§§  47 — 50). 

Note.  If  p=0,  so  that  the  equation  has  no  singularities  in  the  finite  part 
of  the  plane,  the  coefficients  are  constants  if  the  equation  is  to  be  of  Fuchsian 
type.  The  only  singularity  of  the  integrals  is  at  QO  . 

If  p  =  l,  m  >  1,  the  number  of  arbitrary  constants  is  less  than  the  number 
of  constants,  due  from  the  assignment  of  the  indices  at  the  finite  point  and 
at  2=  QO  :  the  latter  cannot  then  all  be  assigned  at  will. 

For  values  of  p  greater  than  1  and  for  values  of  m  greater  than  1,  the 
number  of  arbitrary  constants  in  a  linear  differential  equation,  which  are 
left  undetermined  by  the  assignment  of  the  singularities  and  their  indices,  is 


which  for  all  the  specified  values  of  p  and  m,  other  than  m  —  2  and  p  —  2  taken 
simultaneously,  is  greater  than  zero. 
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Ex.  4.  Consider  the  equation,  indicated  in  the  Note  to  Ex.  3,  all  whose 
integrals  are  regular  at  the  only  finite  singularity,  which  can  be  taken  at  the 
origin,  and  regular  also  at  infinity  :  it  is 


£  d^w    /2  d"->w  f 

dzm      z  cfc™-1      *2  dz™-2'*'        3™    1J 

where  /x  ,  /2  ,  .  .  .  ,  fm  are  constants.  The  assignment  of  indices  for  z  —  0  determ- 
ines/!, ...,/OT,  and  so  determines  the  indices  for  2  =  00;  and  similarly  the 
assignment  of  indices  for  z  =  oo  determines  those  for  2=0.  In  fact,  the 
indicial  equation  for  z  =  Q  is 

m 
p(p-l)...(/,-m  +  l)  =   2  pfc-lMp 

<c=l 

and  the  indicial  equation  for  z=  oo  is 


it  is  at  once  evident  that  the  roots  can  be  arranged  in  pairs,  one  from  each 
equation,  in  the  form  p  +  0=Q. 

As  regards  the  integrals,  it  is  easy  to  verify,  in  accordance  with  the 
general  theory,  that  the  integral  which  belongs  to  a  simple  root  r  of  the 
indicial  equation  for  2  =  0  is  a  constant  multiple  of  zr  :  and  that  the  n 
integrals,  which  belong  to  any  w-tuple  root  s  of  that  equation,  are  constant 
multiples  of 

*»(log2)a, 
for  a  =  0,  1,  ...,  n—l. 

Ex.  5.     Consider  the  equation 


which*  clearly  satisfies  the  conditions  that  its  integrals  should  be  regular, 
both  in  the  vicinity  of  its  singularities  and  for  large  values  of  z. 

To  obtain  the  integrals  in  the  vicinity  of  2  =  0,  we  substitute 

w 
and  find 

provided 

so  that,  writing 

f(q  +  i)(a  +  f)...(« 
7m     \    (a+l)(a  +  2)... 
the  value  of  w  is 


*  It  is  the  differential  equation  of  the  quarter-period  in  elliptic  functions  :  for  a 
detailed  discussion  of  the  equation,  see  Tannery,  Ann.  de  v£c.  Norm.  Sup.,  Se>.  2me, 
t.  vni  (1879),  pp.  169—194,  and  Fuchs,  Crelle,  t.  LXXI  (1870),  pp.  121—136. 

F.    IV.  9 
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The  indicial  equation  is  a2=0  :  accordingly,  the  two  integrals  belong  to  the 
index  0,  and  they  are  given  by 


To  particularise  the  integrals,  we  take  CO=£TT  ;  the  first  of  the  integrals  then 
becomes 

/1\2  /I      Q\2 

(I 


say  :  and  the  second  of  them  becomes  L  (2),  where 


-  2 
m=l 

-JT(«)  log  *+/(*), 

say,  where 

^m=l  ~2  +  3~  4  2m-l  ~2m' 

And  now  the  two  integrals  in  the  vicinity  of  the  origin  are 

tf(2),       Z(2). 

To  obtain  the  integrals  in  the  vicinity  of  2=1,  we  substitute 

2=1  —X, 

when  the  equation  takes  the  form 

d?w  .  dw 

which  is  of  the  same  form  as  in  the  vicinity  of  z  —  0.     Accordingly,  the 
integrals  in  the  vicinity  of  ?  =  1  are  given  by 

K(x),    L(x). 

To  obtain  the  integrals  in  the  vicinity  of  z  =  oo ,  we  substitute 

1 

2  = 

when  the  equation  takes  the  form 


Z=l> 


The  indicial  equation  for  t =0  is 

we  take 

w 

and  we  find  the  equation  for  u  to  be 
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of  the  same  form  as  in  the  first  and  the  second  cases.  Accordingly,  the 
integrals  of  the  original  equation  in  the  vicinity  of  0=00  are 

t^K(t),    $L(t\ 

The  integrals  are  thus  regular  in  the  vicinity  of  the  three  singularities 
0,  1,  oo .  Of  these,  the  integrals  K(z\  L(z]  are  significant  in  the  domain 
|a|<l,  say  in  D0 ;  the  integrals  K(x],  L(x)  are  significant  in  the  domain 
|  #|  =  |  z  —  1 1  <  1,  say  in  D± ;  and  the  integrals  fi  K  (t),  $  L  (t)  are  significant  in 
the  domain  \t\  <  1,  that  is,  \z\  >  1,  say  in  D^.  The  series  K  (z}  diverges  when 
2=1,  so  that  the  integrals  cease  to  be  significant  for  such  a  value. 

The  domains  Z)0  and  D±  have  a  common  portion,  so  that  values  of  z  exist 
which  are  defined  by 

|2J<1,         Z-l\<\. 

Within  this  common  portion,  the  integrals  K(z\  L(z\  K(x\  L(x)  are 
significant :  so  that,  as  K  (z}  and  L  (z)  make  up  a  fundamental  system,  we 
have 

K (x~)  =  AK(z}  +  BL  (z},     L  (x)  =  A'K  (z}  +  B'L  (z), 

where  A,  B,  A',  B'  are  constants.  The  values  of  the  constants  are  determined 
as  follows  by  Tannery. 

The  integrals  are  compared  for  real  values  of  z  which  are  positive  and 
slightly  less  than  1,  so  that,  as  z  then  approaches  1,  K(z}  tends  to  an  infinite 
value.  To  obtain  this  infinite  value,  we  note  that,  as 

£ TT  (2n  + 1)  >  [i^—^I 

by  Wallis's  theorem,  we  have 

1 


and  therefore,  for  real  values  of  z  between  0  and  1,  we  have 


n=l 

The  difference  of  the  two  quantities,  between  which  the  value  of  K  (z)  lies,  is 

.00/1  1        \ 

421  ---  -r   zn, 
%-i  \»     n  +  \J 

which  increases  as  the  real  value  of  z  increases  and,  for  z  =  1,  is 

00   (—      —  \ 
i\8n     2ra+l/' 

that  is,  1  —  log  2.     Hence  we  may  take 


9—2 
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£  TT  >  f  (z)  >  £  TT  - 1  +  log  2  ; 

and  the  values  of  z  are  real,  positive,  and  less  than  1.     The  result  shews  that 
K(z)  is  logarithmically  infinite  for  2=1. 

Proceeding  similarly  with  I(z)  in  the  expression  for  L  (z),  we  have,  for  real 
values  of  z  between  0  and  1, 


The  difference  of  the  two  quantities,   between  which  the  value  of 
lies,  is 

I  &m(± L_\- 

m=i        \2m     2m  + 1/ 
which  increases  as  the  real  value  of  z  increases  and,  for  z  —  1,  is 


Now 


_     +     _+  _  _ 

1      2^3     4"1"  2m-  1      2m 


<log2; 
and  therefore  the  foregoing  difference  is  less  than 


that  is,  less  than  (1  -  log  2)  log  2.     Hence  we  may  take 
i/W-i  2    £<"*-«'(«), 

7^=1    7At 

where,  for  real  positive  values  of  z  that  are  less  than  1, 

0<e'  (*)<(!  -log  2)  log  2. 
The  expression  can  be  further  modified.     We  have 


2          2m<log2  2    —  , 
m=i  m  m==1  m 

for  the  values  of  z  considered.     The  difference  between  these  two  series  is 


m=l          ™ 

a  quantity  which  increases  as  the  real  value  of  z  increases  and,  for  z  =  l,  is 

2    i(log2-,3J. 
m=l  »» 

But 

log  2~/3"l  =      ~      ~ 
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and  therefore  the  difference  is 


on  evaluating  the  series.     We  may  therefore  take 

|  &™zm=  |   —  \og2-  f"(z) 
m=i  m          m=1  TO 

=  -  log  (!-»)  log  2  -€"(*), 
where 

0  <€"(«)<  2(1  -log  2). 

Therefore,  finally,  we  have 


where 

•t(«)-« 

so  that 

0<  «,(«)<  1  -  (log  2)»; 

and  the  values  of  z  considered  are  real,  positive,  and  less  than  1. 
In  the  region  common  to  D0  and  Dlt  we  have 


and  therefore,  for  real  values  of  z  less  than  (but  nearly  equal  to)  1,  that  is,  for 
real,  positive,  small  values  of  x; 


When  z  tends  to  the  value  1,  the  term  logx  log  z  tends  to  the  value  0  :  more- 
over, K  (x}  then  tends  to  the  value  £TT  ;  hence,  taking  account  of  the  infinite 
terms  on  the  right-hand  side,  we  have 

^1  +  45  log  2=0. 

Again,  when  z  is  real,  small,  and  positive,  x  is  real,  positive,  and  less  than 
(but  nearly  equal  to)  1  ;  hence 


so  that 

z}  logz+BI(z), 


all  the  terms  in  which  are  finite  except  those  involving  log  2  ;   moreover, 
when    z  \  is  small, 


where  R  is  a  holomorphic  function  of  z ;  thus 

Consequently, 

so  that  A  and  B  are  known. 
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Similarly,  for  the  other  equation 


for  values  of  x  and  z  in  the  common  region,  we  have,  for  real,  positive  values 
of  2  less  than  1,  that  is,  for  real,  positive  values  of  x  that  are  small, 


hence,  taking  account  of  the  logarithmically  infinite  terms  on  both  sides,  we 
see  that 

A' +4B'  log  2=  -TT. 

Next,  taking  the  same  equation  for  values  of  z  that  are  small,  real,  and 
positive,  so  that  x  is  real,  positive,  and  less  than  1,  we  have 

A'K(z}+B'  {K(z}  log  2+  I(z)}=K(x)  \ogx+I(z). 
When  x  is  nearly  unity, 

so  that  K(x)Iogx,  for  x  nearly  equal  to  1,  is  small :  and  it  vanishes  when 
x—\.    Also,  for  those  values  of  x, 

/(#)=-  2  log  (1  -  a?)  log  2  -  4et  (x) 

=  -2logslog2-4e1(af); 
whence,  equating  coefficients,  we  have 

^7r5'=-2log2. 

Thus 

5'= --log  2,     A'=—(\ag$f-ir. 

7T  JT 

Accordingly,  when  z  lies  within  the  portion  common  to  the  two  domains  D0 
and  Dlt  defined  by  the  relations 

we  have 


L  (#)  =  {^  (log  2)2-  T^K(z)  -  (^  log  2)  L  (z 
where  x=\—z. 

These  results  shew  that,  for  complex  values  of  z  such  that  z\  =  l,  both 
K  (z)  and  L  (z)  converge.  The  first  of  them  is  a  known  result  in  the  theory 
of  elliptic  integrals  ;  writing  z=lc\  #=&*,  K(z)=K,  K(x)  =  K',  we  have 

Off  A  oo 

K'  =  —  log  ^-2    2  a^P", 

TT  K  m=l 

an  equation  which  is  specially  useful  for  small  values  of  k.     Similarly,  for 
values  of  k  nearly  equal  to  unity,  we  have 

JT-~kgp-a  2 

""  *         m=l 
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Ex.  6.     With  the  notation  of  the  preceding  example  shew  that,  for  values 
of  z  common  to  the  domains  Z)x  and  Dx  as  denned  by 


the  integrals  K(x),L(x\  t*K(t),  $L(£)  are  connected  by  the  relations 

J\.  \&)  ~~       -L*  \*^) 


_£ 

IT  i 

(Tannery.) 

.Ek.  7.  Denoting  the  integrals  of  the  equation  in  Ex.  5  that  are  associated 
with  the  values  z  =  0,  1,  co  by  K,  L  ;  £',  L  ;  5"",  Z"  ;  respectively  ;  denoting 
also  the  effect  upon  a  function  fof  a  simple  cycle  round  a  point  a  by 
and  of  simple  cycles  round  a  and  b  in  succession  by  [£7]<i&,  prove  that 


and  express  [Z']0,  [Z']01  in  terms  of  A",  Z'.  (Tannery.) 

^».  8.     Discuss,  in  the  same  manner  as  in  Ex.  5,  the  integrals  of  the 
equations 

(i)     z(I-z)w"-£w=0; 

(ii)     z(\-z)w"  +  (l 
(iii)     z(l—z)w"±w' 
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47.  It  has  already  been  proved  (Ex.  3,  §  46)  that  the  only 
linear  differential  equation  of  any  order  other  than  the  first,  which 
is  made  completely  determinate  by  the  assignment  of  its  singu- 
larities and  of  the  exponents  to  which  the  integrals  belong  in  the 
respective  vicinities  of  those  singularities,  is  an  equation  of  the 
second  order  which,  if  it  have  oo  for  a  singularity,  has  two  other 
singularities  in  the  finite  part  of  the  plane.  If  the  latter  be 
at  h,  k,  then  the  transformation 

z  —  h  _h  c  —  b  x  —  a 
z  —  k     k  c  —a  a;  —  b 

gives  a,  b,  c  in  the  #-plane  as  the  representatives  of  h,  k,  x  in  the 
z-plane.     The  transformation  manifestly  does  not  affect  the  order 
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of  the  equation,  its  sole  result  being  to  make  a,  b,  c  (but  not  now 
oo  )  singularities ;  we  shall  therefore  suppose  this  transformation 
made.  Accordingly,  we  proceed  to  consider  the  properties  of  the 
function,  which  thus  determines  a  differential  equation ;  they 
depend  upon  the  properties  initially  assigned,  which  are  taken  as 
follows. 

In  the  vicinity  of  all  values  of  z,  except  a,  b,  c  (and  not 
excepting  oo  when  a,  b,  c  are  finite),  the  function  is  a  holomorphic 
function  of  the  variable. 

In  the  vicinity  of  any  point  (including  the  three  points  a,  b,  c), 
there  are  two  distinct  branches  of  the  function ;  and  all  branches 
of  the  function  in  the  vicinity  of  any  point  are  such  that,  between 
any  three  of  them,  a  linear  relation 


exists,  having  constant  coefficients  A',  A",  A"'.  (So  far  as  this 
condition  affects  the  differential  equation,  it  manifestly  determines 
the  order  as  equal  to  two.) 

As  exponents  are  assigned  to  the  three  points,  let  them  be  a 
and  a'  for  a :  (3  and  ft'  for  b :  7  and  7'  for  c  ;  these  quantities 
being  subject  (§  46,  Ex.  2)  to  the  condition 

a  +  a  +  ft  +  ft'  +  7  +  7'  =  1. 

It  further  is  assumed  that  a  —  a',  ft  —  ft',  7  —  7'  are  not  equal  to 
integers.  The  branches  distinct  from  one  another  in  the  respective 
vicinities  are  denoted  by  Pa  and  Pa> ;  Pp  and  Pp ;  Py  and  Py>. 
From  the  definition  of  the  exponents  to  which  they  belong,  the 
functions  (z  —  a)~aPa  and  (z  —  a)~aPa>  are  holomorphic  in  the 
domain  of  a  and  do  not  vanish  when  z  =  a.  Similarly  for  b  and  c. 

After  the  earlier  assumption,  it  follows  that  any  branch 
existing  in  the  vicinity  of  a  can  be  expressed  in  a  form 

Ca-t   <x  ~T~  C<x'-t  a'j 

where  ca  and  ca'  are  constants ;  and  likewise  for  branches  in  the 
vicinity  of  b  and  c.  The  assumption  made  as  to  a  —  a',  ft  —  ft', 
7—7'  not  being  integers  will,  by  the  results  obtained  in  §§  35 — 38, 
secure  the  absence  of  logarithms  from  the  integrals  of  the 
differential  equation :  it  manifestly  excludes  the  possibility  of 
either  of  the  branches  Pa  and  Pa/,  Pp  and  Pp,  Py  and  Py,  being 
absorbed  into  the  other. 
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Riemann  *  denotes  the  function,  which  is  thus  defined,  by 


and  the  function  itself  is  usually  called  Riemann  s  P-f  unction.  It 
is  clear  that  a  and  a  are  interchangeable  without  affecting  P; 
likewise  /3  and  ft'  ;  likewise  7  and  7'.  Also,  the  three  vertical 
columns  in  the  symbol  can  be  interchanged  among  one  another 
without  affecting  P  ;  six  such  interchanges  are  possible.  Again, 
if  P  be  multiplied!  by  (x  -  a)s  (x  -  6)~fi-€  (x  -  c)e,  the  effect 
is  to  give  a  new  function,  having  a  singularity  at  a  with  expo- 
nents o  +  8,  of  +  B:  a  singularity  at  b  with  exponents  /3  —  8  —  e, 
ft'  —  8  —  e  ;  and  a  singularity  at  c  with  exponents  7  +  6,  7'  +  e. 
Every  other  point  (including  oo  )  is  of  the  same  character  as 
for  P.  Hence 


'+s  p-s-e 


the  exponents  on  the  right-hand  side  still  satisfying  the  condition 
that  the  sum  of  the  exponents  shall  be  equal  to  unity. 

A  homographic  transformation  of  the  independent  variable 
can  always  be  chosen  so  as  to  give  any  three  assigned  points 
a',  b',  c'  as  the  representatives  of  a,  b,  c.  Accordingly,  let  such  a 
transformation  be  adopted  as  will  make  a  and  0,  b  and  oo  ,  c  and  1, 
respectively  correspond  to  one  another  :  it  manifestly  is 

,  _x  —  a,  c  —  b 
x  —         j-  . 

x  —  b  c  —  a 

The  indices  are  transferred  to  the  critical  points  0,  oo  ,  1  ;  every 
other  point  is  ordinary  for  the  new  function,  as  every  other  point 
was  for  the  old.  For  brevity,  the  transformed  function  is  denoted  by 


*  Ges.  Werke,  p.  63. 

t  The  sum  of  the  indices  in  the  factor  is  made  zero;  otherwise  x  =  00  would  be 
a  singularity  for  the  new  function. 
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where  the  two-term  columns  are  to  be  associated  with  0,  oo  ,  1  in 
order.     Also,  since 

.     a  —  b  x  —  c 

fV*      -    ^_^___      _ 

1  —  Ji,    —  ,   , 

a  —  c  x  —  b 
it  follows  that,  except  as  to  a  constant  factor, 

(x  —  a)s  (x  —  c)'        ,     ,«  ,..        ,. 
'  A.  ,  —  -  and  x/s  (1  -  x')e 
(x  —  b)s+e 

agree  ;  and  thus,  as  regards  general  character,  we  have 


As  a  —  a',  /3  —  $',  7—7'  are  the  same  for  the  P-function  on  the 
right-hand  side  as  for  the  P-function  on  the  left,  Riemann  denotes 
all  functions  of  the  type  represented  by  the  expression  on  the 
left  by 

P(a-a',  p-ff,  7-7,  O- 

In  the  transformation  of  the  variable,  the  points  a,  b,  c  were 
made  to  be  congruent  with  0,  oo  ,  1  in  the  assigned  order.  A  similar 
result  would  follow  if  they  had  been  made  congruent  with  0,  oo  ,  1 
in  any  order  or,  in  other  words,  if  0,  oo  ,  1  be  interchanged  among 
themselves  by  homographic  substitution.  As  is  known,  six  such 
substitutions  are  possible,  viz. 

„_     ,     T  /      1        T          1 

ffj  —     CC      J  _L        -     OC     y  f       J  J.        "~  f       J 


x"   x'-l'    \-x" 

or,  taking  account  of  the  association  of  the  exponents  with  the 
first  arrangement,  the  table  of  singularities,  exponents,  and 
variables  for  the  six  cases  is 


0 

cc 

1 

0 

00 

1 

0  oo   1 

1 

a 

0 

7  *'; 

7 

£ 

a  l-x'\ 

£  «  7 

#'  ' 

a' 

P" 

i 

7' 

P" 

a 

P*  ^'  7' 

0 

X 

1 

0 

00 

1 

0  oo   1 

1 

x 

1 

7 

a 

/Q    1 

a 

7  y 

o 

^  7  a 

**             tf" 

<J          /            f     5 

1  —  #' 

7' 

a' 

P" 

a' 

Vi 

3' 

yS'  7  a' 

so  that  P-functions  of  these  arguments  with  properly  permuted 
exponents  can  be  associated  with  one  another. 
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48.     The  significance  of  the  relation 

a.  +  a'  +  @  +  ft'  +  7  +  7'  =  1, 

in  connection  with  the  function,  appears  from  the  following  con- 
siderations. When  the  singularities  are  taken  at  0,  oo ,  1,  the  axis 
of  real  variables,  stretching  from  —  oo  to  +  oo ,  divides  the  plane 
into  two  parts  in  each  of  which  every  branch  of  the  function  is 
uniform ;  or,  if  the  singularities  be  taken  at  a,  b,  c,  then  a  circle 
through  a,  b,  c  divides  the  plane  in  the  same  way.  In  either  case, 
taking  (say)  the  positive  side  of  the  axis  or  the  inside  of  the 
circle,  the  linear  relations  among  the  branches  of  the  function 
give 

Pi  =  B^Pft  +  B^Pp,  I  '   Pa,  =  C^Py  +  <7°'Py 
Say 

PT)      _/D       R'TCP       P\ 
a,  -L  0'  =   (  -DI  ,  JD2     ^-ift,  *£')  = 


Pa,  Pa'  =  (  03  ,    C,  $PY,  Py)  =  (C$P,,  Py)  ; 

Oil  C7jj 

and  with  the  usual  notation  of  substitutions,  let 


Consider  the  effect  upon  any  two  branches,  say  Pa  and  Ptt',  of 
circuits  of  the  variable  round  the  singularities. 

When  it  describes  positively  a  circuit  round  a  alone,  they 
become  e2irl'aPa  and  e2wia-'Pa'  respectively,  so  that,  in  the  above 
notation, 

Pa,  Pa'  become  (  e2^,     0     $PB,  P..). 
0  ,  e2lria/ 

When  it  describes  positively  a  circuit  round  b  alone,  then  Pp  and 
P0/  become  e27r#P0  and  e2irift'Pp'  respectively  ;  and  therefore 

P.,  P./  become  (bfte™?,      0    £6JP.,  Pa'). 

|  o  ,  e8"*' 

Similarly,  when  it  describes  positively  a  circuit  round  c  alone, 

P.,  P./  become  (cfte2^,     0    $c$P0,  P./). 
0  ,  e™y' 
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Accordingly,  when  z  describes  a  simple  circuit  round  a,  b,  c,  the 
initial  branches  P0,  Pa>  are  transformed  into  branches 

0   tfc$&$***,     0   $&$«••*•,     0   £Pa,  P0<), 
0  ,  e^'y'  0  ,  e^  0  ,  e2™' 


say 

Such  a  circuit  encloses  all  the  singularities  of  the  functions  ;  and 
therefore*  each  of  the  functions  returns  to  its  initial  value  at  the 
end  of  the  circuit,  so  that 

(/)=(!,  0). 

0,  1 

The  determinant  of  the  right-hand  side  is  unity  ;  hence  the 
determinant  of  /  is  unity,  and  it  is  the  product  of  the  determinants 
of  all  the  component  substitutions.  Now  as  (c)  and  (c)"1  are 
inverse,  the  product  of  their  determinants  is  unity  ;  and  likewise, 
the  product  of  the  determinants  of  (6)  and  (b)~l  is  unity.  Hence 
we  must  have 


an  equation  which  is  satisfied  in  virtue  of  the  relation 

a  +  a  +/3  +  £'  +  7  +  7=1: 

the  sum  of  the  exponents  could  be  equal  to  any  integer  merely  so 
far  as  the  preceding  considerations  are  concerned. 

In  the  present  instance,  the  property,  that  a  function  returns 
to  its  initial  value  after  the  description  of  a  circuit  enclosing  all 
its  singularities,  can  be  used  in  the  form  that  the  effect  of  a 
positive  circuit  round  c  is  the  same  as  the  effect  of  a  negative 
circuit  round  a  and  round  6.  Applying  this  to  Pa,  we  have 

CiP^e^  +  C2Py,e2y'«i  =  e-8"*'  (B.P^e-^^  +  B^P^e-^'^)  ; 
and  from  the  expressions  for  Pa,  we  have 

G,Py+C.2P,,  =  BlP^BzP^. 

As  Pp  and  Pp  are  linearly  independent  of  one  another,  it  follows 
that  e**™  —  e**ljri  must  not  be  zero,  that  is,  7  —  7'  must  not  be  an 
integer.  Similarly  for  a  —  a!  and  /3  —  ft. 

Ex.     Prove,  by  means  of  these  relations,  that 

@i    (a-aQirt_  Blsiu(a  +  ^  +  y)ir  _  BZ  sin  (a  +  &  +  y)  w 
(%e  ~  BI  sin  (a'+/3  +  y')  IT  ~  B%  sin  (a 

#2     (a-a')Tri=   A  SU1  (a  +  ff+y)  7T  =  S2SIQ  (a 


sn 

(Riemann.) 
*  T.  F.,  §  90. 
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DIFFERENTIAL  EQUATION  DETERMINED  BY  RIEMANN'S 
P-FUNCTION. 

49.  As  regards  the  differential  equation,  associated  with  these 
P-functions,  and  determined  by  the  assignment  of  the  three 
singularities  a,  b,  c,  and  their  exponents,  we  know  that  it  must  be 
of  the  form 


A'z*  +  ffz  +  C'      dw     A"z*+  B"23+C"z*+  D"z+E" 
~dz*      (z-a)(z-b)(z-c)  dz  4        (z  -  a)2  (z  -  bf  (z  -  cf 

which  (§  46)  secures  that  a,  b,  c,  ao  are  points  in  whose  vicinity 
the  integrals  are  regular.  Now  the  singularities  are  to  be  merely 
the  three  points  a,  b,  c,  so  that  oo  must  be  an  ordinary  point  of 
the  integral.  Taking  the  most  general  case,  when  the  value  of 
every  integral  is  not  necessarily  zero  for  z  =  GO  ,  we  have  an 
integral 


where  K0  does  not  vanish.     Substituting,  we  have 


z          z 
the  unexpressed  terms  being  lower  powers  of  z  ;  hence 

K0A"  =  Q, 
(2  -  A')  K,  +  A"Ki  +  {B"  +  2A"  (a  +  b  +  c)}  K,  =  0, 

that  is, 

A"=Q, 


and  so  on.     Using  the  result  that  A"  =  0,  the  equation  may  be 
written  in  the  form 

$w      I    A          B           C  \dw 


z  —  a     z  —  b     z  —  c/dz 
w 


*(z-a)(z-b)(z-c)\      ^z-a     z-b     z- 
Forming  the  indicial  equations  for  the  singularities,  we  have 

-^*i-    =o 
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as  the  indicial  equation  for  a ;  and  therefore,  as  its  roots  are  to  be 
o  and  a!,  it  follows  that 

A  =  \  —  a  —  a,     A,  =  act  (a  —  6) (a  —  c). 
Similarly 


(7  =  1  —  7—7''    v  —  yy  (c  —  «) (c  —  6). 

Moreover 

A'  =  A  +5  +  0=2, 

on  account  of  the  value  of  the  sum  of  the  six  exponents:   the 
condition 

/9        A  '\  V   _i_  7?"  I!"  fk 

(Z  —  ^L  )  Ji1+  Jtf  A0=U 

is  thus  satisfied  by  B"=  0.   All  the  quantities  are  thus  determined, 
and  the  equation  has  the  form* 

d*w      /I  -  a  -  of     1  -_Pj-_ff     1  -  7  -  7'\  dw 
dz*      \     z  —  a  z—b  z  —  c      )  dz 

\aa!  (a  -  6) (a  -  c)     ftp  (b  -  a)  (b  -  c)     77'  (c  -  a)  (c  -  6) 

+  •{ +  • r H — 

z  —  a  z  —  b  z  —  c 

=  0; 


(z  —  a)  (z  —b)(z  —  c) 

from  the  mode  of  construction  we  know  that  the  integrals  are 
regular  in  the  vicinity  of  the  singularities  a,  b,  c,  and  are  holo- 
morphic  for  large  values  of  z.  This  is  the  differential  equation, 
associated  with  (and  determined  by)  the  function 

'a    b    c 

a   0    7   x 

a   /8'  7' 

The  branches  of  the  integral  in  the  vicinity  of  a  are  P0,  Pa/; 
those  in  the  vicinity  of  b  are  Pp ,  Pp ;  and  those  in  the  vicinity  of 
c  are  Py,  Py. 

Passing  to  the  form  of  the  function  represented  by 
'a   ft    7 

P  y' 

where  the  three  singularities  are  0,  oo  ,  1,  we  deduce  the  associated 
differential  equation  from  the  preceding  case  by  taking 

a  =  0,     6=00,     c=l; 

*  First  given  by  Papperitz,  Math.  Ann.,  t.  xxv  (1885),  p.  213. 
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after  a  slight  reduction,  the  equation  is  found  to  be 

gw      1  -  a  -  a!  -  (1  +  ff  +  ff)  z  dw 
dz*  ~*  z(\-z)  dz 

,  aa'-(cta'  +  l3@'-rY')z  +  @@'z2 
**(1-*)2 

The  branches  of  the  integral  in  the  vicinity  of  the  origin  are  Pa, 
P0',  so  that  z~*Pa,  z~a'Pa>  are  holomorphic  functions  of  z,  not 
vanishing  when  £  =  0;  those  in  the  vicinity  of  z  =  \  are  Py,  Py>, 
so  that  (.z  —  l)~yPy,  (.z  —  l)~v'Py  are  holomorphic  functions  of 
z—\,  not  vanishing  when  z—\\  and  those  in  the  vicinity  of 
z  =  oo  are  Pp,  P/j/,  so  that  ^P/j,  .s^'Pp/  are  holomorphic  functions  of 

— ,  not  vanishing  when  z  =  oo  . 

2! 

Lastly,  passing  to  the  form  of  the  functions  included  in 
P(*-a?,0-p,  7— /,*), 

we  saw  that  they  arise  from  the  association  of  arbitrary  powers  of 
z  and  1  —  z  with  the  above  function  in  the  form 


and  that  they  lead  to  a  function 

p(a,  +  s'  Vg'6;  7,  +  % 

Thus  we  can  make  any  (the  same)  change  on  a  and  a'  and,  as  they 
are  interchangeable,  we  can  select  eitlier  for  the  determinate 
change ;  accordingly,  we  take 

a  —  «  =  0,     a  —  a,  =  1  —  v, 

say,  as  the  modified  exponents.  Similarly,  we  can  make  any  (the 
same)  change  on  7  and  7' :  we  take 

iy  —  ry  =  0,        7    —  7  =  P  —  A,  —  fJi, 

say.     Then  the  new  values  of  the  exponents  for  oo  are 

y9  +  a  +  7,  =  \,  say, 
and 
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on  reduction  :  or  the  exponents  are 

0,  1  -  v        ,  for  z  =  0  , 
\,  fi  ,  for  z  =  oo  , 

0,  v  —  X  —  /*,  for  z  =  1  . 

Their  sum  clearly  is  unity :  moreover,  with  the  preceding  hypo- 
theses, the  quantities  1  -  v,  /i  —  X,  v  —  \  —  p  are  not  integers. 
Specialising  the  last  form  of  the  equation  by  substituting  this  set 
of  values  for  a,  a,  fi,  fi',  7,  7',  we  find  the  equation,  after  reduction, 
to  be 


which  is  the  differential  equation  of  Gauss's  hypergeometric  series 
with  elements  X,  /z,  v.  Either  from  the  original  form  of  the 
P-function,  or  from  the  resulting  form  of  the  equation,  the 
quantities  X  and  /z,  are  interchangeable. 

50.     Taking  the  equation  in  the  more  familiar  notation 


so  that  the  exponents  are  0,  1—7,  for  z  =  Q;  a,  fi,  for  0=00; 
0,  7  —  a  —  fi,  for  z  —  \,  we  use  the  preceding  method  to  deduce  the 
well-known  set  of  24  integrals. 

Denoting  as  usual  by  F(z,  fi,  7,  z)  the  integral  which  belongs 
to  the  exponent  zero  for  the  vicinity  of  z  =  0,  we  have 

afi         a(«r 
F(a.  A7.')~l+rfi'+-\. 

assigning  to  the  integral  the  value  unity  when  z  =  0.     If 


be  also  an  integral,  then  the  exponents  for  each  of  the  critical 
points  must  be  the  same  as  above  ;  hence 

S,   8+1-7'          =0,    1-7        ,    for   z  =  0  , 

e,    e  +  y'-a'-fi'=0,   j-a-fi,    for   z=l   , 

a  -  B  -  e,   fi'  -  8  -  €         =  a,    fi  ,    for   z  =  oc  . 

Apparently  there  are  eight  solutions  of  these  equations  ;  but  as  a 
and  fi  can  be  interchanged,  and  likewise  a'  and  fi',  there  are  only 
four  independent  solutions.  These  are  :  — 
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I.     8  =  0,    e  =  0;    giving    a'  =  a,   f¥  =  0,   7'  =  7;    and    the 
integral  is 


II.     8  —  1  -  7,   e  =  0  ;    giving   at  =  l+a-y,   &  =  l 
7'  =  2  —  7  ;   and  the  integral  is 

z*-yF(I+a-y,  1+/3-7,  2-7,  z)  ; 

III.  8  =  0,  e  =  7  -  a  -  £  ;  giving  a'  =  7  -  a,  /3'  =  7  -  0,  7'  =  7  ; 

and  the  integral  is 

(l-z)y-^F(7-a,  7-/3,  7,  5); 

IV.  8  =  1-7,    e  =  7-a-/3;    giving   a'  =  1  -  0,  /3'=l-a, 

7'  =  2  —  7  ;    on  interchanging  the  first  two  elements, 
the  integral  is 

a,  1  -  /3,  2  -  7,  s). 


Next,  it  has  been  seen  (§  47)  that,  in  the  most  general  case, 
P-functions  can  be  associated  with  a  given  P-function,  when  the 
argument  of  the  latter  is  submitted  to  any  of  the  six  homographic 
substitutions  which  interchange  0,1,  so  among  one  another, 
provided  there  is  the  corresponding  interchange  of  exponents. 
Taking  the  substitution  z'z  =  1,  the  new  arrangement  of  exponents 

is 

a,   $  ,   for  z'  =  0, 

0,   7-a-/8,  for   z'  =  I, 

0,    1  —  7        ,    for   /  =  oo  ; 
hence,  if 

is  an  integral,  we  must  have 

8,    8  +  1  -7'          =  a,   y3  ,    for  /  =  0, 

e,    e+7'-a'-/3'  =  0,   y-a-@,   for   z'  =  l, 
a'  -  8  -  e,    £'  -  8  -  e          =0,    1-7        ,    for   z'  =  oo  . 

Again  there  are  four  independent  solutions ;  they  are : — 

IX.     8  =  a,  e  =  0 ;  giving  a'  =  a,  /£'  =  1  +  a  -  7,  7'  =  1  +  a  -  0; 
and  the  integral  is 

(  l\ 

Z"~    Jf    I  Gt      JL  ~i    GC  ""~  ty«     i.  "T"  &•  """  /^i     ~" ""  I  j 
V  z  / 

F.  IV.  10 
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X.  B  =  ft,  e  =  0  ;  giving  a'  =  /3,  ff  =  1+  jS  -  7,  7  =  1  -  a  +  /8  ; 

and  the  integral  is 

1+0-7,  1-a  +  A 

XI.  S  =  /?,     e  =  7  —  a  -  /3  ;     giving    a'  =  7  —  a,    #  =  1  —  a, 

7'  =  1  —  a  +  ft  ;     on    interchanging    a     and    $',    the 
integral  is 

0          /  1 

F  (l-o,  7-a,  l- 


XII.  S  =  a,  e  =  7-a-y8;  giving  &'  =  y  -  0,  £'  =  1  -  £, 
7'  =  1  +  a  —  $  ;  on  interchanging  a'  and  $',  the 
integral  is 


The  remaining  four  sets,  each  containing  four  integrals,  and 
belonging  to  the  substitutions 

1  z         z-l 

z  —  1     z.     -        ,          —  ,  , 

I  —  z      z-l          z 

respectively,  can  be  obtained  in  a  similar  manner*.      They  are  :  — 

V.     F(a, 
VI.     (l_ 
VII.     C»—  " 

viii.   (i  -  r)1-^  r  y-a-^  ^(i  -  «,  i  -  A  7  -  «  -  £  +  1,  £)  ; 

in  which  set  £  denotes  1  —  z  : 

XIII.  g"J*(a,  7  -A  «-£  +  !,  D; 

XIV.  pi"  08,  7-a,  /8-a  +  l,  D; 

XV.     (l-J)-i+rf-^(a-7+l,  1-/3,  a  -  ^  +  1,  ?); 
XVI.     (l-r)-1^^^(/9-7+l,  1-a,  13-ot  +  l,  0; 

in  which  set  ^  denotes  ^  --  : 

J.  ~~"  -T 

XVII.     (1  -£)-*>,  7-A  7,  0; 
XVIII.     (l-&F(/3,  7-a,  7,  C); 

*  The  complete  set  of  expressions,  differently  obtained  and  originally  due  to 
Kummer,  are  given  in  my  Treatise  on  Differential  Equations,  (2nd  ed.),  pp.  192  — 
194;  the  Roman  numbers,  used  above  to  specify  the  cases,  are  in  accord  with  the 
numbers  there  used. 
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XIX.    p^(l-QrF(*-y+I,  1-/9,  2-7,  f); 
XX.     ?-y(l-&F(t3-y  +  I,  l-«,  2-7,  £); 


& 

in  which  set  £  denotes  -  -  :  and 


XXI.  (l-f)-^(a,  a-7  +  1,  «  +  /3- 

XXII.  (l-0^(/3,  £-7  +  1,  a+/3-7 

XXIII.  £*—  '(1-0^(1  -a,  7-o,  7 

XXIV.  f  *-.-*(!  _£ 

£  — 
in  which  set  £  denotes  — 


The  preceding  investigations  have  been  based  upon  the  assumption, 
among  others,  that  no  one  of  the  quantities 

l-y,     y-a-ft     a-& 

is  an  integer  or  zero  :  the  determination  of  the  integrals  of  the  differential 
equation 

Dw  =  z  (1  -  z)  w"  +  (y-  (a  +  fl  +  1)  z]  w'-  afiw  =  0, 

when  the  assumption  is  not  justified,  can  be  effected  by  the  methods  of 
§§  36—38. 

Consider,  in  particular,  the  integrals  in  the  vicinity  of  0=0,  when  1  -y  is 
an  integer  ;  there  are  three  cases,  according  as  the  integer  is  zero,  positive,  or 
negative.  We  substitute 


in  the  equation  ;  and  we  find 


provided 

so  that 

(n 
c«=- 


z.Z)«0=0(0+y-l)c0/, 


(i)  Let  l-y  =  0,  so  that  the  indicial  equation  is  02=Q:  then  the  two 
integrals  belong  to  the  index  0,  and  one  of  them  certainly  involves  a 
logarithm  ;  and  they  are  given  by 


The  former,  when  we  take  c0=l,  is 

F(*>  ft  1,  *), 

with  the  usual  notation  for  the  hypergeometric  function  ;  as  the  coefficients 
are  required  for  the  other  integral,  we  write 

F(a,  ft  1,  z)  =  l  +  <lz+Kzz*+...  +  Knzn  +  .... 

10—2 
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The  second  integral,  when  to  it  we  add 


(0,0,1,*), 
c0  again  being  made  equal  to  unity,  becomes 

Ffap,  1,  2)  log  2+  1  Knz»ty(n+a-l)++(n 

n=l 

where  ty  (m)  denotes  -5—  {log  n  (m)}. 

(ii)     Let  1—  y  be  a  positive  integer,  say  p,  where  p>0.    The  indicial 
equation,  being  6(6—  p)=0,  has  its  roots  equal  to  p,  0.     We  have 

_(n-l+q 
(»+0) 

Of  the  two  integrals,  that,  which  belongs  to  the  greater  of  the  two  exponents, 
is  equal  to 

z*>F(a+p,  P+p,  l+p,z), 

when  we  take  c0  =  0.  The  other  integral  may  or  may  not  involve  logarithms. 
If  it  is  not  to  involve  logarithms,  then,  as  in  §  41,  the  numerator  of  cp  must 
vanish  when  0=0,  so  that 


must  vanish  :  in  other  words,  either  a  or  /3  must  be  zero  or  a  negative  integer 
not  less  than  y.  When  this  condition  is  satisfied,  the  integral  belonging  to 
the  index  zero  is  effectively  a  polynomial  in  z  of  degree  —  a  or  —  /3  as  the  case 
may  be,  and  it  contains  a  term  independent  of  2. 

When   the   preceding  condition   is  not  satisfied,  the   integral   certainly 
involves  logarithms.     In  accordance  with  §  36,  we  take 

c0=C6, 
so  that 

zI>w=C0z(d-p)ze; 
and  now 


_ 

»=o 


There  are  two  integrals  given  by 


The  first  is  easily  seen  to  be  a  constant  multiple  of 

zPF(a+p,  P+p,   1+p,  z\ 

thus  in  effect  providing  no  new  integral.     The  second,  after  reduction,  and 
making  C=l,  is 


n=on\(n-p)(n-\-p)...(\-p') 
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where 

*n=^  (n  -  1  +«)  +  ^  (n  -  1  +£)  -  ^  (n)  -  ^  (w-p). 

(iii)     Let  1  —  y  be  a  negative  integer,  say  -  q,  where  y  >  0.    The  indicial 
equation,  being  6  (0  +  <?)=0,  has  its  roots  equal  to  0,  —  q.     We  have 


The  greater  of  the  two  exponents  is  0  ;  the  integral  which  belongs  to  it,  on 
making  <?0  =  1,  becomes 


The  integral  which  belongs  to  the  exponent  —q  may,  or  may  not,  involve 
logarithms.  If  it  is  not  to  involve  logarithms,  then,  as  before,  the  numerator 
of  cq  must  vanish  when  6=-  —  q,  so  that 


must  vanish  :  hence  either  a  or  /3  must  be  a  positive  integer  greater  than  0 
and  less  than  y(  =  l  +  q).  When  the  condition  is  satisfied,  the  integral  is 
a  polynomial  in  z-1,  beginning  with  z~«,  and  ending  with  z~a  or  z~&,  as  the 
case  may  be. 

When   the  preceding  condition  is  not  satisfied,   the  integral   certainly 
involves  logarithms.     As  before,  in  accordance  with  §  36,  we  take 

so  that 

and  now 

w  =  K~S, 

Two  integrals  are  given  by 


The  first  is  easily  seen  to  be  a  constant  multiple  of 


so  that  no  new  integral  is  thus  provided.     The  second,  after  reduction,  and 
making  K=  1,  is 


where 

The  integrals  are  thus  obtained  in  all  the  cases,  when  y  is  an  integer. 
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Similar  treatment  can  be  applied  to  the  integrals  of  the  equation,  when 
y-a-j8  is  an  integer,  positive,  zero,  or  negative,  contrary  to  the  original 
hypothesis  as  to  the  exponents  for  2  =  1 ;  likewise,  when  a-/3  is  an  integer, 
positive,  zero,  or  negative,  contrary  to  the  original  hypothesis  as  to  the 
exponents  for  2  =  00.  These  instances  are  left  as  exercises. 

Note.  There  is  a  great  amount  of  literature  dealing  with  the 
hypergeometric  series,  with  the  linear  equation  which  it  satisfies, 
and  with  the  integrals  of  that  equation.  The  detailed  properties 
of  the  series  and  all  the  associated  series  are  of  great  importance : 
but  as  they  are  developed,  they  soon  pass  beyond  the  range  of 
illustrating  the  general  theory  of  linear  differential  equations,  and 
become  the  special  properties  of  the  particular  function.  Accord- 
ingly, such  properties  will  not  here  be  discussed:  they  will  be 
found  in  Klein's  lectures  Ueber  die  hyper geometrische  Function 
(Gb'ttingen,  1894),  where  many  references  to  original  authorities 
will  be  found. 
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51.  No  equations  of  the  Fuchsian  type,  other  than  those 
already  discussed,  are  made  completely  determinate  merely  by 
the  assignment  of  the  singularities  and  their  exponents.  It  is 
expedient  to  consider  one  or  two  instances  of  equations,  which 
shall  indicate  how  far  they  contain  arbitrary  elements  after  singu- 
larities and  exponents  are  assigned. 

Suppose  that  an  equation  of  the  second  order  has  p  singulari- 
ties in  the  finite  part  of  the  plane  and  has  oo  for  a  singularity ; 
the  sum  of  the  exponents  which  belong  to  these  p  +  I  singularities 
is  (by  Ex.  2,  §  46)  equal  to  p  —  1.  Now  let  a  homographic  substi- 
tution be  applied  to  the  independent  variable,  and  let  it  be  chosen 
so  that  all  the  points,  congruent  to  the  p  4-  1  singularities,  lie  in 
the  finite  part  of  the  plane.  Thus  oo  is  not  a  singularity  of  the 
transformed  equation :  there  are  p  +  1,  say  n,  singularities  in  the 
finite  part  of  the  plane :  and  the  adopted  transformation  has  not 
affected  the  exponents,  which  accordingly  are  transferred  to  the 
respective  congruent  points.  Hence,  when  an  equation  of  the 
second  order  and  Fuchsian  type  has  n  singularities  in  the  finite 
part  of  the  plane  and  when  infinity  is  not  a  singularity,  the  sum 
of  the  exponents  belonging  to  the  n  points  is  equal  to  n  —  2.  For 
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such  an  equation  of  the  second  order,  let  the  singularities  and 
their  exponents  be 

&i  ,    Cl  2  ,   . . . ,    &n , 


then 


«! ,  a2 ,  . . . ,  an , 

Pi t   P 2 >  •••  >   Pn  '•> 


r=l 

Let 

>/r  =  T/T  (z)  =  (z  -  a,)  (z  -  a2)...(>  -  a»)  ; 

then,  as  the  equation  is  of  the  second  order  and  as  all  its  integrals 
are  regular,  it  is  of  the  form 

//        JF  \       i        V* 

w  +vX+;p      ' 

where  Ft  and  F2  are  polynomials  in  z  of  orders  not  higher  than 
n  —  1  and  2n  —  2  respectively.     Also,  let 

F>       A,        _4_  A.'.' 


•^r      z—  Oj     ^  —  a2  z  —  a 

and  let 


The  indicial  equation  for  the  point  z  =  ar  is 


and  therefore 

so  that 

A.r  =  1  —  a.r  —  y3r . 
Hence 

r=l 

=  2, 

and  therefore  the  polynomial  F^  is  of  the  form 

F-i  =  2zn~l  +  lower  powers  of  z. 

Again,  oo  is  to  be  an  ordinary  point  of  an  integral ;  hence,  taking 
the  most  general  case,  we  must  have  an  integral 

V     _L          *  -L          2  _1_ 

W  =  K0  + .-  +  _+..., 
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where  K0  is  not  zero  :  for  otherwise  we  should  have  a  special 
limitation  that  every  integral  is  zero  at  infinity.  Substituting,  so 
as  to  have  the  equation  identically  satisfied,  and  writing 

n 

—  ArarK  =  SK, 

r=l 

(so  that  s0  =  2),  we  find,  as  the  necessary  conditions, 


0  =  (2  -  s0)  K,  +  K,A"  +  K0  B"  +  2A"  %  <J  , 

r=l      ) 


"  2  ar } 

- 


i  2  ar*  +  2  2  ara,)  +  2B"  2  ar  +  G"\  , 

r=l  /  r=l  j 

and  so  on.     The  first  gives 

A"  =  0 ; 
then  the  second  gives 

B"  =  0 ; 

both  of  these  equations  leaving  Jif0  and  K^  arbitrary.  The  third 
equation  then  gives 

and  so  on,  in  succession.  The  remaining  coefficients  K  are 
uniquely  determinate ;  they  are  linear  in  K^  and  K0 ,  the  various 
coefficients  involving  the  singularities  and  their  exponents,  as  well 
as  the  coefficients  in  F2.  The  equation  therefore  has  .z  =  oo  for 
an  ordinary  point  of  its  integrals,  provided  Fz  is  of  order  not  higher 
than  2n  —  4. 

The  equation  can,  in  this  case,  be   expressed   in  a  different 
form.     Let 


—  P  -  +—  —  +—  —  +  ...  + 


z  —  a      z  —  a  z  —  a 


where  Pn-4  is  a  polynomial  of  order  n  —  4.  (Of  course,  if  2n  —  4 
is  less  than  n,  which  is  the  case  when  n  =  3,  there  is  no  such 
polynomial.)  As  the  coefficients  in  F2  are  not  subject  to  any 
further  conditions  in  connection  with  the  nature  of  z  =  oo  for  the 
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integrals,  any  values  or  relations  imposed  upon  X1}  \%,  ...,  X^  and 
the  coefficients  in  Pn_4  must  be  associated  with  the  singularities. 
The  equation  now  is 


- 

r=i     z-ar     I          i/r  V  r=i  z  -  a 

The  indicial  equation  for  z  =  ar  is 


o. 


and  its  roots  must  be  a?,  ftr:  thus 

\r  =  ar/3r 
and  therefore  the  equation  is 

/  |  l-^-»^  +  » 
Vr=1      z-ar     J          -»/r 


r=1 


It  follows  that  the  only  coefficients  which  remain  arbitrary  are 
the  n  —  3  coefficients  in  the  polynomial  Pn_4  (where  n  ^  4).  When 
the  polynomial  Pn_4  is  arbitrarily  taken,  the  foregoing  is  the 
most  general  form  of  equation  of  the  second  order  and  of  Fuchsian 
type,  which  has  n  assigned  singularities  in  the  finite  part  of  the 
plane  with  assigned  exponents,  and  has  oo  for  an  ordinary  point  of 
its  integrals.  This  is  the  form  adopted  by  Klein*. 

If  a  new  dependent  variable  y  be  introduced,  defined  by  the 
relation 

w  =  y(z  —  a^  (z  -  a^f* ...  (z  —  an)Pn> 

then  the  exponents  to  which  y  belongs  in  the  vicinity  of  ar  are 

the  difference  of  which  is  the  same  as  for  w ;  but  z  =  00  will 
have  become  a  singularity,  unless 

Now 

n  n 

— ,    I  (otf  —  Pr)  ~i~  \Pr  —  Pr)\  =  ^  —  2  —  2i    —    Pr  5 
r=l  r=l 

and  therefore 


r=l  r=l 

*  Vorlesungen iiber  lineare Di/erentialgleichungen der zweiten Ordnung (Gottingen, 
1894),  p.  7. 
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Hence,  if  z=  QO  is  not  to  be  a  singularity,  the  quantities  plf  .  ..,  pn 
cannot  all  be  chosen  so  that  each  of  the  magnitudes 

1  -  Or  -  pr)  -  (Pr  ~  pr) 

vanishes.  Conversely,  if  the  quantities  pr  be  chosen  so  that  each 
of  these  magnitudes  vanishes,  then  z=<x>  has  become  a  singularity 
of  the  equation  ;  having  regard  to  the  form  of  w  for  large  values 
of  2,  we  see  that  0  and  1  are  the  exponents  to  which  y  belongs  for 
large  values  of  z  ;  and  the  differential  equation  for  y  is  easily  seen 
to  be 


where  Pn_3  is  a  polynomial  of  order  n  —  3. 

This  equation,  however,  has  n  singularities  in  the  finite  part 
of  the  plane,  and  a  specially  limited  singularity  at  z  =  oc  :  we 
proceed,  in  the  next  paragraph,  to  the  more  general  case. 

Note.  The  indicial  equation  for  z  =  x  in  the  case  of  the 
equation  for  w  is 


that  is, 

The  root  0  =  0  gives  an  integral  of  the  form 


and  the  root  0  =  1  gives  an  integral  of  the  form 


both  of  which  are  holomorphic  for  large  values  of  z  ,,  so  that  all 
integrals  are  holomorphic  functions  of  -  for  large  values  of  z  . 

In  this  case,  ao  is  not  a  singularity  of  the  integrals  :  it  can  be 
regarded  as  an  apparent  singularity  of  the  differential  equation, 
and  (if  we  please)  we  may  consider  0  and  —  1  as  its  exponents. 

Ex.     Shew  that  the  preceding  equation  can  be  exhibited  in  the  form 


r=i     z-aT    )          [r=1(2-ar)2 
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where  the  n  constants  cl,  ...,  cn  satisfy  the  three  relations 


2  cr=0,       2  crar+  2  OrPr^O,       2  crar2  +  2  2 
r=l  r=l  r=l  r=l  r=l 

and  otherwise  are  arbitrary  in  the  most  general  case.  (Klein.) 

52.  Now  consider  the  equation  of  the  second  order  and  of 
Fuchsian  type,  which  has  n  singularities  in  the  finite  part  of  the 
plane,  say  alt  a2,  ...,  an,  with  exponents  ax  and  &,  ...,  <zn  and  f3n, 
respectively,  and  for  which  oo  also  is  a  singularity  with  exponents 
a  and  ft :  the  exponents  being  subject  to  the  relation 


r=l 


Let  -\|r  denote  (z  —  al)(z  —  aa) ...  (z  —  an):  then  the  equation  is  of 
the  form 

/  n     A    \          G 


=    Z  — 


where  G  is  a  polynomial  of  order  not  higher  than  2n  —  2.     When 
G  is  divided  by  ty,  we  have  a  polynomial  of  order  n  —  2  and  a 
fractional  part :  and  so  we  may  write 
G 


r=\z-ar 
The  indicial  equation  for  z  —  ar  now  is 


-4r=l-  Or  -fir, 

fir=arftr^'(ar): 
holding  for  r  =  1,  2,  .  .  .  ,  n.     The  indicial  equation  for  z  =  oo  is 


so  that 


=  2  Ar-l, 

r=l 


the  former  being  satisfied  on  account  of  the  relation  between  the 
exponents.     The  equation  thus  is 


=  0, 
r=i 
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the  coefficients  h0,  h^,  ...,  hn_3  being  independent  of  the  singu- 
larities and  their  exponents. 

When  a  new  dependent  variable  y  is  denned  by  the  trans- 
formation 

w  =  (z  —  Oi)11'  (z  —  a?)**  .  .  .  (z  —  anYny, 

then  the  exponents  of  y  for  ar  are  0  and  y3r  —  a,,  say  0  and  \r,  this 
holding  for  r  =  1,  2,  ...,  n:  and  its  exponents  for  x  are 

o+  S  «,.,     £+  2  aP, 

r=l  r=l 

=  o-,  r  say  :   where 

n 

CT+T+    2    \r  =  n—  1. 
r=l 

The  function  y  is,  in  general  character,  similar  to  w  :  it  has  the 
same  singularities  as  w,  and  it  is  regular  in  the  vicinity  of  each  of 
them  but  with  altered  exponents  :  and  it  thus  satisfies  an  equa- 
tion of  the  second  order  and  Fuchsian  type,  which  (after  the  earlier 
investigation)  is 


„   |  1-Xr  ,  ,         „-...., 

y  y' 


where  &n_3,  .  ..,  k0  are  independent  of  the  singularities  and  their 
exponents  *. 

This  transformation  of  an  equation 


to  an  equation 


where  Fn_l,  F^^,  Gn_lt  Gn—2  are  polynomials  of  order  indicated 
by  their  subscript  index,  appears  to  have  been  given  first  by 
Fuchsf.  The  simplest  example  of  importance  occurs  for  n  =  2, 
when  the  hypergeometric  equation  is  once  more  obtained. 

53.     It   is  well  known  that,  when  y  is  determined  by  the 
equation 

y"  +  Py'  +  Q  =  0, 

*  The  equation  for  y  can  be  obtained  by  the  direct  substitution  of  the  expression 
for  w  in  the  earlier  differential  equation  for  w.  When  reduction  takes  place,  there 
are  n  -  2  linear  homogeneous  relations  between  the  constants  h  and  k. 

t  Heffter,  Einleitung  in  die.  Theorie  der  linearen  Dijferentialgleichungen,  (1894) 
p.  224. 
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and  a  new  variable  Y  is  introduced  by  the  relation 


the  differential  equation  for  Y  is 


where 


In   the   case    of  the   preceding   equation,  the   relation   between 
y  and   Y  is 


so  that  Y  is  a  regular  integral  in  the  vicinity  of  all  the  singular- 
ities and  of  oo  ,  the  exponents  being 


and 

i  (-  1  +  <r  -  T),     £  (-  1  -  <r  +  T),  for  *  =  oo  . 

From  the  form  of  P  and  Q,  it  is  easy  to  see  that 
/ip  =  polynomial  of  order  2n  —  2 

-+fp    hl-A-1 

-  Y        -^71-2  T     ^  , 

L  r-l^-OrJ 

where  Pn_2  is  a  polynomial  of  order  n  —  2,  say 

-*  n— a  ==  ^^        "J"  'n— 3  ^        +  . . .  +  fro- 


In  order  that  £(1  —  \r),  ^(1  +Xr)  may  be  the  exponents  of  ar  for 
the  equation 

F'  +  /F=0, 

they  must  be  the  roots  of 

=0: 


7 

l/r  (ar) 

licn.ee 


In  order  that  \  (—  1  +  <r  —  r),  £  (—  1  -  <r  +  r)  may  be  the  exponents 
of  oo  for  the  same  differential  equation,  they  must  be  the  roots  of 


hence 
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The  remaining  constants  10,  llt  ...,  ln-3  are  expressible  as  homo- 
geneous linear  functions  of  k0>  ki}  ...,  kn_s,  so  that  they  are  inde- 
pendent of  the  singularities  and  the  exponents :  and  thus  the 
equation  is 


i    V   *  v  r  '  T    \   r'     ==  f) 

r=i  Z-ar  J 

COROLLARY.  For  the  original  equation,  oo  was  a  singularity 
of  the  integrals  with  exponents  cr  and  T.  If  it  were  only  an 
apparent  singularity  of  the  original  equation,  so  that  the  integrals 
are  regular  for  large  values  of  \z\,  then  we  have  the  case  indicated 
in  the  Note,  §  51,  so  that  we  can  take 

ff,    T=0,    -1. 

The  modified  equation  now  is 


-*  -  +  «•+        -*-•)*'(*)}-  o. 

r=i  z-ar          } 

For  this  differential  equation  and  its  integrals,  the  exponents  to 
which  the  integrals  belong  in  the  vicinity  of  ar  are  £  (1  —  Xr), 
^  (1  +  \r)  ;  but  x  is  now  a  singularity  of  the  integrals,  and  the 
exponents  for  z  =  oo  are  0,  —  1,  so  that  z  =  oo  is  a  simple  zero  of 
one  of  the  linearly  independent  integrals  of  the  modified  equation. 

These  forms  of  the  equation,  from  which  the  term  in  -y-   is 

U/2 

absent,  are  the  normal  forms  used  by  Klein. 

The  simplest  example  of  the  class  of  equations,  not  made  entirely  determ- 
inate by  the  assignment  of  the  singularities  and  their  exponents,  occurs  when 
there  are  three  singularities  in  the  finite  part  of  the  plane  and  GO  also  is  a 
singularity.  By  a  homographic  transformation  of  the  variable,  two  of  the 
singularities  can  be  made  to  occur  at  0  and  1,  and  oo  can  be  left  unaltered  ; 
let  a  denote  the  remaining  singularity.  Let  the  exponents  be 

0,  1  -  A0  for  z=0  ;     0,  1  -  X1  for  2=1;     0,  X  for  z=a  ; 

a-,  T  for  0=00  ; 
where 


Then  the  differential  equation  is 
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where  q  is  the  (sole)  arbitrary  constant,  left  undetermined  by  the  assigned 
properties.  The  integral  of  this  equation,  which  is  regular  in  the  vicinity  of 
2  =  0  and  belongs  to  the  index  0,  is  denoted*  by 

F(a,q;  o-,  T,  X0,  Xjj  z). 

If  a  =  l,  #  =  1,  the  equation  degenerates  into  that  of  a  Gauss's  hypergeometric 
series  :  likewise  if  a  =  0,  q  —  0. 

Ex.  1.     Verify  that,  when  a  =  |,  the  group  of  substitutions 

*-A    £=i     -Jt    i^1)    JL 

z    '     2-1'    *-!'       z-\    '    «-$' 
interchanges  among  themselves  the  four  points  0,  |,  1,  oo. 

Prove  that,  when  a  =  —  I  and  when  a  =  2,  there  is  in  each  case  a  corre- 
sponding group  of  eight  substitutions  interchanging  the  points  0,  1,  a,  oo 
among  themselves:  and  that,  when  «  =  |(l  +  ix/3)  and  when  a  =  £(l  —  t/v/3), 
there  is  in  each  case  a  corresponding  group  of  twelve  substitutions.  Construct 
these  groups.  (Heun.) 

Ex.  2.  Prove  that  there  are  eight  integrals  of  Heun's  equation  of  the 
form 

za  (z-lf  (s-a)yF(a,  q  ;  o-',  T',  X0',  Xt'  ;  z), 

which  are  regular  in  the  vicinity  of  the  origin  and  have  the  same  exponents 
as  F(a,  q  ;  <r,  T,  X0,  Xt  ;  2).  Hence  construct  a  set  of  64  integrals  for  the 
equation  when  «  =  £,  which  correspond  to  Rummer's  set  of  24  integrals  for 
the  hypergeometric  series. 

Indicate  the  corresponding  results  when 

a=-l,  2,  i(l+iV3),  i(l-»V3). 

Ex.  3.  A  homogeneous  linear  differential  equation  of  order  n  is  to  have  n 
singularities  alt  a2,  ...,  an  in  the  finite  part  of  the  plane  and  also  to  have 
oo  for  a  singularity  :  the  integrals  are  to  be  regular  in  the  vicinity  of  each  of 
the  singularities,  and  the  exponents  of  ar  are  to  be  0,  1,  ...,  n  —  2,  ar  (for 
r=l,  ...,  n\  while  the  exponents  of  oo  are  to  be  0,  1,  ...,  n—  2,  a,  so  that 

a+  I  or  =  (w-l)2. 
r=l 

Shew  that  the  differential  equation  is 

dnw       n  dn~*w 

^Wsr+i^a^-0' 

where  ^  (2)  =  (2  —  «j)  (z  —  a2)...(z  —  an\  the  coefficient  Et(z)  is  a  polynomial  in  z 
of  order  not  greater  than  «,  (for  *=1,  ...,  «.),  and 


E,(z}=   2  (ar 

r=\  ar  —  Z 

(Pochhammer.) 

*  Heun,  Math.  Ann.,  t.  xxxm  (1889),  pp.  161—179,  who  has  developed  some  of 
the  properties  of  these  equations,  and  has  applied  them,  in  another  memoir  (I.e., 
pp.  180  —  196),  to  Lamp's  functions. 
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EQUATIONS  IN  MATHEMATICAL  PHYSICS  AND  EQUATIONS  OF 
FUCHSIAN  TYPE. 

54.  These  equations  of  Fuchsian  type  include  many  of  the 
differential  equations  of  the  second  order  that  occur  in  mathe- 
matical physics  ;  sometimes  such  an  equation  is  explicitly  of 
Fuchsian  type,  sometimes  it  is  a  limiting  form  of  an  equation  of 
Fuchsian  type. 

One  such  example  has  already  been  indicated,  in  Legendre's 
differential  equation  (Ex.  1,  §  46).  Another  rises  from  a  transform- 
ation of  Lame"s  differential  equation  which  (§  148)  is  of  the  form 

1  d?w 

-ro+Ap(z)  +  E  =  0, 
w  dz2 

where  A  and  B  are  constants*.     Writing 

§>(*)-«, 
so  that  a;  is  a  new  independent  variable,  we  have 

d'2w      (     1  i  \    \dw  Ax  +  B 

-f-r+\-      -  +  -     ~+^—    j-  +  i/—  —  xw  =  0. 

ax*      \x-6i     x  —  e2     a;  —  e3J  ax         (a—  e^)  (x  —  e2)  (x  —  es) 

The  singularities  of  this  equation  are  el,  e2,  e3,  oo  ;  the  exponents 
to  which  the  integrals  belong  in  the  vicinity  of  el,  e2,  e3  are  0  and  |, 
in  each  case  ;  the  exponents,  to  which  they  belong  for  large  values 
of  x,  are  the  roots  of  the  equation 


The  new  equation  is  of  Fuchsian  type  :  and,  in  this  form,  it  is 
frequently  called  Lame's  equation. 

An  equation,  similar  to  Lame's  equation,  but  having  n  singu- 
larities in  the  finite  part  of  the  plane,  each  of  them  with  0  and  £ 
as  their  exponents,  as  well  as  z  =  oo  with  exponents  a  and  ft,  such 

that  (§  52) 

a  +  /3  =  £n-l, 

is  sometimes  called  Lame's  generalised  equation.     By  §  52,  it  is  of 
the  form 


^-*       l\(z-ar) 

r  =  l 

*  This  is  the  general  form;    the  value   -«(n  +  l)   is   assigned  (I.e.)  to  A,  in 
order  to  have  those  cases  of  the  general  form  which  possess  a  uniform  integral. 
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where  £n_2  is  a  polynomial  of  order  n  -  2,  the  highest  term  in 
which  is  a.f3zn~z. 

55.  The  equation  of  Fuchsian  type  which,  next  after  the 
equation  determined  by  Riemann's  P-function,  appears  to  be  of 
most  interest  is  that  for  which  there  are  five  singularities  in  the 
finite  part  of  the  plane,  while  z  =  <x>  is  an  ordinary  point.  The 
interest  is  caused  by  a  theorem*,  due  to  B6cher,  to  the  effect  that 
when  the  five  points  are  made  to  coalesce  in  all  possible  ways,  each 
limiting  form  of  the  equation  contains,  or  is  equivalent  to,  one  of  the 
linear  equations  of  mathematical  physics. 

Let  the  points  be  a^,  a^,  a3,  at,  as,  with  indices  o^  and  ftr,  for 
r=l,  2,  3,  4.  5;  then 


r=l 

and  the  equation  (p.  153)  is 


"  Pl 

' 


l 

r=\      z-  ar         Y  (    '      r=i     z-ar 

5 

where  y  =  II  (z  —  ar\  and  Pa  is  a  linear  polynomial  Ax  +  B.   The 

r=l 

substantially  distinct  modes  of  coalescence  are  :  — 

(i),      «4  and  as  into  one  point  ; 

(ii),     a2  and  a3  into  one  point,  a4  and  as  into  another  ; 

(iii),     as,  a4,  as  into  one  point  ; 

(iv),     a1  and  «2  into  one  point,  a3,  at,  as  into  another; 

(v),      a2,  a3,  a4,  a,  into  one  point  ; 

(vi),     all  five  into  one  point; 
and  the  various  cases  will  be  considered  in  turn. 

Case  (i).     Let  the  indices  for  alt  0%,  a,  be  made  0,  £  for  each 
point  ;  then,  as  Y'  (a*)  =  0>  Y  (a«)  =  0  in  the  present  case,  and 


*  Ueber  die  Reihenentwickelungen  der  Potentialtheorie,  Gott.  gelcronte  Preit- 
tchrift,  (1891),  p.  44;  and  a  separate  book  under  the  same  title,  p.  193.  See  also 
Klein,  Vorlesungen  iiber  lineare  Differ  entialgleichungen  der  zweiten  Ordnung,  (1894), 
p.  40. 

F.  IV.  11 
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the  equation  is 


Write 

z  —  a4  =  -,     (ar  —  a4)er=l,     forr=l,  2,  3; 

#/ 

the  equation  becomes 


__    _ 

eke2      ckc  VE  —  B!     x  —  e-t     a  —  e        (x  —  ej  (as  —  e2)  (a  —  es) 
in  effect,  the  preceding  ungeneralised  Lamp's  equation. 

Case  (ii).     The  equation  becomes 

(!-<*,-&  .  l-a'-/3'  >  l-g"-{3"[ 

\—  -+—   --  1  -- 

{     z  —  ttj  z  —  02  z  —  a4      ) 


w  +w 


after  coalescence  of  the  points,  where 


and  therefore 


Writing   6  =  (z  —  a^)  (z  —  a2)  (^  —  ^4).   we   have   the    coefficient   of 

Pi  (g  -  PI)  +  «i/3i  (gq  -  a^f  (01  -  ^4)" 
(^  —  a.i)  (^  —  «2)  (^  —  ^4) 


^-  in  the  form 

V 


z-a*         (z-  a,)  (z  -  «4) ' 

where  Q1}  like  P1}  is  an  arbitrary  linear  polynomial.  Thus  Ql 
contains  two  arbitrary  coefficients ;  these  can  be  determined  so 
that 

(z  —  Ov)  (z  —  a4)        z  —  a2  z  —  a4 

and  then  the  equation  becomes 


z  —  Oj  ^  —  a2  2  —  a4 


.  .    ,  4 

1  ---  1  --  ;  ----  f-  —  U. 


a,  ^  —  a2  ^  —  a4 
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Owing  to  the  form  of  6  and  the  relation  2  (a  +  /3)  =  1,  this  is  the 
equation  of  Riemann's  P-function  (|  49). 

When  we  write     aa  =  1  ;  0%  =  —  1  ;  a4  =  oo  ; 

«!,&  =  (),  0;  a',/3'  =  0,  0;  a",  £"  =  -»,  n  +  1  ; 
the  equation  becomes 

n(n  +  l) 
' 


-  r    --  -    -  -  —-  —  —- 
\z-l     z+lj      (.0+1)0-1) 

that  is, 

(1  -  z2)  w"  -  Zzw  +  n  (n  +  1)  w  =  0, 

which  is  Legendre's  equation. 

Case  (iii).     Let  «i,  &  =  0,  £  ;  or2,  yS2  =  0,  |-  ;;  so  that 
l-a3-/33+l-a4-l34  +  I-a5-l35  =  l. 
After  the  coalescence  of  the  points,  the  equation  is 


__  -        , 

ax     z  —  a2     z  —  a3l      (z  —  aa)  (^  -  a2)  (j  —  a3)3 

where  Pl  is  a  linear  polynomial,  say  {A  (z  —  as)  +  B]  (03  —  a!)(a3  —  a2)- 
Now  let 

*-%--; 

after  some  easy  reduction,  the  equation  becomes 
ct?w     ,  dw  (         1  1         } 

T  "5"  "~5       I  ^^~""~^T^~  T 


dx*      2  das  \  1  .        1 

\x  H 


0^3          (t%) 

^l+£# 


Let  ttj  =  oo  ,  az  —  a.2  =  —  1 ;  the  equation  is 

cZ2w          2«  —  1    dw      A  +  Bx 


Writing  x  =  sin2 1,  we  have 


d*w  _,     /  xi  4.  7?   '  2  A  —  0 
rfi2 

11—2 
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[55. 


which  is  known*  as  the  equation  of  the  elliptic  cylinder.     This 
equation  will  be  discussed  hereafter  (§§  138 — 140). 

Case  (iv).     Let  alt  @i=  0,  £  ;  Oj,  $,=  0,  £;  so  that,  as  in  the 
last  case, 


After  coalescence  of  the  points,  the  equation  is 


Pi 


z  —  a,      z  — 


Let 


then  the  equation  becomes 

d*w         1     dw 

or,  taking 
we  have 


(z  —  ttj)2  (z  —  Os)3 
?}  (ttj  —  a3)2,     c  (al  —  as)  =  1 ; 

i~i — rv9w  =  °; 


dw         /4a'          \ 

I _|_  ^y  I J.  4p   I  =  0 

df     y  dy         \f  J 

which  includes  Bessel's  equation,  sometimes  called  the  equation  of 
the  circular  cylinder. 

Case  (v).     Let  a1}  fti  =  0,  ^  ;  then 

2  (l-ar-/3r)  =  f, 


r  =  2 


and  the  equation,  after  coalescence  of  the  points,  becomes 


w"  +  w' 


Let 


—  Oa  =  — , 
<0 


—  «!     2  -  a.,/      (^  —  aj  (^  —  a2)4 


then  the  equation  is 


dw 

-|_    --•_ 


a  +  y8;r 


da^2      dx  x  —  b      x  —  b 
*  Heine,  Kugelfunctionen,  i.  i,  p.  404. 
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Writing 

x-b  =  y\ 
the  equation  becomes 


which  is  the  equation*  of  the  parabolic  cylinder. 
Case  (vi).     The  equation  is 

2  P, 


w 
when  we  take 


z-a  —  -,     P!  =  a  (z  -  a)  +  £, 

30 


the  equation  becomes 


This  corresponds  to  no  particular  equation  in  mathematical 
physics  :  it  will  be  recognised  as  a  very  special  instance  of  equa- 
tions most  simply  integrated  by  definite  integrals  f. 

Ex.     Discuss,  in  a  similar  manner,  the  limiting  forms  which  are  obtained 
when  the  singularities  of 

(i)     the  equation  determined  by  Riemann's  P-function, 
(ii)    Lame's  equation,  expressed  as  an  equation  of  Fuchsian  type, 
are  made  to  coalesce  in  the  various  ways  that  are  possible. 


EQUATIONS  WITH  INTEGRALS  THAT  ARE  POLYNOMIALS. 

56.  There  is  one  simple  class  of  integrals  which  obey  the 
condition  of  being  everywhere  regular,  so  that  their  differential 
equations  are  of  the  Fuchsian  type ;  it  is  the  class  constituted  by 
functions  which  are  algebraic.  We  shall,  however,  reserve  the 
discussion  of  linear  differential  equations  having  algebraic  inte- 
grals until  the  next  chapter ;  and  we  proceed  to  a  brief  discussion 
of  a  more  limited  question. 

*  Weber,  Math.  Ann.,  t.  i,  p.  33. 

t  See  Ch.  vn  of  my  Treatise  on  Differential  Equations. 
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We  have  seen  that  an  equation  of  the  second  order  and  of 
Fuchsian  type  can  be  transformed  to 

Its  integrals  are  regular  in  the  vicinity  of  each  of  n  singularities 
and  of  infinity ;  the  question  arises  whether  the  coefficients  in  the 
polynomials  Gn-\  and  Gn-z  can  be  chosen  so  that  one  integral  of 
the  equation  at  least  shall  be,  not  merely  free  from  logarithms 
or  even  algebraic,  but  actually  a  polynomial  in  z.  This  question 
has  been  answered  by  Heine*;  the  result  is  that  $n_i  can  be 
taken  arbitrarily,  and  Gn-v  has  then  a  limited  number  of  determ- 
inations. 

If  the  above  equation,  in  which 

ty  —  (z  —  ai)  (z  —  a2)  ...  (z  —  an), 

#n_2  =  koZ"-*  +  k^-3  +  . . .  +  kn__sZ  +  Arn_2, 
is  satisfied  by  a  polynomial  of  order  m,  say  by 

y- 

then 


so  that  there  are  m  +  n  —  1  relations  among  constants.  The  form 
of  these  relations  shews  that  glt  g2,  . ..,  gm  are  multiples  of  g0:  to 
express  these  multiples,  m  of  the  relations  are  required,  and  when 
the  values  obtained  are  substituted  in  the  remainder,  we  have 
n  —  1  relations  left,  involving  the  constants  c  and  k.  Assuming 
the  points  alt  a2,  ...,  an  arbitrarily  taken,  and  the  coefficients 
C0,  GI,  ...,  cn_!  arbitrarily  assigned,  we  shall  have  these  n  —  I  rela- 
tions independent  of  one  another,  and  therefore  sufficient  for  the 
determination  of  the  n  —  1  constants  k0,  klt  ...,  kn^. 

The  first  of  these  relations  is 

m  (m  —  1)  +  c0m  +  k0  =  0, 
so  that  k0  is  uniquely  determinate.     Denoting  by 


the  generic  expression   of  a  function  of  ki,  k2,  ...,  kr,  which  is 
polynomial  in  those  quantities,  and  the  terms  of  highest  weight  in 

*  Heine,  Kugelfunctionen,  t.  i,  p.  473. 
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which  are  of  weight  r,  when  weights  1,  2,  ...,  n  —  2  are  assigned 
to  &x,  &s,  ...,  kn-n,  we  have,  from  the  ra  relations  next  after  the 
first, 


for  r  =  1,  2,  ,..,  m.  When  these  are  substituted  in  the  remaining 
n  —  2  relations,  we  have 

[_KI  ,  A?2,  .  .  .  ,  Kn_  2_J»n+»  =  v/> 

for  s=l,  2,  ...,  Ti  —  2.  These  determine  the  n  —  2  constants 
&!,  &2,  ...,  &n_2;  the  number  of  determinations  may  be  obtained 
as  follows.  Writing 

KI  =s  #?]  ,      A?2  ^  5/2  >      ™3  ^  &/S  >    •  '  '  > 

the  equations  become  n  -  2  equations  to  determine  w  —  2  quantities 
#!,  #2.  •••>  #n-2-  In  these  quantities,  the  equations  are  of  degrees 

m  +  1,  m  +  2,  .  .  .  ,  m  +  TO  —  2, 

respectively  ;  and  therefore  the  number  of  sets  of  values  for 
sCi,  #2  >  •  •  •  >  •£«—  2  is 

(m  +  1)  (m  +  2)  .  .  .  (m  +  n  -  2). 

But  the  same  value  of  &2  is  given  by  two  values  of  #2,  inde- 
pendently of  the  other  constants  &;  so  that  the  sets  of  values 
of  #!,  #2,  ••-•»  #n-2  must  range  themselves  in  twos  on  this  account. 
Similarly,  the  same  value  of  ks  is  given  by  three  values  of  xa, 
independently  of  the  other  constants  k  ;  hence  the  arranged  sets 
of  values  must  further  range  themselves  in  threes,  on  account  of 
k3.  And  so  on,  up  to  &n_2.  Hence,  finally,  the  number  of  sets  of 
values  of  ki  , 


Kn—2   IS 

(ro  +  I 

)<»  +  *)...<«  + 

n-2) 

(m  +  n 

2.3  ...7i-2 

-2)! 

m  !  (n  -  2)  !  ' 

which  therefore  is  the  number  of  different  quantities  Gn^  per- 
mitting the  equation 

to  possess*  a  polynomial  integral  of  degree  m. 

*  In  connection  with  these  equations,  a  memoir  by  Humbert,  Journ.  de  VEcole 
Poly  technique,  t.  xxix  (1880),  pp.  207—220,  may  be  consulted. 
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This  result  is  of  importance,  as  being  related  to  those  special 
forms  of  Lame's  differential  equation  which  possess  an  integral 
expressible  as  a  polynomial  in  an  appropriate  variable.  This 
polynomial  can  be  taken  as  one  of  the  regular  integrals  belonging 
to  each  of  the  singularities  ;  the  other  regular  integral  belonging 
to  any  singularity  is,  in  general,  a  transcendental  function  and,  in 
general,  it  involves  a  logarithm  in  its  expression. 

Ex.  1.  Shew  that  a  linear  equation  of  the  third  order,  having  all  its 
integrals  regular,  can,  by  appropriate  transformation  of  its  dependent  variable, 
be  changed  to  the  form 

where 

^  =  (z-al)(z-az}...(z-an\ 

«!,  «2>  ••••>  an  being  all  the  singularities  in  the  finite  part  of  the  z-plane,  and 
where  P,  Q,  R  are  polynomial  functions  in  z  of  degrees  n  —  1,  2n  —  2,  2n  —  3 
respectively. 

Shew  that,  if  P  and  Q  be  arbitrarily  chosen,  R  can  be  determined  so  that 
one  integral  of  the  equation  is  a  polynomial  in  z  ;  and  prove  that  the  number 
of  distinct  values  of  R  is 


ml  (2/1-3)!  ' 
where  m  is  the  degree  of  the  polynomial  integral. 

Ex.  2.     Determine  the  conditions  to  be  satisfied  if 


has  two  distinct  polynomials  as  integrals,  so  that  every  integral  is  a  poly- 
nomial. 

Ex.  3.     Determine  how  far  the  constants  in  the  equation 


may  be  assumed  arbitrarily  if  the  equation  is  to  possess  two  polynomial 
integrals. 

Ex.  4.     Prove  that  the  equation 


where  n  is  an  integer,  f(x)=  Xs  +axz  +  bx  +  c,  and  a,  b,  c  are  constants,  admits 
of  two  integrals  whose  product  is  a  polynomial  in  x. 

Ex.  5.     Shew  that  the  only  cases,  in  which  the  differential  equation  of  the 
hypergeometric  series 
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possesses  two  integrals  whose  product  is  a  polynomial  in  x  of  degree  n,  are  as 
follows.  If  n  is  an  even  integer,  then  either  a=-$n;  or  £=-£71;  or 
o+0=  -»,  and  y=£,  or  -£,  or  -$,  ...,  or  -n+$.  If  «,  is  an  odd  integer, 
then  either  a=  -$n  and  y=$,  or  -£,  or  -f,  ...,  or  -£rc+l,  or  0,  or  0-1, 
...,  or  0_$(»_i);  or  0=-£w  and  y=|,  or  -£,  or  -f,  ...,  or  -£*  +  !, 
or  a,  or  a-1,  ...,  or  a-^(»-l);  or  a  +  0  =  -n,  and  y  =  £,  or  -£,  or  -f,  ..., 
or  -«  +  £.  (Markoff.) 

.£&.  6.     Shew  that,  if  the  square  root  of  a  polynomial  of  degree  m  can  be 
an  integral  of  the  equation 


dx 


+  1 


where  the  exponents  X  and  /*  are  subject  to  the  usual  relation,  one  of  the 
exponents  Xg,  /x,,  say  Xg,  must  be  half  of  a  non-negative  integer,  this  holding 
for  each  value  of  s  ;  also  %m  —  2X,  must  be  a  non-negative  integer  ;  and  one 
exponent  of  the  singularity  at  infinity  must  be  equal  to  -  $m. 

If  these  conditions  are  satisfied,  how  many  such  equations  exist  ? 

(van  Vleck.) 

Ex.  7.     If  the  differential  equation 


where  ty(x)  is  a  polynomial,  the  constants  a  are  real  and  positive,  and  the 
constants  e  are  real  and  distinct  from  one  another,  be  satisfied  by  a  poly- 
nomial (ft  (x),  then  all  the  roots  of  0  (x)  are  real,  and  no  root  is  less  than  the 
least  or  greater  than  the  greatest  of  the  quantities  e.  (Stieltjes  ;  Bocher.) 


EQUATIONS  WITH  RATIONAL  INTEGRALS. 

57.  The  investigation  in  §  56  suggests  another  question : 
what  are  those  linear  equations,  all  the  integrals  of  which  are 
rational  meromorphic  functions  of  z  ? 

Let  alt  ...,  am  be  the  singularities  in  the  finite  part  of  the 
plane;  let  alr,  a,,,.,  ...,  anr  be  the  roots  of  the  indicial  equation  for 
ar;  and  let  &,  ...,  (3n  be  the  roots  of  the  indicial  equation  for 
z  =  oo  .  If  every  integral  is  to  be  a  rational  function  of  z,  all  the 
roots  alr,  Ojy,  ...,  anr  must  be  integers;  as  no  integral  is  to  involve 
a  logarithm,  no  two  of  them  may  be  equal.  Let  the  arrangement 
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of  these  roots  be  in  decreasing  order  of  the  integers.  The  integral 
belonging  to  the  index  alr  involves  no  logarithms  ;  in  order  that 
the  integrals  belonging  to  the  indices  a^,  a3r,  ...,  anr  respectively 
may  involve  no  logarithms, 


that  is,  ^n(n  —  1),  conditions  in  all  must  be  satisfied,  these 
conditions  being  as  set  out  in  §  41.  Corresponding  conditions 
hold  for  each  of  the  singularities,  and  also  for  z  =  oo  ;  so  that  there 
are 

\n  (n  -  1)  (m  +  1) 

conditions  of  relation  among  the  constants  of  the  equation,  in 
addition  to  the  necessity  that  the  indicial  equation  of  each  singu- 
larity shall  have  unequal  integers  for  its  roots. 

These  conditions  are  certainly  necessary  ;  they  are  also  suffi- 
cient to  secure  that  any  integral  of  the  equation  is  a  rational 
function  of  z.  For  considering  the  vicinity  of  ar,  each  integral  in 
that  vicinity  is  of  the  form 

(z-ar)*™Pm(z-ar\ 

where  anr  is  the  least  of  the  roots  of  the  indicial  equation,  and 
Pm  (z  —  &r)  is  holomorphic  in  the  vicinity  of  ar,  for  m  =  1,  .  ..  ,  n  ; 
when  in  =  n,  P  (z  —  ar)  does  not  vanish,  and  for  all  other  values 
of  m  it  does  vanish.  If  then  anr  be  zero  or  positive,  the  point 
z  =  ar  is  an  ordinary  point  for  every  integral  in  the  vicinity  of  ar  ; 
if  Onr  be  negative,  then  ar  is  a  pole  of  some  integral,  and  it  may  be 
a  pole  of  several  or  of  all. 

As  this  holds  in  the  vicinity  of  each  of  the  singularities  and  of 
z  =  oo  ,  it  follows  that,  in  the  vicinity  of  every  singularity  of  the 
equation,  including  z  =  oc  ,  every  integral  is  uniform  and  has  that 
singularity  either  for  an  ordinary  point  or  a  pole  ;  moreover,  every 
integral  is  synectic  in  the  vicinity  of  every  other  point  :  hence* 
the  integral  is  a  rational  function,  which  is  a  polynomial  if  oo  be 
the  only  pole.  Thus  the  conditions  are  necessary  and  sufficient. 

It  has  been  seen  that  the  indicial  equation  for  each  singularity 
of  the  differential  equation  must  have  unequal  integers  for  its 
roots.  When  these  are  assigned  arbitrarily,  subject  to  the  one 
relation  (Ex.  2,  §  46)  which  they  are  bound  to  satisfy,  they  amount 

*  T.  F.,  §  48. 
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to  (m  +  1)  n  —  I  conditions  ;  so  that  the  total  number  of  necessary 
conditions  is 

%n  (n  -  1)  (m  +  1)  +  (m  +  1)  n  -  1 

=  %n  (n  +  1)  (w  +  1)  -  1. 


If  such  equations  are  being  constructed,  they  are  necessarily  of 
the  form 

dnw     Gl  dn~lw  Gn 

--  1  --  i    _  .  _|_  J  __  ^  Wi  =  A 

dzn  *  ^  dzn~>  1       +^n 

where  ty  =  (z  —  a^)  .  .  .  (z  —  am),  and  Gr  is  a  polynomial  of  order  not 
greater  than  r(m—  1),  for  r  =  1,  ...,  n.  Hence  the  total  number 
of  disposable  constants  is 

m,  from  the  positions  of  the  singularities, 

n 

+  2  {r(m  —  !)+!},  from  the  constant  coefficients  in  Glt  ...,  Gn, 

r=l 

that  is, 

\n  (n  +  1)  (m  —  1)  +  n  +  m 

constants  in  all  ;  and  therefore,  in  order  that  the  equations  may 
exist,  we  must  have 

£n  (n  +  1)  (m  -  1)  +  n  +  m  >  ^n  (n  +  1  )  (m  +  1)  -  1, 

so  that 

m>n*—  1. 

In  obtaining  this  result,  an  arbitrary  assignment  of  unequal 
integers  as  roots  of  the  indicial  equations  has  been  made  :  and 
it  has  been  assumed  that  these  conditions  are  independent  of  the 
necessary  conditions  attaching  to  the  coefficients,  in  order  that 
the  integrals  of  the  equation  may  be  free  from  logarithms.  It 
may,  however,  happen  that  a  particular  assignment  does  not  leave 
all  these  conditions  independent  of  one  another,  so  that  we  might 
have 


l)(m  +  l)-l  -X, 

and  therefore 

m  =  n*  -  1  -  \, 

and  still  have  the  equation  determinate.    An  instance  is  furnished 
by  the  equation 

ot?y"  - 
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which,  although  it  has  only  one  singularity  in  the  finite  part  of 
the  plane,  so  that  m  —  1,  n  =  2,  has  an  integral  Aa?  +  Ex.  For  the 
most  general  case,  however,  we  have 

—  1. 


Ex.  1.  Investigate  all  the  cases  in  which  the  differential  equation  of  the 
hypergeometric  series  has  every  integral  a  rational  function  of  the  independ- 
ent variable. 

Ex.  2.  When  the  equation  is  of  the  second  order,  and  all  the  assignments 
of  integer  roots  are  quite  general,  the  smallest  value  of  m  is  3.  Let  the 
singularities  be  alt  ...,  am,  with  exponents  at,  #j  ;  a2,  /32;  ...;  am,  /3m;  and 
let  the  exponents  for  z  =  oo  be  a,  /3.  Choosing  in  each  case  the  smaller  of  the 
two  indices  c^  and  £r,  let  it  be  ar,  for  r  =  l,  ...,  m  ;  then  writing 

m  m 

\r=pr-ar,     a+  2  ar  =  <r,     /3 

r=l 

we  have  (§  52) 


which  is  the  necessary  relation  among  the  exponents.     Writing 

w=(z-al)^(z-a2)^...(z-an)a"y, 
so  that  y  also  is  a  rational  function  of  z,  our  equation  in  y  becomes 

„       ?  l-Xr  ,  ,  <rTZ 
y  +r!r2-a/-       (z 

say 


and  here  the  integers  Xt,  X2,  ...,  XTO  are,  each  of  them,  equal  to  or  greater  than 
unity. 

Substituting,  in  the  vicinity  of  ar,  the  expression 

we  have 

(z  -  ar)2  Dy  =  cn6  (6  —  Xr)  z  , 
provided 


and 


and  the  summation  for  s  is  for  «  =  1,  ...,  m  except  s=r.     As  Xr  is  a  positive 
integer,  and  thus  is  the  greater  root  of  the  modified  indicial  equation,  there  is 
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one  regular  integral  belonging  to  the  exponent  Xr,  which  is  a  constant  multiple 
of 


Y,  say,  where  yv  =  cv+c0,  when  6  =  \r. 
When  we  write 


and  solve  the  equations  for  ct,  c2,  ...,  we  find 


We  know  (§  41)  that  there  is  a  single  condition  to  be  satisfied  in  order  that 
the  integral  belonging  to  the  exponent  0  may  be  free  from  logarithms;  as 
f(Q+n)  vanishes  to  the  first  order  for  0  =  0  when  »  =  XP,  the  condition  is 


There  is  a  corresponding  condition  for  each  of  the  singularities  and  for  2=00  ; 
so  that  we  have  m+1  conditions,  which  involve  the  arbitrary  constants 
^o>  •••>  ^m-s>  an(i  *ne  positions  of  the  singularities,  as  well  as  the  assigned 
integers  Xj,  ...,  Xm,  <r,  T.  Keeping  the  latter  arbitrary,  we  see  that  there 
must  be  at  least  three  singularities  in  the  finite  part  of  the  plane  :  when 
there  are  only  three,  we  obtain  a  limited  number  of  determinations  of  the 
equation  ;  if  there  are  3  +p,  then  p  elements  are  left  arbitrary  among  an 
otherwise  limited  number  of  determinations  of  the  equation*. 

As  the  equation  is  of  the  second  order,  it  is  possible  to  proceed  otherwise. 
Assuming  that  the  integral  Y  which  belongs  to  the  exponent  Xr  of  the 
singularity  ar  is  known,  and  denoting  by  Z  the  integral  which  belongs  to  the 
exponent  0  of  the  same  singularity,  we  have 


TZ"-  Y"Z+(YZ'-  Y'Z}  2  ^— 


so  that 


YZ'-  Y'Z=A  n  (*-or) 

r=l 

and  therefore 


When  the  right-hand  side  is  expanded  in  powers  of  z  —  ar,  the  first  term 
involves  (z  —  a,.)"1"*',  that  is,  the  index  is  negative.     If  Z  is  to  be  free  from 

logarithms,  the  term  in  —    —  in  this  expansion  must  have  its  coefficient  equal 

z  —  a  1^ 

to  zero  —  a  condition  which  must  be  the  equivalent  of 


*  The  hypergeometric  case  indicated  in  the  preceding  example  is  given  by 

X3  =  Xn=...=Xm=l,     G  =  <rr(z-a,)...(x-aM)> 
which  will  be  found  to  satisfy  the  conditions  for  a,  ,  .  .  .  ,  am  given  in  the  text. 


CHAPTER    V. 

LINEAR  EQUATIONS  OF  THE  SECOND  AND  THE  THIRD  ORDERS 
POSSESSING  ALGEBRAIC  INTEGRALS. 

58.  THE  general  form  of  equation,  having  all  its  integrals 
regular  in  the  vicinity  of  each  of  the  singularities  (including  oo  ), 
has  been  obtained ;  in  the  vicinity  of  a  singularity  a,  each  such 
integral  is  of  the  form 

(z  -  aY  [<£o  +  0i  log  (z-a)  +  0.2  {log  (z  -  a)}2  +  . . .  +  0K  (log  (z  -  a)}"], 

where  each  of  the  functions  00,  0i,  •••,  0«  is  holomorphic  at  and 
near  a.  In  general,  each  of  the  functions  0  is  a  transcendental 
function  in  the  domain  of  a:  they  are  polynomials  only  when 
special  relations  among  the  coefficients  are  satisfied. 

When  attention  is  paid  to  the  aggregate  of  the  integrals  so 
obtained,  it  is  to  be  noted  that  the  branches  of  a  function  defined 
by  means  of  an  algebraic  equation  belong  to  this  class.  If 
algebraic  functions  are  to  be  integrals  of  the  differential  equation, 
they  constitute  a  special  class  ;  special  relations  among  coefficients 
of  the  differential  equation  must  then  be  satisfied,  and,  it  may  be, 
special  restrictions  must  be  imposed  upon  its  form.  Accordingly, 
we  proceed  to  consider  those  linear  equations  whose  integrals  are 
algebraic  functions,  that  is,  functions  of  z  defined  by  an  algebraic 
equation  between  w  and  z.  It  has  already  been  proved  (§  17) 
that  each  root  of  such  an  algebraic  equation  of  any  degree  in  w 
satisfies  a  homogeneous  linear  differential  equation,  the  coefficients 
of  which  are  rational  functions  of  z.  If  the  algebraic  equation 
were  resoluble  into  a  number  of  other  algebraic  equations,  neces- 
sarily of  lower  degree,  each  such  component  equation  would  lead 
to  its  own  differential  equation  of  correspondingly  lower  order ; 
accordingly,  we  shall  assume  that  the  algebraic  equation  is  irre- 
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soluble  and  proceed  to  consider  linear  differential  equations  whose 
integrals  are  the  roots  of  an  algebraic  equation.  In  the  most 
general  case,  the  degree  of  the  algebraic  equation  is  equal  to  the 
order  of  the  differential  equation :  in  particular  cases  (§  17,  Note  1) 
it  can  be  greater  than  the  order :  and  as  we  seek  algebraic  inte- 
grals, it  may  be  expected  that  these  particular  cases  will  occur. 

The  investigation  can  be  connected  with  an  equivalent  problem 
that  arises  in  a  different  range  of  ideas.  It  has  been  proved  that, 
given  a  fundamental  system  wl}  w2,  ...,  wm  of  integrals  of  a  linear 
equation  of  order  m,  the  effect  upon  the  system,  caused  by  the 
description  of  a  closed  path  enclosing  one  or  more  of  the  singu- 
larities, is  to  replace  the  system  by  another  of  the  form 

u>i   =  on  wx  +  o13  w2  +  ...  +  «,„,  wm 
+  am2w2  +  ...  +  ammwm 


say 

(w^  ...,  wmf)  =  S(wl}  ...,  wm), 

where  8  denotes  a  linear  substitution.  By  making  the  inde- 
pendent variable  describe  an  unlimited  number  of  contours  any 
number  of  times,  we  may  obtain  an  unlimited  number  of  linear 
substitutions ;  and  so  each  integral  could,  in  that  case,  be 
made  to  have  an  unlimited  number  of  values.  If,  however,  the 
fundamental  system  is  equivalent  to  the  m  roots  of  an  algebraic 
equation,  then  each  of  the  integrals  can  acquire  only  a  limited 
number  of  values  at  a  point  which  are  distinct  from  one  another : 
that  is,  there  can  be  only  a  limited  number  of  substitutions  in 
the  aggregate.  When  therefore  we  know  all  the  groups  of  linear 
substitutions  in  m  variables  which  are  of  finite  order,  only  those 
linear  differential  equations  which  possess  such  groups  need  be 
considered.  Accordingly,  if  we  proceed  by  this  method,  it  is 
necessary  to  construct  the  finite  groups  of  linear  substitutions. 

Further,  it  is  clear  that  the  investigation  can  be  associated 
with  the  theory  of  invariantive  forms ;  for  the  relations  between 
MI,  •",  u>m  and  wly  ...,  wm  constitute  a  linear  transformation  of 
the  type  under  which  these  invariantive  forms  persist.  Indeed, 
it  was  by  this  association  with  binary,  ternary,  and  quaternary 
forms  that  the  earliest  results,  relating  to  linear  equations  of  the 
orders  two,  three,  and  four,  were  obtained.  Some  brief  indications 
of  this  method  will  be  given  later  (§§  69 — 72). 
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KLEIN'S  METHOD  FOR  EQUATIONS  OF  THE  SECOND  ORDER. 

59.  The  determination  of  linear  equations  of  the  second  order, 
whose  integrals  are  everywhere  algebraic,  is  effected  by  Klein*,  by 
a  special  method  that  associates  it  with  the  finite  groups  of  linear 
substitutions  of  two  homogeneous  variables. 

Let  Wi  and  w2  denote  a  fundamental  system  of  integrals  for 
the  differential  equation  ;  and  let 

W  - 

be  any  one  of  the  linear  substitutions,  representing  the  change 
made  upon  the  fundamental  system  by  the  description  of  a  closed 
path.  Then  taking 


the  quotient  of  two  algebraic  integrals,  so  that  s  itself  is  an 
algebraic  function,  we  have 

S=W  = 

thus  s  is  subject  to  a  homographic  substitution.  Accordingly, 
the  determination  of  the  finite  groups  of  linear  substitutions  in 
the  present  case  is  effectively  the  determination  of  the  finite 
groups  of  homographic  substitutions. 

Let  any  such  group  containing  N  substitutions  be  represented 

by 

and  let  ^r0  (s)  =  s,  the  identical  substitution :  every  possible  com- 
bination of  these  substitutions  can  be  expressed  as  some  one  of 
the  members  of  the  group.  Take  a  couple  of  arbitrary  constants 
a  and  b,  subject  solely  to  the  negative  restrictions  that  a  is  not 
equal  to  -fyr  (b)  and  b  is  not  equal  to  T/T«  (a),  for  any  of  the  values 
0,  1,  ...,  N  —  1  of  r  and  of  s;  and  form  the  equation 

^o  (s)  ~~  a    "tyi  (*)  ~  a          tyy-i  (*)  ~  a  _  y 

~i     /   \         V   •  ~i     /    \         f ~~j  /  _\         f         -^ » 


*  Math.   Ann.,  t.  xi  (1877),  pp.    115—118,  ib.,  t.    xn   (1877),  pp.   167—179; 
Vorlesungen  ilberdas  Ikosaeder,  (Leipzig,  Teubner,  1884),  pp.  115 — 123. 
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which  is  an  algebraic  equation  of  degree  JV  in  s.  It  is  unaltered 
when  s  is  submitted  to  any  of  the  substitutions  of  the  group ;  for 
such  a  substitution  only  effects  a  permutation  of  the  various  N 
fractions  on  the  left-hand  side  among  one  another.  Hence,  if  any 
root  s  be  known,  all  the  N  roots  can  be  derived  from  it  by 
submitting  it  to  the  N  substitutions  of  the  group  in  turn. 

For  quite  general  values  of  X,  the  N  roots  of  the  equation  are 
distinct;  but  it  can  happen  that,  for  particular  values  of  X,  a 
repeated  root  arises,  of  multiplicity  v.  From  the  nature  of  the 
equation  in  relation  to  the  group  of  substitutions,  it  follows  that 
each  distinct  root  is  of  multiplicity  z/,  so  that  there  are  N-r-v 
distinct  roots.  To  consider  the  effect  of  this  property  of  the 
equation,  let  the  latter  be  changed  so  that  the  numerator  and 
denominator  are  multiplied  by  the  denominators  of  tyi(s),  ..., 
tyif-i(s).  It  thus  can  be  expressed  in  the  form 

G  (s,  a)  _  Y 
G(s,b)- 

where  G  (s,  a)  is  a  polynomial  in  s  of  degree  N,  the  coefficients 
being  functions  of  a,  and  Q  (s,  b)  is  a  similar  polynomial,  its 
coefficients  being  the  same  functions  of  b.  Let  X^  be  a  value 
of  X,  such  that  s  =  o-j  is  a  root  of  multiplicity  vr  when  X  =  X^ ; 
then  the  equation 

G  (s,  a)  _  G^,  a)  _  Y_  y 

G(s,b)     G(^,b) 

N 
has  —  roots  each  of  multiplicity  vl  when  X  =-3T1.     But  each  such 

v\ 
root  is  a  root  of  multiplicity  vl  —  1  of  the  equation 

d_  (G(s,  a)  _ 
ds\G(s,b) 

that  is,  of  the  equation 

,.dG(s,a)     n.      ,dG(s,b)     A. 
A(«)  =  G  (s,  b)      ^    '-G(s,  a)  — ^- 

as  there  are  —  such  roots,  it  follows  that  these  repeated  roots 

Vl 

account  for 

N.         . 
._(„,_ 

F.    IV.  12 
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of  the  roots  of  this  derived  equation.     Moreover,  we  then  have 

G(s,b)G(<r1)b)  =  X-Xl' 
where  4>i  is  a  polynomial  in  s  of  degree  — . 

Let  X2  be  another  value  of  X,  such  that  s  =  <r2  is  a  root  of  the 
equation  of  multiplicity  i/2  when  X  =  X2.  A  precisely  similar 
argument  shews  that  each  distinct  root  of  the  equation  is  of 
multiplicity  v2;  that  there  are  N-^-vz  distinct  roots;  that  each 
such  root  is  of  multiplicity  vz  —  1  for  the  equation  A  (s)  —  0  ;  that 
these  roots  account  for 

N      _ 

of  the  roots  of  the  derived  equation ;  and  that  we  have 

G(s,  6)£(<72,  b)  =  X~X*' 

N 
where  3>2  is  a  polynomial  in  s  of  degree  — . 

Proceeding  in  this  way  with  the  various  values  of  X  that  lead 
to  multiple  roots  of  the  initial  equation,  we  shall  exhaust  all  the 
roots  of  the  equation  A  (s)  =  0.  The  degree  of  A  (s)  is  2N  —  2 ; 
for  if 

G  (s,  a)  =  sV<>  (a)  +  ^"Vi  (a)  +  . . ., 
then 

G  (s,  b)  =  SN/O  (b)  +  sN~1f1  (6)  +  . . . ; 
and  therefore 

7.^  -4- 


But  taking  account  of  the  roots  of  A  (s)  =  0,  as  associated  with  the 
multiple  roots  of  the  original  equation  for  the  respective  values  of 
X,  we  see  that  its  degree  is 


and  therefore 


whence 

^1  —  1^  +  (l  —  -\  4-       -  2  —  — 
vj      \       vj  N' 
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Each  of  the  integers  v  is  equal  to  or  greater  than  2,  so  that  each 
of  the  quantities  1 is  equal  to  or  greater  than  £.  Hence  the 

smallest  number  of  different  integers  v  is  two  ;  if  there  were  only 
one,  the  left-hand  side  would  be  <  1,  while  the  right-hand  side  is 
>  1.  The  largest  number  of  different  integers  v  is  three ;  if  there 
were  four  or  more,  the  left-hand  side  would  be  equal  to  or  greater 
than  2,  while  the  right-hand  side  is  less  than  2. 

In  the  first  place,  let  there  be  only  two  integers,  v1  and  i/2 ; 
then 

1+1=^ 

v,vz      N- 

From  the  nature  of  the  case,  vl  ^.  N,  j/2  ^  N,  so  that 


v^  N'     va"N' 
hence  the  only  possible  solution  is 

7.    _    AT"  _    AT  /T\ 

vl  —  iv,     I/a  —  iv, ^i;, 

and  N  is  an  undetermined  integer. 

In  the  next  place,  let  there  be  three  integers,  vit  v3,  va :  then 

111  2 

_  +-+- =1  +  — 

Vl         I/a         V3  IV 

At  least  one  of  the  integers  v  must  be  2 :  for  if  each  of  these 
integers  were  ^  3,  the  left-hand  side  would  be  ^  1,  while  the 
right-hand  side  is  >  1,  as  JV  is  a  finite  integer. 

Taking  vl  =  2,  we  have 

-+-=*+- 

Another  of  the  integers  v  may  be  2.  Let  it  be  v^\  then  N '  =  2v3, 
and  we  have  the  solution 

where  n  is  an  undetermined  integer. 

If    neither   of    the    integers   vz  and   v3  be   2,   one   of  them 
must  be  3 ;  for  if  each  of  them  were  ^  4,  then  -  +  -<^,  and  so 

12—2 
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[89. 


2 

could  certainly  not  be  equal  to  •£  +  -^  .     Taking  vz  =  3,  we  have 


so  that  i/3  <  6 :  thus  possible  values  of  v3  are  3,  4,  5.  The  solu- 
tions are 

i/j  =  2,    1/2  =  3,   1/3  =  3,   iv  =  12,    (HI), 

j,  _  2    j/  =  3    y  =  4    JV=24  (IV) 

1  ?         U  )3  >  t    •  '  *  *  V       /" 

60.  The  finite  groups  are  thus  known ;  the  corresponding 
equations  in  s  are  required.  The  solutions  will  be  taken  in 
order. 

I.  Instead  of  X,  we  take  a  quantity  Z,  defined  by  the  rela- 
tion 

X-X, 

~~  X  -  X, ' 

so  that  Z=0  gives  X  =  Xlt  that  is,  gives  s  =  sly  a  root  repeated 
N  times,  and  Z=<x>  gives  X  =  Xz,  that  is,  gives  s  =  s2,  a  root 
repeated  N  times.  We  have 


,  6) 


and  therefore 


absorbing  the  constant  G  (sl}  b)  -r-  G  (sz,  6)  into  the  variable  Z. 

II,  III,  IV,  V.     These  cases  are  of  the  same  general  form. 
Instead  of  X,  we  take  a  quantity  Z,  defined  by  the  relation 

„  _  X  —  X<2  Xi  —  X3 

then  Z=  0  gives  X  =  JT2,  Z=  1  gives  X  =  Xlt  Z—<x>  gives  X  =  X3 
and  thus 

=  (X  -  X2)  (X,  -  X3) :  (X  -  X,)  (X2  -  X3)  :  (X  -  X3)  (X,  -  X,\ 
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But 


0  («  ft)  0  (<*,*)' 

X~X*  =  G(s,  b)G(<72,  by 

X-X3=G(s,b)G(<r3,by 
and  therefore 


where  A  and  B  are  constants  which,  if  we  please,  may  be  absorbed 
into  the  functions  <J>2  and  <E>j  respectively. 

Now  these  groups  are  the  groups  that  occur  in  connection 
with  the  polyhedral  functions  *  :  and  the  polyhedral  functions  can 
be  associated  with  the  conformal  representationf,  upon  a  half-plane, 
of  a  triangle,  bounded  by  three  circular  arcs  and  having  angles 

equal  to  —  ,    —  ,    —  .     The  analytical  results  connected  with  these 

V1         V2         V3 

investigations  can  be  at  once  applied  to  the  present  problem. 
Denoting  derivatives  of  Z  with  regard  to  s  by  Z',  Z",  Z'",  . . . ,  we 
have  (T.  F.,  §  275) 


Z'*\_Z' 

or,  taking  account  of  the  properties  J  of  the  Schwarzian  derivative, 
we  have 


i       71  _       \  y2  /    .  V\        . 

*          '  *    ' 


Z*         '   (Z-l)*   '  Z(Z-1) 

The  forms  of  the  functions  for  the  various  cases  II,  III,  IV,  V 
are:  — 

for  II, 

Z  :  Z-  1  :  1  =  {t(sn-  I)}2  : 


*  T.  F.,  §§  276—279,  300—302. 

t  T.  F.,  §§  274,  275. 

£  See  Ex.  3,  §  62,  of  my  Treatise  on  Differential  Equations. 
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for  III, 

Z:Z-\  :l 

=  (s4  +  2sV3  -  1)3  :  12^3  s2  (s4  +  I)2  :  (s4  -  2sV3  -  I)3  ; 
for  IV, 

Z:Z-l:l 

=  (s8  +  14s4  +  I)3  :  (s12  -  33s8  -  33s4  +  I)2  :  108s4  (s4  -  I)2  ; 
and  for  V, 

Z  :Z-l  :  1  =  (s20  -  228s15  +  494s10  +  228s5  +  I)3 

:  {s30  +1  +  522s5  (s20  -  1)  -  10005s10  (s10  +  1)}2 
:-l728s5(s10 


These   results*  can   be  obtained  by  purely  algebraic   processes, 
from  the  properties  of  finite  groups  proved  by  Gordan-f-. 

61.     These  results  can  be  applied  at  once  to  the  determination 
of  linear  equations  of  the  second  order 

d?w         dw 

__  +  p_+?tt)  =  o, 

all  the  integrals  of  which  are  algebraic.     Denoting  the  quotient 
of  two  integrals  W-L  and  w2  by  s,  we  have§ 


say.  As  all  integrals  are  to  be  algebraic,  it  follows  that  s  and 
s'~*  are  algebraic;  accordingly,  fpdz  must  be  the  logarithm  of  an 
algebraic  function,  which  is  a  first  condition.  Further,  in  the 
equations  under  consideration,  both  p  and  q  (and  therefore  also 
27)  are  rational  functions  of  z  ;  and  therefore 

{s,  z]  =  rational  function  of  z, 

*  They  are  slightly  changed  from  the  forms  in  §  302,  §  278  (I.e.)  ;  the  change  is 
made,  so  as  to  associate  the  indices  »»2,  v1,  i>3  with  the  values  Z  =  Q,  Z=l,  Z  =  ao 
respectively. 

t  Math.  Ann.,  t.  xn  (1877),  pp.  23—46.  See  also  Cayley's  memoir,  "On  the 
Schwarzian  derivative  and  the  polyhedral  functions,"  Coll.  Math.  Papers,  t.  xi, 
pp.  148—216. 

§  See  my  Treatise  an  Differential  Equations,  §§  61,  62. 


61.] 


EQUATIONS   OF   THE   SECOND   ORDER 


183 


and  the  quantity  s  is  subject  to  the  transformation  of  the  finite 
group.     Now  we  have  seen  that 


{«,*}- 


-*).  *('-*).  *&**-*- 


+  '"i 

(Z  -  I)2 


in  cases  II,  III,  IV,  V  ;  and  for  case  I,  it  is  easy  to  verify  directly 
that 


From  the  properties  of  the  Schwarzian  derivative,  we  have 


hence,  taking  account  of  the  particular  form  of  {s,  Z}  which  is 
actually  known,  and  of  the  generic  form  of  {s,  z\  which  is  required, 
we  see  that,  in  order  to  satisfy  the  conditions,  we  must  have 

Z  =  R(z), 

where  R  is  a  rational  function  of  z.  Conversely,  the  conditions  will 
be  satisfied  if  Z  is  any  rational  function  of  z.  Accordingly,  the 
differential  equation  of  the  second  order  must  have  the  coefficient  of 

w'  in  the  form 

1  du 

u  dz  ' 

where  u  is  an  algebraic  function  of  z  ;   and  its  invariant  I(z), 


which 


dp 


ich  is  q  —  %p*  —  ^  ~-  ,  must  be  of  the  form 


Z*        (Z-l) 


Z(Z-l) 


dZ\* 


or 


1- 


where  Z  is  any  rational  function  of  z ;  the  integers  v\,  v3,  v3  in  the 
first  form  are  the  integers  of  the  finite  groups  in  cases  II,  III,  IV, 
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V;   and  N  in  the  second  form  is  an  integer.     When  these  con- 
ditions are  satisfied,  the  integrals  are  given  by 


wl  = 

where,  for  the  first  form,  s  is  determined  in  terms  of  Z,  the 
rational  function  of  z,  by  the  equations  at  the  end  of  §  60  ;  and  for 
the  second  form, 


CONSTRUCTION  OF  AN  INTEGRAL,  WHEN  IT  is  ALGEBRAIC. 

62.  The  preceding  investigation  is  adequate  for  the  general 
construction  of  linear  equations  of  the  second  order  which  are 
integrable  algebraically ;  there  still  remains  the  question  of 
determining  whether  any  particular  given  equation  satisfies 
the  test. 

When  the  equation  is  of  the  form 
d*w         dw 

_+p_+9W  =  0, 

inspection  of  the  form  of  p  at  once  determines  whether  it  satisfies 
the  condition  which  governs  it  specially.  Assuming  this  con- 
dition to  be  satisfied,  we  construct  the  invariant  I  (z)  of  the 
equation,  where 

/W-j-i^-i^; 

and  then,  if  the  original  equation  is  algebraically  integrable,  we 
must  also  have 


where  Z  is  a.  rational  function  of  z,  and  the  integers  v1}  v2,  v3 
belong  to  one  of  four  definite  systems. 

It  may  happen  that  the  identification  is  easy,  because  Z  has 
some  simple  value;  the  simplest  of  all  is,  of  course,  given  by 
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Z  =  z.  When  the  identification  is  not  thus  obvious,  it  is  desirable 
to  have  a  method  of  constructing  the  rational  function  Z  if  it 
exists  ;  when  it  has  been  constructed,  the  further  identification  is 
only  a  matter  of  comparing  coefficients.  Should  this  identification 
be  completely  effected,  then  the  integration  of  the  equation  is 
given  by  the  results  of  §  60. 

Such  a  method  is  given  by  Klein*,  who  uses  for  the  purpose  a 
comparison  of  those  terms  on  the  two  sides,  which  are  connected 
with  the  poles  and  have  the  highest  negative  index.  A  rational 
function  is  determinate  save  as  to  a  constant  factor,  when  its 
zeros,  its  poles  in  the  finite  part  of  the  plane,  and  their  respective 
multiplicities,  all  are  known  ;  and  this  constant  factor  is  determ- 
inate, when  the  value  of  the  rational  function  is  known  for  any 
other  value  of  the  variable.  Accordingly,  let  a  denote  a  zero  of  Z 
of  multiplicity  a,  and  so  for  all  the  zeros  ;  let  c  denote  a  pole  of  Z 
(and  therefore  also  of  Z  -I)  of  multiplicity  7,  and  so  for  all  the 
poles  ;  and  let  b  denote  a  zero  of  Z  —  I  of  multiplicity  j3,  and  so 

for  all  its  zeros  :  then 

U(z-aY     U(b-  c)y 
~  '  ' 


where  the  multiplicity  /3  of  b  is  not  used  directly  in  the  ex- 
pression. 

Consider  now  the  right-hand  side  of  the  expression  for  /  (z). 
In  the  vicinity  of  a,  we  have 

Z  =  (z-  a)-  U, 

where  U  is  a  regular  function  of  z  —  a,  not  vanishing  when  z  =  a  ; 

so  that 

I  dZ        a 


-  -j-  =  -    - 

Z  dz      z-a 

and 


D,          . 
+  R  (z  -  a), 


the  unexpressed  terms  in  {Z,  z}  having  exponents  greater  than  -  2. 
In  the  vicinity  of  c,  we  have 

Z  =  (z-c)~yV,    Z-l=(z-c)-yVl, 

*  Math.  Ann.,  t.  xn  (1877),  pp.  173—176:  the  exposition  given  in  the  text 
does  not  follow  his  exactly,  as  he  transforms  the  equation  so  as  to  secure  that 
z  —  oo  is  an  ordinary  point. 
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where  V  and  Vl  are  regular  functions  of  z  —  c,  not  vanishing  when 
z  =  c ;  thus 

1  dZ      —  7    ,    « / 

~       -        -     -  +  O  (S  —  C), 

2  —  c 


—  1  dz      z  —  c 


the  unexpressed  terms  in  {Z,  z}  having  exponents  greater  than  —  2. 
In  the  vicinity  of  6,  we  have 

z-  \=(z-i>yw, 

where  W  is  a  regular  function  of  z  —  b,  not  vanishing  when  z  =  b  ; 
so  that 

1     dZ 


1    J~ 

1  dz 


-L  (z  — 


the  unexpressed  terms  in  {z",  s}  having  exponents  greater  than  —  2. 

We  thus  have  taken  account  of  all  the  highest  terms  with 
negative  indices  which  arise  through  zeros  or  poles  of  Z  and  Z  —  1. 
On  account  of  the  form  of  {Z,  z},  which  is 


_ 

Z' 

it  is  necessary  to  take  account  of  the  poles  and  the  zeros  of  Z'. 
As  Z  is  rational,  all  its  poles  are  poles  of  Z'  and  the  latter  has  no 
others;  so  that,  on  this  score,  no  new  terms  arise.  A  repeated 
zero  of  Z*  is  a  zero  of  Z*',  and  all  these  have  been  taken  into 
account;  likewise  for  a  repeated  zero  of  Z—\.  Hence  we  need 
only  consider  those  roots  of  Z"',  which  are  not  repeated  roots  of  Z 
or  of  Z  —  1  ;  let  such  an  one  be  t,  of  multiplicity  T,  so  that 


where  Q  is  a  regular  function  of  z  —  t,  not  vanishing  when  z  =  t  ; 
then 


the  unexpressed  terms  in  [Z,  z}  having  exponents  greater  than  —  2. 
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Gathering  together  the  terms  with  the  largest  negative  index, 
we  have,  for  Cases  II,  III,  IV,  V, 


I(t  , 

'    (*-«)»         '    (z-b)'         '  (z-cf    ~      (JT«y      -. 

where  the  unexpressed  terms  have  integer  exponents  greater 
than  —  2  ;  and  in  this  expression  the  significance  of  a,  6,  c,  for  the 
construction  of  Z,  must  be  borne  in  mind.  Actual  comparison 
with  the  form  of  /  (z)  then  gives  indications  as  to  which  set  of 
values  of  vlt  v2,  v3  must  be  chosen,  and  determines  the  values  of 
a,  /3,  7.  The  construction  of  Z  is  then  possible  and,  Z  being  known, 
the  complete  identification  of  the  right-hand  side  with  the  known 
value  of  I(z)  is  merely  a  matter  of  numerical  calculation. 

For  Case  I,  we  have 


and  the  method  of  proceeding  is  the  same  as  before. 

In  particular  instances,  it  may  happen  that  no  terms  of  the 
type 


occur  :  Z'  then  contains  no  roots  other  than  the  repeated  roots  of 
Z  and  Z  —  1.     An  example  is  given  by 

7         (*-*? 
~~ 


Further,  it  may  happen  that  «=i>2,  or  ft  =  vly  or  y  =  vt'  so 
that  the  corresponding  value  of  z,  viz.  a,  b,  or  c,  is  then  not  a 
singularity  of  the  differential  equation.  And,  in  particular,  if 
z  =  oo  is  not  a  singularity  of  the  differential  equation  and  there- 
fore also  not  a  singularity  of  the  integral,  then,  if  the  equation  be 
integrable  algebraically,  the  numerator  of  the  rational  function  Z 
is  a  polynomial  in  z  of  the  same  degree  as  the  denominator*. 

*  This  form  of  equation  is  discussed  by  Klein  in  the  memoir  already  quoted 
(note,  p.  185)  :  reference  should  be  made  to  it  for  further  developments. 
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Ex.  1.     The  equation 


= 
is  integrable  algebraically.     For 


(2-  1)2  r  22      »(«-!) 
so  that 

Z=z- 


=i(l  --  2)'  whence  v2  =  2; 
V       "2  / 


=      i  -    i    i  wence  ^-2  ; 


We  thus  have  an  instance  of  case  II,  when  n  =  2.     All  the  conditions  are 
satisfied  :  and  thus  (§  60)  the  integrals  of  the  equation  are  given  by 


Ex.  2.     Construct  a  linear  differential  equation  of  the  second  order  in  its 
normal  form,  such  that  the  quotient  *  of  two  of  its  solutions  is  given  by 


108s4(s4-l)2~         4? 
Ex.  3.     Consider  the  equation 


1  dhe     Zzt-8z3-l5zz-8z+2         (z-  1)2  _ 

W   dz*  +  922(22-l)2  '^ 

We  have 

2^-8^-15^-80+2     B    (z  -I)2 
222  + 


the  terms  indicated  constituting  all  the  infinities  of  /(z)  of  the  second  order. 

First,  it  is  clear  that  there  is  only  one  root  of  Z'  other  than  repeated  roots 
of  Z  and  Z—  1  ;  it  is  characterised  by 


As  regards  the  remaining  terms,  the  numbers  vlt  i/2,  v3  must  be  2  or  3;  so 
that  we  either  have  an  instance  of  case  II  with  n  =  3,  or  we  have  an  instance 
of  case  III. 
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If  it  were  possibly  an  instance  of  case  II  with  »  =  3,  then  we  must  have 

-^)SSA» so  that  "1=2,  3=1,  b=i, 

2 


3/  O       y»  1 

>  V  —  A  c~  ~  L  > 
\       "a'/ 
and  therefore 

7- A      Z+i 

£s  Xl     "—7 T^ 


with  the  condition  that  Z=  1  when  z=b=i,  so  that  A  =i.     But  then 


shewing  that  ^'  does  not  possess  a  root  z=t  =  \  ;  hence  the  example  is  not  an 
instance  of  case  II. 

If  therefore  the  equation  is  algebraically  integrable,  it  must  be  an  instance 
of  case  III.     We  must  have  therefore 

"i  =  2,     v2=3,     1/3  =  3; 
so  that 

--Ai  whence  P=l>  *>=*> 


and  then,  either 

giving 
or  else 


giving 

Taking  the  former,  we  have 

from  the  poles  and  zeros  of  Z ;  as  Z=  1,  when  z=i,  we  have  A  =  2,  so  that 


so  that  Z—\  has  the  roots  z  =  i,  z—  —i;  but 
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shewing  that  Z'  does  not  possess  the  root  1 ;  and  thus  the  first  assignment  of 
values  is  not  possible. 

Taking  the  latter,  we  have 

(*-L-~l\2 

Z=A( 


z 
from  the  poles  and  zeros  of  Z;  as  Z—  1  when  z  =  i,  we  have  A  =£,  and  then 

(2  +  1)2  .   _**+! 

~2T~'  -~2T' 

~_*2-l 

~~2^' 
so  that  Z—  1  has  z=i,  z=  —i  for  roots,  and  Z'  has  2=1  for  a  root 

The  preliminary  conditions  are  thus  satisfied  ;  it  is  easy  to  verify  that 
this  value  of  Z  gives  the  complete  value  of  I(z).  Hence,  after  the  results  of 
§  60,  the  integral  of  the  differential  equation  is  given  by  the  equations 


so  that  the  differential  equation  is  algebraically  integrable. 
Ex.  4.     Shew  that  the  equations 


are  integrable  algebraically  :  and  obtain  their  integrals. 

Ex.  5.  Taking  the  equation,  which  has  three  singularities  in  the  finite 
part  of  the  plane  and  for  which  infinity  is  an  ordinary  point,  in  the  form 
given  in  §  49,  so  that,  by  §  53, 


where  +  =  (z-  aj  (z  -  a2)  (z  -  a,),  and  \  =  ^  (a  -  a'),  X2 = ^  (/3  -  #),  X3 = ^  (y  -  y') ; 
discuss  the  possibilities  of  algebraic  integrability  for  the  values 

^l  =  3>       ^2  =  1>>       ^3  =  2- 

In  particular,  shew  that,  if  et2=  -  1,  a3  =  0,  then 

«!=-W-  (Klein.) 
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EQUATIONS  OF  THE  THIRD  ORDER  WITH  ALGEBRAIC  INTEGRALS. 

63.  When  we  pass  to  the  consideration  of  linear  equations  of 
order  higher  than  the  second  which  are  algebraically  integrable, 
the  discussion  can  be  initiated  in  the  same  way  as  for  equations 
of  the  second  order ;  but  the  detailed  development  proves  to  be 
exceedingly  laborious,  and  it  has  not  been  fully  completed  for 
each  case.  Only  a  sketch  will  here  be  given. 

Dealing  in  particular  with  the  linear  equation  of  the  third 
order,  we  take  it  in  the  form 

w'"  +  3pw"  +  3qw'  +  rw=0, 

where  p,  q,  r  are  rational  functions  of  z,  subject  to  the  limitations 
imposed  by  the  regularity  of  the  integrals  in  the  vicinity  of  each 
singularity  (oo  included).  If  wl)  w2,  w3  denote  three  linearly 
independent  integrals,  we  have  (§  9) 


,     Wa,     W3 


so  that,  as  wlt  w2,  w3  are  algebraic  functions  of  z,  it  follows  that  p, 
a  rational  function  of  z,  must  be  of  the  form 

1  du 


where  u  is  an  algebraic  function  of  z.  This  is  a  first  condition  :  it 
is  the  same  as  for  the  equation  of  the  second  order  (§  61):  and  it 
is  easily  obtained  as  a  universal  condition  attaching  to  any  linear 
equation  which  is  algebraically  integrable. 

Now  substitute  for  w  by  the  relation 


and  let  y1}  y2,  y3  denote  the  three  integrals  corresponding  to 
wlt  wzt  ws;  owing  to  the  character  of  p  and  the  functional 
character  of  the  integrals  w,  the  integrals  y  are  also  algebraic 
functions  of  z.  Thus  the  equation  in  y,  being 
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where 


is   to   be   algebraically   integrable.      Denoting   by   s   and   t   the 
quotients  of  two  integrals  by  a  third,  we  have 


The  quantities  s  and  t  are  algebraic  functions  of  z  for  equations 
of  the  class  under  consideration. 

The  effect  upon  a  fundamental  system,  when  the  independent 
variable  describes  a  circuit  enclosing  one  or  more  of  the  singulari- 
ties, is  represented  by  relations  of  the  form 

FI  =  a  y,  +  b  yz  +  c  y3\ 
Y2  =  a  2/j  +  b'  2/2  +  c'  ys  >  . 
F3  =  a"yi  +  6"y2  +  c"ya  ) 
If  S  and  T  denote  the  corresponding  integral-quotients,  then 

a'  +  b's  +  c't  _  a"  +  b"s  +  c"t 

a  +  bs  +  ct  '  a  +  bs  +  ct 

Now  if  the  equation  is  integrable  algebraically,  there  can  exist 
only  a  limited  number  of  different  sets  of  values  of  the  integrals  ; 
so  that  the  number  of  sets  Yl}  Y2,  Y3  is  finite,  and  the  number  of 
simultaneous  values  of  S  and  T  is  finite.  If  then  we  know  all  the 
homogeneous  linear  groups  in  three  variables,  or  (what  is  the 
same  thing)  all  the  lineo-linear  groups  in  two  variables,  which  are 
finite,  then  each  such  finite  group  determines  its  set  of  values  of 
Y1}  Y2,  Y3  and  the  set  of  values  of  S  and  T,  and  so  it  determines 
a  linear  equation  the  integrals  of  which  are  algebraic:  and  con- 
versely, each  such  linear  equation  is  characterised  by  a  finite 
group. 

64.  In  order  to  utilise  the  method  for  the  present  purpose 
on  the  lines  adopted  for  the  equation  of  the  second  order,  it  is 
necessary  to  deduce  from  the  differential  equation  certain  differen- 
tial invariants  involving  s  and  t,  these  invariants  being  expressed 
in  terms  of  Q  and  R.  This  can  be  done  in  two  ways.  It  is  clear 
that,  as  s  implicitly  contains  five  arbitrary  constants,  it  satisfies  a 
differential  equation  of  order  five;  and  that,  as  t  is  of  the  same 
functional  form  as  s,  it  satisfies  the  same  differential  equation. 
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On  the  other  hand,  as  s  and  4  combined  contain  eight  arbitrary 
constants  implicitly,  it  may  be  expected  that  the  two  differential 
equations,  which  they  satisfy  and  which  will  involve  both  of  them, 
will  be  each  of  the  fourth  order  or  will  be  equivalent  to  two  of 
the  fourth  order.  The  single  equation  is,  for  some  purposes,  the 
more  important  in  the  formal  theory  of  the  linear  equation,  which 
will  be  left  undiscussed ;  for  the  present  purpose,  the  two  equa- 
tions prove  to  be  the  more  important.  Accordingly,  we  substitute 

sy!  for  7/2,     aud     tyl  for  ys, 
in  turn  in  the  equation 


whence,  remembering  that  y±  is  an  integral  of  this  equation,  we 

have 

3s  V  +  3sV  +  (3Qs'  +  s'")  y,  =  0] 

hOtt-o] 


Differentiating  each  of  these  once,  and  substituting  for  y"'  from 
the  linear  equation  which  it  satisfies,  we  have 

6s'V  +  (4>s"f  -  QQs)  y,'  +  {s""  +  3Qs"  +  3  (Q'  -  R)  s'}  y,  =  0) 
64V  +  W  ' 


so  that  there  are  four  equations,  linear  and  homogeneous  in  the 
quantities  y",  y{,  y^  When  the  ratios  of  y"  :  y{  :  yl  are  eliminated 
from  the  first  pair  and  the  first  of  the  second  pair,  we  have 

=  0; 


s"",  4s"',  6s" 
s'",  3s",  3s' 
t'",  3«",  3*' 

-3Q 

s",  2s',    0 
s'",  3s",  3s' 
t'",  3t",  3t' 

-3(E-QO 

s'  ,    0  ,    0 
s'",  3s",  3s' 
t'",  3£",  3*' 

and  when  the  same  ratios  are  likewise  eliminated  from  the  first 
pair  and  the  second  of  the  second  pair,  we  have 

=  0. 


t"",  4tf",  Qt" 
s'",  3s",  3s' 
t'"  ,  3i",  3*' 

-3Q 

t",  2t',    0 
s"',  3s",  3s' 
t'",  3t",  M 

-S(R-Q') 

t'  ,    0  ,    0 
s'",  3s",  3s' 
t'",  34",  34' 

These,  in  fact,  are  the  two  equations,  each  of  the  fourth  order, 
satisfied  by  s  and  t. 

13 
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Suppose  now  that  two  solutions  (other  than  the  trivial  solu- 
tions, s  =  constant,  t  =  constant)  are  known,  say 

s  =  tr,     t=  T. 

Solving   the   first   pair   of  the   foregoing   equations   for  y/  :  yl} 
we  have 

3  (o-'V  -  <r'T")  y/  +  (o-'V  -  0V")  yl  =  0, 

and  therefore 


neglecting  an  arbitrary  constant  arising  as  a  factor  on  the  right- 
hand  side.  Hence  a  fundamental  system  of  integrals  of  the 
original  equation  is 

(o-V  -  <r'r")  ~  J,     a-  (<rV  -  O-'T")  ~  *,     T  (o-V  -  o-V7)  "  * ; 

or  the  original  equation  can  be  integrated  if  two  particular 
solutions  of  the  equations  in  s  and  t  are  known. 

65.  Moreover,  from  the  source  of  the  two  equations  which  serve 
to  determine  s  and  t,  it  is  to  be  expected  that,  when  the  above 
two  (being  any  two)  particular  solutions  s=  <r,  t  =  r,  are  known, 
the  complete  primitive  of  the  two  equations  is 

a'  +  b'<r  +  C'T  a"  +  b"<r  +  c"r 

s  =  -  —j—       — ,     t=—    —j—        -, 
a  +  bo-  +  CT  a+  oa-  +  CT 


where  the  constants  a,  b,  c,  a,  bf,  c',  a",  b",  c"  are  arbitrary  so  far 
as  those  two  equations  are  concerned.  This  result  can  be  stated 
in  a  different  form.  The  two  equations  in  question  can  be  written 

As""  +  4>Bs"  +  60s" - 3Q (As"  +  2Bs')  - 3  (R  -  Q')  As'  =  0, 
At""  +  ±Bt'"  +  6Ct"  -  3Q  (At"  +  250  -3(R-  Q')  At'  =  0, 
where  A,  B,  C  are  the  three  determinants  in 

s'",   3s",   3s 
if",   3t",    3*' 
Now  let 

MI  =  s"   t'  —  s't"   , 

uz  =  s'"  t'  -  s't'"  , 

U3  =  S""  t'  -  S't""  ,       V2  =  *'"  t"  -  S't'", 

ut  =  s'""t'  -  *Y"",    fl3  =  s""t"  -  s't"", 
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so  that 

A  =  911,,     B  =  -3^,     C  =  3v2; 

then  solving  the  preceding  equations  for  Q  and  for  R  —  Q'  in  turn, 
we  find 


"1 

and 


say.  The  latter  equations  may  be  regarded  as  the  equivalent  of 
the  two  equations,  which  have  been  solved  ;  and  therefore  we  may 
expect  that 

fa'  +  b's  +  c't     a"+b"s+  c"t      \_T, 

~     (*'*' 


a"+b"s+c"t 


a+s+ct      \      T, 
'     a  +  bs  +  ct  '  *J  =•'(**,*); 


the  actual  verification,  which  is  comparatively  simple,  is  left  as  an 
exercise.  Clearly  these  are  generalisations  of  the  property  of  the 
Schwarzian  derivative,  represented  by 

fa*  +  6     }      ,      . 
•{  -  7  .  z\  =  \s.  z\. 
\cs  +  d'    J 

The  two  invariant  functions  /  and  J  were  first  indicated*  by 
Painlev£  ;  they  subsequently  were  simplified  to  a  form,  which  is  the 
equivalent  of  the  above,  by  Boulangerf. 

The  invariance  of  the  functions  I  and  J,  as  indicated,  exists 
for  lineo-linear  transformation  of  s  and  t.  There  is  also  an 
invariance  for  any  transformation  of  the  independent  variable  z  ; 
for  we  easily  find  the  equations 


J(a,  t,  z}  =  J(s,  t,  Z) Z'3-9I (s,  t,  Z) Z'Z" ~9fa{Z,  *}> 
where  Z  is  any  function  of  z.     Also 

dz 
=  I'(s,  t,  Z}  Z'3  +  27 (s,  t,  Z)  Z'Z"  +  2JJ-{Z,z}, 

*  Comptes  Rendus,  t.  civ  (1887),  p.  1830. 

t  See  his  These,  Contribution  a  VStude  des  Equations  diffgrentielles   lintairet 
et  homogenes  inttgrables  alg6briquement,  (Paris,  Gauthier-Villars,  1897). 
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and  therefore 

J(a,  t,  z)  +  \I'  (s,  t,  z)  =  [J(s,  t,  Z)  +  f  /'  (s,  t,  Z)]  Z'\ 
or 

J(s,  t,  *)  +  $/'(*,  t,z) 

is  an  invariant  for  any  change  of  the  independent  variable  z. 
Dropping  a  numerical  constant,  this  is  the  function 


which  is  the  known  Laguerre  invariant  in  the  formal  theory  ;  that 
is*,  if  the  equation 


be  transformed,  by  the  relation 

y~ 
to  the  form 

d3T     on  dY 

dz-*  +  3Q>dz 

then 


As  the  transformation 


\dz 


leaves  the  quotient  of  two  integrals  transformed  only  as  by  a 
lineo-linear  substitution,  it  follows  that  the  preceding  function,  say 

L  (s,  t,  z)  =  J(s,  t,  z}  +  f /'  (s,  t,  z}, 

is  unchanged  by  lineo-linear  transformations  effected  on  s,  t; 
also,  except  as  to  a  factor  Z'3,  it  is  unchanged  by  transformation 
effected  on  the  independent  variable.  Now 

/  .  / 

so  that  we  have 


*  See  a  paper  by  the  author,  Phil.  Trans.  (1888),  pp.  383,  390.  Laguerre's 
invariant  was  first  announced  in  two  notes,  Comptes  Rendus,  t.  LXXXVIII  (1879), 
pp.  116—119,  224—227. 
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which  is  the  full  expression  of  Laguerre's  invariant  in  terms  of 
the  derivatives  of  s  and  t. 

66.  The  next  stage  is  to  associate  these  invariants  with  the 
algebraic  equations  in  two  variables,  which  admit  of  one  or  other 
of  the  finite  groups.  These  groups  have  been  obtained  by  Jordan* 
and  Valentinerf  ;  and  references  to  other  writers  are  given  by 
BoulangerJ.  A  method  of  using  the  results  is  outlined  by  Pain- 
lev^  §  as  follows. 

Let  <j>(s,  t),  "^-(s,  t)  denote  two  irreducible  invariant  functions 
of  a  finite  group  of  order  N;  the  functions  are  given  by  Klein  ||  for 
the  group  of  order  168,  and  by  Boulanger  (I.e.)  for  the  group  of 
order  216.  As  these  functions  are  invariable  for  each  substitution 
of  the  group,  and  as  s,  t  are  algebraic  functions  of  z,  it  follows 
that  <£  and  ty  are  rational  functions  of  z,  say 


Conversely,  taking  3>  and  W  to  be  arbitrary  rational  functions  of  z, 
these  two  equations  give  rise  to  N  sets  of  simultaneous  values 
of  s  and  t  as  algebraic  functions  of  z;  and  if  any  one  set  of 
values  be  represented  by  a;  r,  all  the  others  are  obtained  on 
transforming  a  and  r  by  all  the  N  —  1  substitutions  of  the  group 
other  than  the  identical  substitution.  These  two  equations  are 
used  to  obtain  the  first  four  derivatives  of  s  and  t  with  regard  to  z  ; 
and  with  these  derivatives,  the  two  invariants 

/  (s,  t,  z),     J  (s,  t,  z) 

are  constructed.  The  functions  so  formed  involve  derivatives  of 
<E>  and  ¥  ;  and  the  coefficients  of  these  quantities  are  rational  in 
the  derivatives  of  <f>  (s,  t)  and  ty  (s,  t).  As  7  and  J  are  invariantive 
for  the  group,  the  coefficients  specified  are  rational  functions  of  8 
and  t,  which  must  be  invariantive  for  the  group  and  are  therefore 
rationally  expressible  in  terms  of  <f>  and  ty,  that  is,  in  terms  of  <I> 

*  Crelle,  t.  LXXXIV  (1878),  pp.  89  —  215;  Atti  delln  R.  Accad.  di  Napoli,  i.  vra 
(1879),  No.  11. 

t  Kjjb.  Vidensk.  Selsk.  Skr.,  6  R.,  t.  v  (1889),  pp.  64—235. 

J  In  the  These,  already  cited  on  p.  195,  note. 

§  Comptes  Rendus,  t.  civ  (1887),  pp.  1829—1832,  ib.  t.  cv  (1887),  pp.  58—61. 

||  Math.  Ann.,  t.  xv  (1879),  pp.  265—267. 
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and  S^.     Thus  I(s,  t,  z)  and   J(s,  t,  z)  would   be   expressed   as 
rational  functions  of  z.     Accordingly,  taking 


we  have  the  differential  equation 


The  earlier  investigations  shewed  that  its  integi'als  are  expressible 
in  terms  of  s,  t,  and  their  derivatives  ;  and  we  thus  have  a  method 
of  constructing  all  the  linear  differential  equations  of  the  third 
order  which  are  integrable  algebraically.  There  is  a  double 
arbitrary  element  for  each  group,  viz.  the  arbitrary  forms  of  the 
rational  functions  <E>  and  ^  ;  and  there  is  a  limited  number  of 
groups. 

67.  While  this  outline  is  simple  enough  in  general  descrip- 
tion, the  application  to  particular  cases  requires  extremely  elabo- 
rate calculations.  These  have  been  effected  by  Boulanger  for  the 
group  of  order  216  ;  they  do  not  appear  to  have  been  yet  effected 
for  any  one  of  the  other  groups.  As,  however,  the  enumeration 
of  the  finite  groups  in  two  quantities  s  and  t  is  complete,  the 
subject  offers  an  interesting,  if  a  laborious,  field  of  investigation. 

In  the  absence  of  the  complete  table  of  equations,  for  all  the 
finite  groups  and  for  two  arbitrarily  assumed  functions  <I>  and  >P, 
it  is  not  possible  to  use  a  method,  analogous  to  that  of  §  62,  to 
determine  whether  a  given  equation  of  the  third  order  is  algebrai- 
cally integrable  or  not  :  it  is  not  even  possible  to  recognise  to 
which  of  the  groups  it  would  belong  if  it  were  algebraically 
integrable.  Indications  of  two  general  methods  of  procedure  have 
been  given  by  Painleve  and  have  been  developed  to  some  extent 
by  Boulanger;  but  the  methods,  while  general  in  description, 
suffer  from  the  same  kind  of  difficulty  as  the  method  indicated 
for  the  construction  of  the  equations,  for  the  calculations  are 
exceedingly  laborious.  We  have  seen  that,  if  two  particular 
values  of  s  and  t,  say  a-  and  r,  are  known,  then  an  integral  of 
the  differential  equation  is  given  by 
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Hence,  if  we  take 

y 

u=2-  , 

v,  y 

we  nave 

.  <r"Y  -  oV" 


<7    T    —  O-  T 


so  that  the  number  of  values,  which  u  can  acquire,  is  equal  to  N 
or  to  a  subraultiple  of  N,  where  N  is  the  order  of  the  associated 
group:  let  the  number  of  values  be  n.  Now  if  y  is  algebraic, 
every  zero  of  y  and  every  infinity  of  y  are  of  a  finite  order,  which 
is  commensurable  in  every  instance  ;  and  therefore  all  the  infinities 
of  u  are  simple  poles  with  commensurable  residues.  Substituting 
for  u  in  the  equation 


we  find 

u"  +  3uu'  +  us  +  3Qu  +  R  =  0t 

a  non-linear  equation  of  the  second  order  satisfied  by  u.  This 
equation  renders  it  possible  to  test  the  character  of  the  poles  and 
the  residues  of  u.  If  these  are  of  the  appropriate  type,  then  the 
equation  is  satisfied  by  a  relation  of  the  form 


A0un  +  A^-1  +  ...  +  An^u  +  An  =  0, 

where  A0,  Ait  ...,  An  are  polynomials  in  z,  and  A0  is  the  product 
of  the  factors  corresponding  to  the  poles  of  u.  Then  there  is  the 
further  test  that  this  algebraic  function  u  must  be  such  that 


is  algebraic.     Manifestly,  the  calculations   will  generally  be  too 
elaborate  to  make  the  method  effective  in  practice. 


EQUATIONS  OF  THE  FOURTH  ORDER. 

68.  As  pointed  out*  by  Painleve,  the  processes  just  indicated 
can  formally  be  applied  to  linear  equations  of  any  order :  but  of 
course,  if  any  advance  towards  final  conditions  is  to  be  made,  it  is 
necessary  to  know  all  the  finite  lineo-linear  groups  of  transforma- 
tions iu  a  number  of  variables  less  by  one  than  the  order  of  the 

*  Comptf.s  Rendus,  t.  cv  (1887),  p.  59. 
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equation.  Towards  this  enumeration  of  groups  in  three  varia- 
bles, which  are  associated  with  the  linear  equation  of  the  fourth 
order,  Jordan*  has  constructed  a  characteristic  numerical  equation 
which,  when  completely  resolved,  would  indicate  the  order  and 
the  composition  of  each  such  group  :  but  the  resolution  is  exceed- 
ingly long  and,  owing  to  the  number  of  cases  that  must  be 
considered,  it  has  not  been  completed.  In  these  circumstances, 
no  detailed  results  of  a  final  critical  character  can  be  obtained  for 
an  equation  of  the  fourth  order  or  of  any  higher  order  :  the  only 
results  obtainable  are  of  a  general  character,  and  arise  through  the 
association  of  groups  in  general  with  linear  equations. 

The  equation  of  the  fourth  order,  which  may  be  written 
w""  +  4>pw'"  +  6qw"  +  4>rw'  +  sw  =  0, 

can  be  transformed  by 

wefpdz  =  y 
into 


We  denote  a  system  of  four  integrals  by  ylt  y2,  y3,  yt,  and  we 
introduce  three  quotients  s,  t,  u,  such  that 


then  s,  t,  u  are  simultaneous  solutions  of  three  equations  of  the 
fifth  order  in  the  derivatives.  If  <r,  T,  v  are  a  special  set  of 
solutions,  then 

2A  = 

T'",      T",      T 

///          // 
V     ,     V   ,      V 

and 

2/2  =  2/i°"»     2/3  =  2AT>     2/4  =  2/i"- 

The  complete  primitive  of  the  three  equations  is  of  the  form 
s  t  u 


a'  +  b'a-  +  c'r  +  d'v      a"  -f  b"<r  +  C"T  +  d"v      a"  +  b'"cr  +  c'"r  +  d'"v 

1 

a  +  b<r  +  cr  +  dv  ' 

*  Atti  della  E.  Accad.  di  Napoli,  t.  vin  (1879),  No.  11,  p.  25;  instead  of 
dealing  with  lineo-linear  transformations  in  three  variables,  Jordan  deals  with 
homogeneous  linear  substitutions  in  four  variables. 
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There  are  three  functions  of  the  derivatives  of  s,  t,  u,  with  regard 
to  z,  which  are  invariantive  for  substitutions  such  as  the  preceding 
relations  expressing  s,  t,  u,  in  terms  of  a-,  r,  v;  and  they  are 
equal  to 


>  t 

dz  dz 

If  the  determinants 

2  ±  (s'"t"u'),   2  ±  (s'YV),   2  +  (slT«"V),   2  ±  (*W) 
be  denoted  by  p,  pl}  p2,  p3  respectively,  then 


say  ;  if,  in  addition,  the  determinants 

2  +  (sivrV),    2  ±  (svt'"uf) 
be  denoted  by  pt  and  /J5  respectively,  then 

dQ\  _  2p6+5p4     p,(6p.+  25pa)       5  /PA3-/  /,  *  „  ^ 

"~    f 


say  ;  and  if  the  determinant  S  ±  (*W)  be  denoted  by  p«,  then 


=  73  (s,  t,  u,  z\ 

say.  The  three  quantities  II  (s,  t,  u,  z\  72  (s,  t,  u,  z),  I3  (s,  t,  u,  z) 
are  unchanged  when  lineo-linear  substitutions  are  effected  on 
s,  t,  u  ;  and  the  combinations 

•*2        2  *1  > 
7-1.97'        47"  "  —   *    T"2 

J3  +   Zi2    —  f  ./!      —  -J5  Ii  , 

are  also  unchanged,  except  as  to  a  power  of  Z',  when  z  is  replaced 
by  Z,  any  function  of  z. 

The  proofs  of  these  various  statements  are  left  as  exercises. 
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EQUATIONS,  HAVING  ALGEBRAIC  INTEGRALS,  ASSOCIATED  WITH 
HOMOGENEOUS  FORMS. 

69.  It  has  already  (§  58)  been  stated  that  the  discussion  of 
the  equations,  which  have  algebraic  integrals,  has  been  associated 
with  the  theory  of  homogeneous  forms :  the  association  can  be 
seen  to  occur  as  follows. 

Using  the  preceding  notation  of  §§  63 — 66  for  the  quantities 
connected  with  any  linear  equation  of  the  third  order,  we  denote 
by  s  and  t  the  quotients  of  any  two  by  the  third  out  of  any  three 
linearly  independent  integrals  of  the  equation 

dz3  dz 

If,  then,  all  the  integrals  of  this  equation  are  algebraic,  both  s 
and  t  are  algebraic  functions  of  z ;  they  may  therefore  be 
regarded  as  determined,  in  the  most  general  case,  by  a  couple  of 
distinct  algebraic  equations,  say 

or  by 

g1(s,z)  =  0,       ff,(t,z)=0. 

Eliminating  z  between  the  pair  of  equations  in  whichever  form 
they  are  taken,  we  obtain  a  relation  of  the  type 

where  F0  is  a  non-homogeneous  polynomial  in  s  and  t,  because  it 
is  the  eliminant  of  two  polynomials.  Replacing  s  and  t  by  y2  -=-  t/i 
and  2/3  -f-  y1  respectively,  and  multiplying  by  the  proper  power  of 
y1  to  free  the  equation  from  fractions,  we  have 

where  F  is  a  homogeneous  polynomial  in  its  arguments  or,  in 
other  phrase,  is  a  ternary  form  in  yl}  y2,  y3. 

Further,  the  above  form  of  equation  is  obtained  from 
d3w       ,    d*w       .    dw 


-          rw  = 
dz 


by  the  transformation 
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and  therefore 

=  0, 


that  is, 

F(wlf  w9,  w3)  =  0, 

on  rejecting  the  factor  em^dz,  which  occurs  because  F  is  a  ternary 
form  (say)  of  order  m.  Hence  it  follows  that  when,  the  integrals  of 
a  linear  equation  of  the  third  order  are  algebraic  functions,  a 
homogeneous  relation  of  finite  order  exists  among  any  three  linearly 
independent  integrals. 

Moreover,  when  any  other  set  of  fundamental  integrals  Ylt  F2, 
Y3  is  taken,  we  know  that 

+  a3Y3  ' 


3/3=  dj.  +  c2 

where  the  coefficients  a,  b,  c  are  constants.  The  variables  in  the 
homogeneous  ternary  form  are  therefore  subject  to  linear  trans- 
formation; and  thus  the  theory  of  ternariants  can  be  associated 
with  those  homogeneous  linear  equations  of  the  third  order,  which 
have  their  integrals  algebraic.  The  various  cases  will  arise 
according  to  the  order  of  the  form  F;  this  order  is  always 
greater  than  unity,  because  the  integrals  considered  are  linearly 
independent. 

If,  still  further,  we  choose  to  combine  the  geometry  of  the 
ternary  form  with  the  form  in  its  association  with  the  equation, 
then  the  preceding  algebraic  relation  F  =  0  is  the  equation  of  an 
algebraic  plane  curve  referred  to  homogeneous  coordinates  :  the 
curve  is  usually  called  the  integral  curve. 

We  may  proceed  similarly  with  an  equation  of  the  fourth 
order 

d3w      ,    d*w      .    dw 


when  all  its  integrals  are  algebraic.     If  we  choose,  we  may  trans- 
form it  by  the  relation 

_  y  • 
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the  quantity  elpdz  must  be  algebraic,  because 


W3    ,       W4 

w3  ,     w4 
ws" ,     w4 


where   C  is  a  non-vanishing  constant  ;    and  the  equation  in  y, 
which  is  of  the  form 


has  all  its  integrals  algebraic.  Taking  any  four  linearly  inde- 
pendent solutions  2/1(  t/2,  2/s>  y\,  and  writing 

pyi  =  2/2,     o-^i  =  ys,     r^  =  y4, 

then  as  p,  a-,  r  are  algebraic  functions  of  z,  they  must  be  given 
by  three  equations  of  the  form 

/  (p,  cr,  r,  z)  =  0,    /2  (p,  <r,  T,  z)  =  0,    /3  (p,  <r,  T,  z)  =  0, 

or  of  simpler  equivalent  forms,  which  are  completely  algebraic  in 
character.  Eliminating  z  between  the  first  and  second,  and  also 
between  the  first  and  third,  and  taking  the  eliminants  in  a  form 
free  from  irrational  quantities  if  these  occur,  we  have  two 
equations 

F0(p,  a,  r)  =  0,     GQ(p,  <r,  r)  =  0, 

two  non-homogeneous  polynomials  in  p,  cr,  T.  Replacing  these 
quantities  by  their  values  in  terms  of  ylt  y2,  ys,  y4,  and  multiplying 
each  equation  by  the  power  of  ylt  appropriate  to  free  it  from 
fractions,  we  find 


i  ,2/2,2/3,  2/4)  =  0. 

where  F  and  G  are  homogeneous  polynomials  in  their  arguments 
or,  in  other  phrase,  are  quaternary  forms  in  ylt  y2»  ys>  y±-  -A-8  in 
the  case  of  the  cubic,  these  equations  imply  the  further  equations 

F(wlt  w2,  w3,  wt)  =  0 
G  (wlt  w2,  w3,  wt)  =  0 

so  that,  when  the  integrals  of  a  homogeneous  linear  equation  of  the 
fourth  order  are  algebraic  functions,  two  homogeneous  relations  of 
finite  order  exist  amang  any  four  linearly  independent  integrals. 
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Again,  when  the  variables  ylt  y%,  ys,  y4  are  replaced  by  any 
other  set  of  fundamental  integrals  Ylt  Y2,  Y3,  Y4,  the  two  sets  of 
variables  are  connected  by  homogeneous  linear  relations :  and 
thus  the  theory  of  quaternariants  can  be  associated  with  those 
homogeneous  linear  equations  of  the  fourth  order  which  have 
their  integrals  algebraic.  The  various  cases  will  arise  according 
to  the  orders  of  the  forms  F  and  G;  these  orders  are  always 
greater  than  unity,  because  the  integrals  y1}  yz,  ys,  y4  are  linearly 
independent. 

We  may  also  combine  the  geometry  of  quaternary  forms  with 
the  forms  themselves  as  associated  with  the  equation.  In  that  case, 
each  of  the  equations  F=0,  G  =  0  is  the  equation  of  a  non-planar 
surface  in  three  dimensions  referred  to  homogeneous  coordinates : 
the  two  equations  combined  determine  a  skew  curve,  which  ac- 
cordingly is  the  integral  curve. 

Similarly,  in  the  case  of  equations  of  the  fifth  order,  of  which 
all  the  integrals  are  algebraic,  we  have  three  homogeneous  non- 
linear relations  among  any  fundamental  set  of  integrals ;  and  there 
are  corresponding  associations  with  the  theory  of  homogeneous 
forms  in  five  variables  and  the  allied  geometry.  And  so  also  for 
linear  equations  of  higher  orders. 

Note  1.  There  cannot  be  two  homogeneous  relations  among  a 
set  of  three  linearly  independent  integrals  of  an  equation  of  the 
third  order :  for  they  would  determine  a  limited  number  of  sets  of 
constant  values  for  the  ratios  y±  :  y2 :  ys,  contrary  to  the  postulate 
of  linear  independence. 

Similarly,  there  cannot  be  three  homogeneous  relations  among 
a  set  of  four  linearly  independent  integrals  of  an  equation  of  the 
fourth  order:  for  their  existence  would  imply  a  corresponding 
contradiction  of  the  same  postulate.  And  so  for  other  equations 
of  higher  orders. 

It  might  however  happen  that,  for  an  equation  of  the  fourth 
order,  only  a  single  homogeneous  relation  exists  among  four 
linearly  independent  integrals ;  that,  for  an  equation  of  the  fifth 
order,  the  number  of  homogeneous  relations  among  a  fundamental 
set  of  integrals  is  less  than  three  ;  and  so  on.  If  the  relations  thus 
given  in  each  of  the  respective  cases  are  the  maximum  number  of 
homogeneous  relations  that  can  exist,  we  can  infer  that  not  all 
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the   integrals   of  the  respective  equations  are  algebraic:    and  a 
question  arises  as  to  the  significance  of  the  respective  relations. 

Note  2.  The  converse  of  the  general  argument  must  not  be 
assumed  valid  :  that  is  to  say,  the  existence  of  a  homogeneous  rela- 
tion between  the  members  of  a  fundamental  system  of  integrals 
of  an  equation  of  the  third  order  is  not  sufficient  to  ensure  the 
property  that  all  the  integrals  are  algebraic.  Thus  we  know 
that  a  number  of  transcendental  functions  of  a  variable  can  be 
connected  by  algebraic  relations  :  and  such  instances  are  not  the 
only  possible  exceptions. 

70.  The  preceding  method  of  associating  the  theory  of  forms 
with  linear  equations  does  not  apply  directly  when  the  equation 
is  of  the  second  order  :  for  a  homogeneous  relation  between  two 
integrals  would  imply  one  or  other  of  a  limited  number  of  con- 
stant values  for  the  ratio  of  the  integrals,  which  accordingly 
could  not  be  linearly  independent.  This  deficiency,  however,  is 
rendered  relatively  unimportant,  because  Klein's  method  explained 
in  §§  59  —  62  for  the  equation  of  the  second  order  gives  the 
complete  solution  of  the  question  propounded  as  to  the  cases 
when  all  its  integrals  are  algebraic.  The  results  there  given 
can  be  (and  have  been)  obtained  by  processes  directly  connected 
with  the  theory  of  binary  forms.  After  the  preceding  exposition, 
the  analysis  is  mainly  of  formal  interest,  and  adds  little  to 
the  knowledge  of  the  solutions  regarded  as  functions  of  the 
independent  variable. 

It  will  be  sufficiently  illustrated*  by  one  or  two  examples. 

Ex.  1.     We  take  the  differential  equation  in  the  form 


and  consider  the  value  of  a  homogeneous  polynomial  function  of  two  integrals 
yl  and  y%,  linearly  independent  of  one  another.  Let  this  polynomial  be  of 
order  n,  and  write 


*  For  fuller  discussion  and  details,  see  Fuchs,  Crelle,  t.  LXXXI  (1876),  pp.  97 — 
142,  ib.,t.  LXXXV  (1878),  pp.  1—25;  Brioschi,  Math.  Ann.,  t.  xi  (1877),  pp.  401—411; 
Forsyth,  Quart.  Journ.,  t.  xxin  (1889),  pp.  45 — 78. 

A  memoir  by  Pepin, "  Methode  pour  obtenir  les  integrates  algebriques  des  Equations 
differentielles  lineaires  du  second  ordre,"  Rom.  Ace.  P.  d.  N.  L.,  t.  xxxiv  (1882), 
pp.  243 — 389,  may  also  be  consulted  with  advantage. 
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say,  where  *  is  the  quotient  y^y^.    When  substitution  is  made  for  yl  and 
y.2  in  terms  of  x,  let  the  value  of/  be  <£  (x\  so  that 


Now  ifH(yl,yz)=ff(f)  be  the  Hessian  of/,  and  if  H(u)  be  the  Hessian 
of  u,  so  that 


we  have 


We  have  also 
say,  so  that 


Cvi/1  CilJn  _ 

^2  j    -  #  i  j    =  constant  =  C, 
dx          dx 


Now 

hence 

n  dyz      C  I  d  u  _  1  dcfr 
yz  dx     y£  u  ds     <£  dx  ' 

Differentiating,  and  substituting  for  the  second  derivative  of  y2,  we  have 
V  -  —  ^  -  —     - 


-  —         -  —     - 
y23  dx  u  ds     y£       ds*  dx2 

Multiply  by  %,  and  add  the  squares  of  the  sides  of  the  preceding  equation 
then 


The  coefficient  of  C2y2~*  on  the  left-hand  side  is 

n  d?u  .  .  1     du* 


so  that 

dzd>     n-l 


thus  expressing  the  Hessian  in  terms  of  functions  of  x  :  let  this  be  written 
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If  now  *  (yj  ,  y2)  denote  the  cubicovariant  of/,  so  that 


then,  proceeding  in  a  similar  way,  we  find 


And  so  for  other  covariants. 

As  a  special  case*,  let  it  be  required  to  find  the  value  of  <£,  if  when  the 
binary  form  is  the  quadratic 


(f>  (#)  is  a  root  of  some  rational  function  of  x.     In  this  instance, 


a  constant  ;  hence  <£  (x)  is  either  a  rational  function,  or  is  the  square  root  of 
a  rational  function.     The  integration  is  immediate  ;  for 


=  Cdx, 
whence 

ds  Cdx 


aj«  +  a2      (f>  (x)  ' 

The  value  of  s  is  thus  known  :  and  the  consequent  values  of  yl  and  y2  are 
immediately  givent. 

Ex.  2.     Shew  that,  if  the  integrals  of  the  equation 


are  such  that 


and  <£  is  a  root  of  some  rational  function  of  x,  then  (f>*  must  be  rational ;  and 
obtain  the  relation  between  /  and  <f>  (#). 

Ex.  3.     The  integrals  of  the  equation 


are  such  that 

K>  ai>  «2>  «s»  «4$yi>  ^2)4  =  0  (*)» 

and  <^>  (x)  is  a  root  of  some  rational  function  of  x  ;  shew  that,  unless  0  (x}  is 
actually  rational,  the  quadrinvariant  of  the  binary  quartic  must  vanish.  In 
either  case,  find  the  relation  between  /  and  (f>  (x).  (Brioschi.) 

*  Fuchs,  Crelle,  t.  LXXXI  (1876),  p.  116. 

t  See  my  Treatise  on  Differential  Equations,  §  62. 
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Ex.  4.    Find  the  value  of  7  in  the  equation 


when,  in  the  relation 

a 

connecting  two  integrals,  the  function  0  is  supposed  known. 
Ex.  5.     Shew  that,  if  two  integrals  of  the  equation 


are  connected  by  a  relation 
A 
where  A,  B,  C,  D  are  constants,  then 


Assuming  the  condition  satisfied,  integrate  the  equation.  (Appell.) 

Ex.  6.     Two  integrals  of  the  equation 


are  connected  by  a  relation  of  the  form 
Ayf  +  Byfy2  +  Cy 
where  A,  B,  C,  D,  E  are  constants  :  prove  that 


Shew  that  the  quantity  on  the  left-hand  side  of  this  conditional  equation  is 
invariantive  for  change  of  the  independent  variable  ;  and  hence,  assuming 
the  condition  satisfied,  shew  that  the  equation  can  be  transformed  so  as  to 
become  a  particular  case  of  Lamp's  equation  (Chap.  ix).  (Appell.) 


EQUATIONS  OF  THE  THIRD  ORDER  AND  TERNARIANTS. 

71.     Returning  now  to  the  differential  equation  of  the  third 
order  in  the  form 


and  supposing  that  all  its  integrals  are  algebraic,  we  proceed  to 
consider  the  equation 


F.    IV. 
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where  F  is  a  homogeneous  polynomial  in  any  three  linearly 
independent  integrals.  For  this  purpose,  it  will  be  convenient 
to  have  an  equivalent  simpler  form  of  the  equation  which  is  given 
by  a  known  transformation*,  viz.  we  have 

d3u     j. 

where 

dt  T(dt\3  3dQ       ,      ,      30 

y-r=u,     /  f-j-i  **•"  — f  ji     {fr>sj=4y. 
9  dz  \dz)  2  dz 

If  we  take 

dz~ 
the  last  of  these  relations  may  be  replaced  by  the  equation 


The  equation  among  any  three  integrals  is 

F(ult  MS,  O  =  0. 

Consider  the  simplest  case  ;  it  arises  when  n  =  2,  so  that  F  is 
then  a  quadratic  polynomial  involving  six  terms.     Writing 

au  =  a^  +  tt2M2  +  asii3, 

where  a1(  a2,  a3  are  umbral  symbols,  the  equation  can  be  symbolic- 
ally represented  by 

a«2  =  0. 
We  have 

auau,  =  0, 

«M««"  +  «M'2  =  0, 

where   u'  is   du/dt,  and   so   for   u".     Differentiating   again,   and 
replacing  u"'  by  —  lu,  we  have 

3aM/aW"  =  0, 


that  is, 

u"  —  0, 


on  using  the  original  equation.     Similarly,  on  differentiating  this 
result, 

-  Iauau>  +  au»'2  =  0, 
that  is, 

aM»2  =  0, 

*  See  a  paper  by  the  author,  Phil.  Trans.,  (1888),  p.  441. 
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on  using  the  first  derivative  of  the  original  equation.  Differen- 
tiating once  more,  we  have 

Iauau'i  =  0, 

so  that  either  /=  0  or  auau"  =  0. 

If  /  is  not  zero,  then  we  must  have 

auau»  =  0, 
and  therefore,  by  the  second  derivative  of  the  original  equation, 

av?  =  0. 

Hence,  on  the  present  hypothesis,  we  have 
au2  =  0,     auau<  =  0,     aM/2  =  0,     auau»  =  0,     aW'aM»  =  0,    aw//2  =  0. 

Now  each  of  these  equations  is  linear  and  homogeneous  in  the 
six  real  coefficients  that  occur  in  aw2;  eliminating  these  coeffi- 
cients, we  obtain,  as  equal  to  zero,  a  determinant  which  is  the 
fourth  power  of 

L    ,      ^2    >     U3 

'         11  '         II  ' 
I    )      t"2    )      t*3 


and  the  latter  ought  therefore  to  vanish.  But  because  ult  MJ,  ws 
are  linearly  independent,  this  determinant  (being  the  determinant 
of  a  fundamental  system)  does  not  vanish — it  is  a  non-zero 
constant  in  the  present  case.  Accordingly,  the  hypothesis  that 
/  is  not  zero  is  invalid. 

Hence  /  =  0 ;    and   therefore,  on   returning   to   the   original 
equation,  we  have 


-4^  =  0. 


Writing 


our  original  equation  becomes 


dz3 


dy 
dz 


dP 


Any  three   linearly   independent   integrals   are   connected   by  a 
quadratic  relation 

f  (2/1  >y*>  2/3)  =  °- 

14—2 
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To  obtain  the  integrals,  we  note  that  one  value  of  u  is  a  constant, 
say  unity  ;  thus 

dz     fa 

y=Tt=*- 

where 


Thus  three  integrals  of  the  original  equation  are  #x2,  6$^  Q£, 
where  0X  and  #2  are  two  linearly  independent  integrals  of  the 
latter  equation  of  the  second  order. 

It  may  be  noted  that   three   independent   integrals   of  the 
w-equation  are  1,  t,  t2',   so  that 

dt  dt  dt 

y^=l>  y*Tz=t>  y'to=*> 

and  therefore 

2/22  -  y$*  =  0, 

thus  verifying  the  existence  of  the  quadratic  relation  obtained  in 
a  canonical  form. 

Assuming  6  known,  we  have 

^_i 

dz  ~  &  ' 

so  that 


and  thus  three  integrals  of  the  original  equation  are 


The  comparison  of  these  integrals  with  0^,  O^,  022  is  immediate; 
for  it  is  a  well-known  theorem  that,  if  0X  is  a  solution  of  an 
equation 


then  another  solution,  which  is  linearly  independent  of  0,,  is  given 
by 


Denoting  this  by  0.2,  the  above  three  integrals  are  at  once  seen  to 
be  6f,  6A,  #2*. 
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Ex.  1.     Prove  that,  if  u  be  a  solution  of  the  equation 

S+>2+»S*-* 

the  primitive  can  be  expressed  in  the  form 

y  =  Au  +  Buexp(a  I  —  ]  +  (7wexp(  —a  I  —  J, 

where  Ay  B,  0  are  arbitrary  constants,  and  a  is  a  determinate  constant. 
What  is  the  primitive  when  a  vanishes  ?  (Math.  Trip.  Part  I,  1895.) 

Ex.  2.     Prove  that,  if  three  linearly  independent  integrals  of  the  equation 


be  connected  by  a  relation  F(y\,  y2>  Ms)  —  ®)  where  F  is  a  homogeneous 
polynomial  of  the  third  degree,  then  I  must  satisfy  the  equation 

(56/'2-48//")  /'" 


2   35   72 

-  7  .  362/2/'/"  +  842//'3  +          '      V  =  0. 
SSu 

Ex.  3.     Prove  that,  if  both  the  fundamental  invariants*  of  an  equation  of 
the  fourth  order  vanish,  so  that  it  can  be  taken  in  the  form 

/"'  +  lOPy"  +  lOPy  +  (3P"  +  9P2)  y  =  0, 

then  four  linearly  independent  integrals  are  given  by  0t3,  $i2$2>  $i$22>  ^23> 
where  61  and  ^2  are  linearly  independent  integrals  of 


Shew  also  that,  if  the  relations 


*  These  arise  in  the  same  manner  as  for  the  cubic.    If  the  equation 


be  transformed  by  the  relations 


into 


and  the  fundamental  invariants  are   Q8,  ^-2^8.     See  my   memoir    quoted 
p.  210,  note. 


214  EQUATIONS   OF   THE   THIRD   ORDER  [71. 

subsist  among  four  linearly  independent  integrals  of  an  equation  of  the 
fourth  order,  (so  that  the  integral  curve  is  a  twisted  cubic),  the  equation 
must  be  of  the  above  form. 

Ex.  4.  Construct  the  equation  of  the  fourth  order  having  6$lt  ^i<^>2» 
02$i  >  ^2^2  f°r  a  se^  °f  linearly  independent  integrals,  where  6l  and  #2,  <j>i  and 
<£2  ,  are  linearly  independent  integrals  of  the  respective  equations 

« 

Hence  infer  the  form  of  a  quartic  equation  when  a  single  homogeneous 
quadratic  relation  subsists  among  a  fundamental  system  of  integrals. 

Ex.  5.     Shew  that  the  equation 

y»"  +  ry'"  +  4s/'  +  (6s'  +  4rs)  y'  +  2  («"  +  rs')  y  =  0 
is  satisfied  by  y  =  ffi,  where  6  is  an  integral  of 


and  hence  integrate  the  equation.  (Fano.) 

Ex.  6.     Shew  that,  if  five  linearly  independent  integrals  of  an  equation  of 
the  fifth  order  are  connected  by  the  relations 


#2,       2/3, 


the  equation  can  be  taken  in  the  form 


=  0, 


GuvC   CtX 

and  thence  integrate  the  equation  as  far  as  possible.  (Fano.) 

72.     Consider  now  the  more  general  case  when  three  linearly 
independent  integrals  of  the  equation 


are  connected  by  an  irresoluble  relation 

f(y1,  ya,  2/s)  =  0, 

where  F  is  a  homogeneous  polynomial  of  order  greater  than  two : 
the  question  is  as  to  the  character  of  the  integrals  of  the  equation. 
For  the  discussion,  it  is  assumed  that  the  differential  equation 
has  its  integrals  regular  and  free  from  logarithms :  it  thus  is  of 
Fuchsian  type. 

Let  K  denote  any  non-evanescent  covariant  of  the  quantic 
such  a  covariant  is  the   Hessian,  which  would  vanish  only  if  F 


72.]  AND  TERNARIANTS  215 

contained  a  linear  factor.  Let  z  describe  any  contour,  which 
encloses  any  one  of  the  singularities,  and  return  to  its  initial 
value;  the  effect  upon  the  fundamental  system  of  integrals  y1}  y2, 
y3  is  to  change  them  into  another  fundamental  system  Ylt  Fa,  Y3, 
the  two  systems  being  connected  by  relations 

Yr  =  ary,  +  0ry2  +  yry3,  (r  =  1,  2,  3). 

The  determinant  of  the  coefficients  a,  /9,  7  (say  A)  is  different 
from  zero  in  every  such  case  ;  in  the  present  case,  owing  to  the 

d2v 
absence  of  the  term  in  -^  from  the  equation,  we  have  (§  14) 

A  -I, 

by  Poincare"s  theorem. 

Now  the  preceding  relations  constitute  a  linear  transformation 
of  the  variables  in  the  foregoing  homogeneous  forms  ;  hence  if  p 
be  the  index  of  K,  and  K  denote  the  same  function  of  Yly  F2,  F3 
as  K  is  of  y1}  y2,  ya,  we  have 


for  p  is  necessarily  an  integer.  It  thus  appears  that  the  value  of 
K  is  unaltered  by  the  description  of  the  contour. 

This  holds  for  each  of  the  singularities,  as  well  as  for  z  =  oo  ; 
hence  K,  when  expressed  as  a  function  of  z,  is  a  uniform  function. 
To  obtain  the  form  of  K  in  the  vicinity  of  any  singularity  a,  we 
take  account  of  the  fact  that  the  equation  is  of  Fuchsian  type  : 
hence  in  the  vicinity  we  have,  for  any  integral  y, 

(z  —  a)~py  =  holomorphic  function  of  z  —  a, 

where  \p\  is  a  finite  quantity.  Now  K  is  of  finite  order  in  the 
variables  ylt  y2,  y3;  accordingly  substituting  for  them,  and  remem- 
bering that  K  is  a  uniform  function  of  z,  we  have 

(z  —  af-'K  =  holomorphic  function  of  z  —  a, 

where  <r  is  an  integer,  positive  or  negative.  This  holds  for  each  of 
the  singularities,  the  number  of  which  is  limited  when  Q  and  R 
are  rational  functions  of  z  ;  it  holds  also  for  z=  oo  .  Hence  K  is 
not  merely  a  uniform  function,  but  it  is  a  rational  function,  of  z. 
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It  therefore  follows  that  every  covariant  of  the  quantic  F  is 
a  rational  function  of  z,  exceptions  of  course  arising  in  the  case 
when  the  covariant  in  an  invariant,  so  that  it  is  a  mere  constant. 

Take  then  any  two  covariants,  say  the  Hessian  H,  and  any 
other,  say  K  :  we  have 


where  cf>  and  ^r  are  rational  functions  of  z.  These  are  three 
algebraical  equations  to  determine  ylt  y2,  y3  in  terms  of  z\  and 
therefore  the  differential  equation  is  integrable  algebraically,  a 
theorem  first  announced*  by  Fuchs. 

A  case  of  exception  arises,  when  the  Hessian  is  a  constant  :  the 
quantic  F  is  then  of  the  second  order  so  that  the  case  has  already 
been  discussed  ;  the  integration  of  the  original  equation  depends 
upon  the  integrals  of  a  linear  equation  of  the  second  order. 

As  an  illustration,  consider  the  equation 


when  a  fundamental  set  of  integrals  is  connected  by  a  homogeneous  cubic 
relation.     We  assume  that  the  equation  is  of  Fuchsian  type. 

Taking  the  cubic  in  the  canonical  form,  we  have 


/  being  a  constant.     The  Hessian  is  a  rational  function,  say  (f>(l  +  8l3)  ;  so 
that 

ff=P(yi3+yf+y& 

and  therefore 


Taking  the  other  symmetric  co  variant  t  of  the  cubic,  which  also  is  a  rational 
function,  we  have 


and  •*•  is  equal  to  a  rational  function  ;  so  that,  taking  account  of  the  above 
value  of  yi3+yz3+y33>  we  can  write 

y\y-i  +yz3ya3  +y33y3  =  V'- 

Thus  ^i3,  y23,  y33  are  the  roots  of 


*  Acta  Math.,  t.  i  (1882),  p.  330. 

t  Cayley,  Coll.  Math.  Papers,  t.  xi,  p.  345. 
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an  irreducible  cubic.  So  far  as  the  coefficients  are  concerned,  they  are  known 
to  be  rational  functions  of  z  ;  the  denominator  of  each  such  function  is  known, 
because  its  factors  arise  through  the  singularities  of  the  equation  and  the 
multiplicity  of  any  factor  can  be  determined  through  the  associated  indicial 
equation  ;  and  the  degree  of  the  numerator  has  an  upper  limit,  determined 
by  the  behaviour  of  the  integrals  for  large  values  of  z.  Hence  <£  and  ^  can 
be  regarded  as  known,  save  as  to  a  polynomial  numerator  in  each  case. 

We  have 


the  last  three  being  obtained,  after  differentiation,  by  repeated  use  of  the 
cubic  equation  for  r),  and  the  quantities  A,  B,  C,  ...  being  functions  of  </>,  ^ 

and  their  derivatives.     Now  writing  y=rfi  in  the  differential  equation,  we 
find 


When  the  above  values  are  substituted  and  the  result  is  reduced  by  means  of 
the  cubic  equation,  so  that  no  power  of  TJ  higher  than  the  second  occurs,  we 
have  an  equation  of  the  form 


where  Y15  Y2,  Y3  involve  $,  ^  and  their  derivatives,  and  are  linear  in  Q,  R. 
As  the  cubic  is  irreducible,  so  that  this  equation  holds  for  each  root,  we  have 

^  =  0,     Y2=0,     Y3  =  0, 

three  equations  to  determine  <£  and  fy.  There  consequently  exists  a  relation 
among  the  remaining  quantities,  viz.  Q  and  R  :  and  this  must  be  equivalent 
to  the  condition  (§  71,  Ex.  2),  which  must  be  satisfied  in  order  that  the 
equation  F=Q  may  exist. 

Similar  results  hold  for  the  cubic  equation,  when  the  homo- 
geneous relation  between  the  integrals  is  of  order  greater  than 
three;  and  corresponding  results  hold  for  linear  differential 
equations  of  higher  orders.  In  fact,  if  a  general  homogeneous 
relation  of  finite  order  higher  than  the  second  subsists  among  a 
fundamental  system  of  integrals  of  a  linear  differential  equation  of 
order  n,  then  the  equation  is  integrable  algebraically:  the  proof 
follows  the  lines  of  the  preceding  proof  exactly. 

This  range  of  investigations  will  not,  however,  be  pursued 
further,  as  it  becomes  mainly  formal  in  character,  depending  upon 
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the  theory  of  covariants  and  upon  the  application  of  the  theory  of 
groups  to  linear  differential  equations.  An  excellent  account  of 
what  has  been  achieved,  together  with  many  references,  is  given 
in  a  memoir*  by  Fano  who  has  made  many  contributions  to  the 
subject ;  a  memoir^  by  Brioschi  contains  some  investigations  con- 
nected with  ternariants;  and  other  detailed  references  are  given 
in  Schlesinger's  treatise  j,  which  contains  an  ample  discussion  of 
the  subject. 

*  Math.  Ann.,  t.  LIU  (1900),  pp.  493—590. 
t  Ann.  di  Mat.,  2»  Ser.,  t.  xin  (1885),  pp.  1—21. 

J  Theorie  der  linearen  Differentialgleichungen,  H,  1  (1897),  pp.  viii — xi.     The 
discussion  is  to  be  found  in  chapters  2  — 6  of  the  tenth  section  of  the  treatise. 


CHAPTER  VI. 

EQUATIONS  HAVING  ONLY  SOME  OF  THEIR  INTEGRALS  REGULAR 
NEAR  A  SINGULARITY. 

73.  IT  has  been  seen  that,  if  all  the  integrals  of  an  equation 
are  to  be  regular  in  the  vicinity  of  each  singularity,  the  coefficients 
in  the  equation  must  be  rational  functions  of  z  of  appropriate 
form  and  degree. 

It  may,  however,  happen  that  the  coefficients  are  rational 
functions  of  z  but  are  not  of  the  appropriate  form  and  degree : 
in  that  case,  it  is  not  the  fact  that  all  the  integrals  are  regular, 
and  it  may  even  be  the  fact  that  none  of  the  integrals  are  regular. 
This  deviation  from  regularity  need  not  occur  at  each  singularity 
of  the  equation :  a  fundamental  system  may  be  entirely  regular  in 
the  vicinity  of  one  (or  more  than  one)  of  the  singularities,  and 
may  not  possess  its  entirely  regular  character  in  the  vicinity  of 
some  other.  The  conditions  necessary  and  sufficient  to  secure 
that  all  the  integrals  are  regular  in  the  vicinity  of  a  singularity  a 
have  already  (Ch.  in)  been  obtained.  If  these  conditions  are  not 
satisfied,  then  the  composition  of  the  fundamental  system  in  the 
vicinity  of  the  singularity  a  is  no  longer  of  an  entirely  regular 
character :  we  desire  to  know  the  deviations  from  regularity. 

It  may  also  happen  that  not  all  the  coefficients  are  rational 
functions  of  z\  in  that  case,  if  uniform,  they  are  transcendental 
functions  and  possess  at  least  one  essential  singularity,  say  c. 
Further,  owing  either  to  a  possibly  excessive  degree  of  the 
numerator  in  a  rational  meromorphic  coefficient  or  to  a  possibility 
that  z  =  oo  is  an  essential  singularity  of  some  one  or  more  of  the 
coefficients,  it  can  happen  that  the  conditions  for  regularity  of 
integrals  near  z  =  oc  are  not  satisfied.  The  fundamental  system 
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is  then  not  entirely  regular  near  c  or  for  large  values  of  \z\,  in 
the  respective  cases  indicated,  and  it  may  even  be  devoid  of  any 
regular  element;  the  same  question  as  to  its  composition  arises 
as  in  the  corresponding  hypothesis  for  the  singularity  a. 

Accordingly,  for  our  present  purpose  we  assume  that  the 
coefficients  in  the  differential  equation  are  everywhere  uniform  : 
that  (unless  as  otherwise  stated)  they  may  have  any  number  of 
poles,  and  that  they  may  have  one  or  more  essential  singularities. 
When  a  is  a  pole  of  one  (or  more  than  one)  of  the  coefficients, 
and  is  not  an  essential  singularity  of  any  of  them,  we  have  one 
of  the  cases  just  indicated  ;  when  oo  is  a  pole  of  coefficients, 
not  being  an  essential  singularity  of  any  one  of  them,  we  have 
another.  We  write 

1 

z  —  a  =  x,     z  =  -  , 
x 

in  these  respective  cases  ;  and  then  our  differential  equation  takes 
the  form 

dmw         dm~lw        dm~*w  dw 


where  the  point  x  =  0  is  a  pole  of  some  (and  it  may  be  of  all)  the 
coefficients.  If  all  the  integrals  were  regular  in  the  vicinity  of 
a;  =  0,  then  xrpr  for  r  =  1,  2,  .  ..,  ra  would  be  a  uniform  function  of 
a;  that  does  not  become  infinite  when  x  =  0.  As  some  of  the 
integrals  are  to  be  not  regular  in  the  vicinity  of  x  =  0,  the 
multiplicity  of  the  origin  as  a  pole  of  pr  must  be  greater  than  r, 
for  some  value  or  values  of  r.  Let 

pr  =  ai-v'Pr(x),  (r  =  l,  ...,m), 

where  wr  is  a  positive  integer  (which  may  be  zero  for  particular 
coefficients),  and  Pr(x)  is  a  uniform  function  of  x  which  does  not 
become  infinite  when  x  =  0  :  also  it  will  be  assumed  that,  unless 
pr  vanishes  identically,  wr  has  been  chosen  so  that  Pr  (0)  does  not 
vanish,  so  that  cjy  measures  the  multiplicity  of  the  pole  of  pr  at 
the  origin.  Then  one  or  more  than  one  of  the  quantities 

-Gjv-r  (r  =  l,  ...,  m) 

is  a  positive  integer  greater  than  zero. 

As  in  §  23,  let 
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and  suppose  that 


is  au  integral  of  the  equation,  regular  in  the  vicinity  of  x  —  0  and 
belonging  to  an  exponent  p  ;  then  it  is  known  (§§  25  —  28)  that 
<j>0  is  a  regular  integral  also  belonging  to  the  exponent  p,  so  that 


where  <£0  is  a  uniform  function  of  x  which  does  not  vanish  when 
x  —  0.  As  this  expression,  when  substituted  for  w,  should  make 
the  equation  satisfied  identically,  the  aggregate  coefficient  of  the 
lowest  power  of  a;  must  vanish  (as,  of  course,  must  all  the  other 
aggregate  coefficients).  The  lowest  power  of  x  in  the  respective 
terms  has  for  its  index 

/z  —  m,  //,  —  Tffl  —  (m  —  1),  /i-OT2  —  (m  —  2),  ...,  p.  —  -srm_l  —  1,  /*  —  vrm: 

and  for  any  other  integral,  belonging  to  an  exponent  <r,  the 
corresponding  numbers  would  be 

a  —  m,  tr-Tv-i  —  (m  —  1),  cr-«r2  —  (m  —  2),  ...,  <r  —  *rm-i-  1,  cr  —  *srm. 

Let 

OTg  +  O-s)=ng,  (s=0,  1,  ...,  w), 

and  consider  the  set  of  integers 

n0)  nlf  ...,  nm. 

Of  these,  let  the  greatest  be  chosen.  It  may  occur  several  times 
in  the  set  ;  when  this  is  the  case,  let  the  first  occurrence  be  at 
Un,  as  we  pass  in  the  order  of  increasing  subscripts,  so  that 

nr<nn    ,  for  r  =  0,  1,  ...,  n-1, 
Un^Un+r,          r  =  0,  1,  ...,  m-n. 

Then  n  is  called*  the  characteristic  index  of  the  equation  :  when 
n  =  0,  all  the  integrals  are  regular. 

The  lowest  power  of  x  after  substitution  of  the  expression  for 
the  regular  integral  has  /*-!!„  for  its  index;   it  arises  through 

d™^1™  and  later  terms  in  the  differential  equation;   as  the 
^n    dzn 
coefficient  of  this  lowest  power  must  vanish,  the  exponent  /*  must 

*  Thom6,  Crelle,  t.  LXXV  (1873),  p.  267. 
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satisfy  an  algebraic  equation  of  degree  m  —  n.  Similarly  for  an 
exponent  o-  to  which  any  other  regular  integral  belongs ;  it  also  is 
a  root  of  the  same  algebraic  equation ;  and  each  such  exponent 
satisfies  that  same  algebraic  equation  of  degree  ra  —  n,  which 
accordingly  is  called  the  indicial  equation.  But  it  must  not  be 
assumed  (and,  in  fact,  it  is  not  necessarily  the  case  when  n  >  0) 
that  the  number  of  regular  integrals  is  equal  to  the  degree  of  the 
indicial  equation.  It  is  clear  that,  in  all  cases  where  n  >  0,  the 
degree  of  the  indicial  equation  is  less  than  ra. 

74.  Suppose  now  that  the  given  differential  equation  of  order 
m  has  a  number  s  of  regular  integrals,  which  are  linearly  inde- 
pendent of  one  another,  where  s  <  m  :  (the  case  s  =  m  has  already 
been  discussed) :  and  that  there  do  not  exist  more  than  s  linearly 
independent  integrals.  After  the  earlier  discussion  of  fundamental 
systems,  it  is  clear  that  any  regular  integral  of  the  equation  is 
expressible  as  a  homogeneous  linear  combination  of  the  s  integrals, 
with  constant  coefficients ;  also  that,  if  every  regular  integral  of 
the  equation  is  expressible  as  such  a  combination  of  s  (and  not 
fewer  than  s)  such  integrals,  the  number  of  regular  integrals 
linearly  independent  of  one  another  is  s. 

Further,  a  linear  relation  among  the  integrals  of  the  equation, 
involving  a  number  of  regular  integrals  and  only  a  single  one  that 
is  not  of  the  regular  type,  cannot  exist ;  for  the  single  non-regular 
integral  would  involve  an  unlimited  number  of  negative  powers  of 
x,  while  each  of  the  others  occurring  in  the  linear  relation  involves 
only  a  limited  number  of  such  negative  powers. 

A  linear  relation  might  exist  among  the  integrals  of  the 
equation,  involving  a  number  of  regular  integrals  and  two  integrals 
that  are  not  of  the  regular  type.  We  then  regard  the  relation  as 
shewing  that  the  deviation  from  regularity  is  the  same  for  the 
two  integrals :  and  in  constituting  the  fundamental  system  for  the 
equation,  we  could  use  the  relation  as  enabling  us  to  reject  one 
of  the  non-regular  integrals,  because  it  is  linearly  expressible  in 
terms  of  integrals  already  retained.  So  also  for  a  linear  relation 
with  constant  coefficients  between  regular  integrals  and  more  than 
two  integrals  of  a  non-regular  type. 

Again,  suppose  that  our  differential  equation  of  order  ra  has 
an  aggregate  of  n  integrals,  regular  in  the  vicinity  of  x  =  0  and 
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linearly  independent  of  one  another;  and  let  it  be  fox.Q,  K=0  is 
groups j  of  integrals  of  the  type  section 

MX-I)  , 

-f-  A/w'x-ty  H ^r~. 'y'x_i  i-i/    +  ...  -f-  XllTg  1-"      1  "I"  ^"i  i-"A 

iJ  ! 
for  X  :=  0,  1,  2,  ...,  «,  where 

Then?,  after  §§  25 — 28,  we  know  that  these  n  linearly  independent 
integrals  constitute  a  fundamental  system  for  a  linear  differential 
equation  of  order  n,  the  coefficients  of  which  are  functions  of  x, 
uni  form  in  the  vicinity  of  x  —  0  ;  let  it  be 

dny        dn~ly         d^^y  dy 

wl 

1   ])w  this  equation,  being  of  order  n,  cannot  have  more  than  n 

1  yearly  independent  integrals :  and  its  fundamental  system  in  the 


vicinity  of  x  =  0  is  composed  of  the  n  regular  integrals  of  the 
original  equation.  Hence,  by  §  31,  we  must  have 

rV  =  ar-*#M(a?),  (/*  =  !,  2,  ...,  n), 

where  -R^(#)  is  a  holomorphic  function  of  x  in  the  vicinity  of 
x  =  0,  such  that  R^  (0)  is  not  infinite.  Accordingly,  the  aggregate 
of  the  n  linearly  independent  regular  integrals  of  the  original 
equation  are  the  n  integrals  in  a  fundamental  system  of  a  linear 
equation  of  order  n  of  the  foregoing  type. 

REDUCIBILITY  OF  EQUATIONS. 

75.  If  therefore  some  (but  not  all)  of  the  integrals  of  the 
given  equation  of  order  m  are  of  the  regular  type,  it  has  integrals 
in  common  with  an  equation  of  lower  order.  On  the  analogy  of 
rational  algebraic  equations,  which  possess  roots  satisfying  an 
algebraic  equation  of  the  same  rational  form  and  of  lower 
degree,  the  differential  equation  is  said  to  be  reducible. 

Consider  two  equations 
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satisfy  an  a1 

exponerj  "'  e  an  exPression  W 


where  the  coefficients  R0,  R!,  ...,  Rt  are  at  our  disposal,  and    n 

I  =  m  —  n.  •  K 

Let  these  disposable  coefficients  be  chosen,  so  as  to  make  the     'order 
of  the  equation 

M(y)-L{N(y)}  =  0 

as  low  as  possible.     By  taking  the  I  +  1  relations  on 

E>  _  E>  n  nc 


P2  =  R2Q0  +  ^{(1-1)  Q0'  +  Q,}  +  R0  {#  (I  -  1)  Q0"  +  IQ,'  +  Q,},  ltal 
P,  =  R&  +  R^  (Q0'  +  QO  +  E,_2  (Q0"  +  2Q/  +  Q.)  +  .  .  .,  '  i^ 

/» 

which  determine  -R0>  •••>  -R^  we  can  secure  that  the  terms  involving1 
derivatives  of  y  of  order  higher  than  n  —  1  disappear.   Accordingly, 
writing 


where  S0,  Sl}  ...,  8k  are  determinate  quantities  and 

k^.n  —  1, 
we  have 

M-LN=K, 

where  K  is  of  order  less  than  N.  Moreover,  if  P0,  ...,  Pm, 
Qo,  •••>  Qn  are  uniform  functions  of  x,  having  x  —  0  either  an 
ordinary  point  or  only  a  pole,  the  same  holds  of  the  coefficients  R 
and  the  coefficients  S  ;  so  that  L  and  K  are  of  the  same  generic 
character  as  M  and  N. 

From  this  result  several  conclusions  can  be  drawn. 

I.  Any  integral,  common  to  the  equations  M  =0,  N=0,  is  an 
integral  of  the  equation  K  =  0.  If,  therefore,  every  integral  of 
N=0  is  also  an  integral  of  M=0,  it  follows  that  K=0  must 
possess  n  linearly  independent  integrals  ;  as  its  order  is  less  than 
n,  the  equation  is  evanescent,  and  we  then  have 


I 
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II.  Any  integral,  common  to  the  equations  N  =  0,  K  =  0,  is 
an  integral  of  the  equation  M  =  0  ;  and  therefore,  in  connection 
with  the  first  part  of  the  preceding  result,  the  integrals  common 
to  M  =  0,  N  =  0  constitute  the  integrals  common  to  N  =  0,  K  =  0. 

The  process  of  obtaining  the  integrals  (if  any),  common  to 
two  given  equations  M  =  0  and  iY=  0,  can  thus  be  made  a  kind  of 
generalisation  of  the  process  of  obtaining  the  greatest  common 
measure  of  two  given  polynomials.  Proceeding  as  above,  we  have 

M  =LN  +  K 
N  =  L,K  +  K, 
K  =  L,K,  +  KZ 

K  g_  2  =  LgK  j-j  +  Kg 

where  Klt  K2,  ...,  Kg  are  of  successively  decreasing  orders.  Then 
unless  an  evanescent  quantity  K  of  non-zero  order  is  reached, 
sooner  or  later  a  quantity  K  is  reached  which  is  of  order  zero, 
that  is,  contains  no  derivative. 

In  the  former  case,  let  Kr+l  be  evanescent  ;  then  the  integrals 
of  the  equation  Kr—  0  constitute  the  aggregate  of  integrals  common 
to  M=  0,N=0. 

In  the  latter  case,  let  Kg  be  the  quantity  of  order  zero  ;  then 
the  integrals  common  to  M  =  0,  N  =  0  are  integrals  of 


Now  f(z)  is  not  zero,  for  otherwise  Ks  would  be  evanescent  ;  and 

therefore  we  have 

2/  =  0, 

the  trivial  solution  common  to  all  homogeneous  linear  equations. 
We  then  say  that  M  =  0,  N  =  0  have  no  common  integral. 

III.     An  equation  having  regular  integrals  is  reducible.     For 
one  such  integral  exists  in  the  form 

y  =  x'f(x\ 

where  \6\  is  finite,  and  f(x)  is  holomorphic  in  the  vicinity  of  #  =  0, 
while  /(O)  is  not  zero.     We  have 

ldy_0 


_ 
y  dx     x     f(x) 


X 

p.  iv.  15 
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where  R(x)  is  a  holomorphic  function  in  the  vicinity  of  #  =  0, 
such  that  -R(O)  is  not  zero.  Thus  the  given  differential  equation 
has  an  integral  satisfying  the  equation 


that  is,  it  has  an  integral  common  with  an  equation,  which  is  of 
the  first  order  and  is  of  the  same  form  as  itself:  in  other  words, 
the  equation  is  reducible. 

But  it  is  not  to  be  inferred  that  such  equations  are  the  only 
reducible  equations. 

IV.  If  an  equation  M  =  Q  has  p  (and  not  more  than  p) 
linearly  independent  regular  integrals,  it  can  be  expressed  in 
the  form 

M(y)  =  L{N(y)}=0, 

where  N  is  of  order  p,  and  L  is  of  order  m  —  p. 

For  the  p  regular  integrals  are  known  (§§  25  —  28,  74)  to 
satisfy  an  equation  of  the  form 

N=0, 

of  order  p.  Every  integral  of  N=0  is  an  integral  of  M=0\ 
whence,  by  I.,  the  result  follows. 

76.  We  proceed  to  utilise  the  last  result  in  order  to  obtain 
some  conclusions  as  regards  the  regular  integrals  (if  any)  of  a 
given  equation,  say, 

dmw          d™"*™  dw 


The  result  of  substituting  of  for  w  in  P  (w),  where  p  is  a  constant 
quantity,  is 


p 

•  •  •  T  Pmr-i  ~ 

* 

this  is  called*  the  characteristic  function  of  the  equation  P  =  0  or 
of  the  operator  P.     We  have 


*  Frobenius,  Crelle,  t.  LXXX  (1875),  p.  318. 
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when  the  right-hand  side  is  expanded  in  ascending  powers  of  x,  it 
contains  (owing  to  the  form  of  the  coefficients  p)  only  a  limited 
number  of  powers  with  negative  indices.  The  highest  powers  of 
or1,  arising  out  of  the  m  +  1  terms  in  ar^P  (xp),  have  exponents 


m, 
that  is, 

n0,  H!,  ...,  nm. 

Let  n  be  the  characteristic  index  of  the  equation,  so  that  Dn  is 
the  greatest  integer  in  the  set  :  if  several  of  the  quantities  II  be 
equal  to  this  greatest  integer,  then  Hn  is  the  first  that  occurs  as 
we  proceed  through  the  set  from  left  to  right.  Denoting  the 
value  of  IIW  by  g,  let 

x9^=r  =  <lr(x)=qr,  (r  =  l,  2,  ...,  m), 

so  that  qn  (0)  is  not  zero,  and  no  one  of  the  quantities  qr  (0)  is 
infinite.  Then 

x-(>P  (xf)  =  x~9G  (p,  x\ 

where  G  is  a  polynomial  in  p  and  is  holomorphic  in  x  in  the 
vicinity  of  #  =  0.  Moreover,  expanding  G(p,  x}  in  ascending 
powers  of  x,  we  have 


where  each  of  the  coefficients  g  is  a  polynomial  in  p,  of  degree  not 
higher  than  m ;  the  degree  of  g0  (p)  is  m  —  n,  and  the  degree  of 
gg-m  (p)  is  m.  Also,  g0  (p)  is  the  quantity  called  (§  39)  the  indicial 
function;  the  equation 

is  called  the  indicial  equation. 
Now  take 


dmw  dm~lw  dw 

dxm  dxm~l  dx 

where  q0  =  x^~m ;  the  equation  P  =  0  can  manifestly  be  replaced 
by  the  equivalent 

which  is  taken  to  be  the  normal  form  for  the  present  purpose. 
We  have 

x-?N (x?)  =  G(p,  x)  =  g<>(p)  +  xgi(p)  +  ..-, 

15—2 
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which  thus  contains  only  positive  powers  of  x  when  the  equation 
is  in  its  normal  form,  and  which  has  the  indicial  function  for  the 
term  independent  of  x. 

We  have  seen  that,  if  P  (w)  =  0  possess  regular  integrals,  it 
is  a  reducible  equation :  and  the  operator  P  can  then  be  repre- 
sented as  a  product  of  operators.  Consider,  more  generally  in  the 
first  instance,  two  operators  A  and  B,  each  in  its  normal  form  ;  and 
let  C,  also  an  operator,  denote  AB.  Further,  let  the  characteristic 
functions  of  A,  B,  C,  respectively  be 

A  (a?)  =  off  (as,  p)  =  xf>  2  fn(p)aP  =  2  /„(/>) 


p)  =  x*  2  #M(p)^=  2 
m=o  f*=o 

C  (of)  =  XP  h  (a,  p)  =  af  2   h.IJL(p)a^=  2 

where  the  summations  in  /(a?,  /a)  and  g(x,  p)  include  no  negative 
powers  of  x,  because  A  and  B  are  in  their  normal  forms.  Now,  as 
C—  AB,  we  have 


=  2    Z 

ft=0  A.=0 

and  therefore 


As  X  and  /*  are  incapable  of  negative  values,  there  are  no  negative 
values  for  a  ;  and  therefore  G  is  in  a  normal  form.     Also 


so  that  the  indicial  function  of  C  is  the  product  of  the  indicial 
functions  of  its  component  operators  :  and 

<r 

h,  (p)  =  2  g^  0)/«r_M  (A*  +  p). 

M=0 

Further,  if  (7  be  known  to  possess  a  component  factor  B  which, 
when  operated  upon  by  A,  produces  C,  then  A  can  be  obtained. 
For,  take  B  and  C  in  their  normal  forms  :  the  equation 

2  h.(Jp)x'=  2  Z 

<r=0  M=0 
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then  holds.  The  values  of  \  are  clearly  0,  1, ...,  so  that  A  is  then 
in  its  normal  form ;  and  the  successive  quantities  /x  are  given  by 
the  equation 

<T 

h0  0)  =  2  £„_„  (»/„  (<r  -  X  +  p), 


for  <r  =  0,  1,  ...,  p,  the  values  obtained  being  polynomials  in  p, 
because  C  is  known  to  be  composite  of  A  and  B. 

Of  course,  this  merely  gives  the  characteristic  function  of  the 
operator  ;  but  the  characteristic  function  uniquely  determines  the 
operator.  For  let  f(x,  p)  be  a  function,  which  is  a  polynomial 
in  p,  and  the  coefficients  of  which  are  functions  of  x:  and  let 
the  degree  of  the  polynomial  be  ra.  Then  we  have* 

m-I 

f(x,p)=  2  um-.np(p-I)...(p 

n=0 

where,  taking  finite  differences  in  the  form 


we  have 

n  I  un  =  {An/(«,  P))P-O. 
Thus 


which  is  the  characteristic  function  of  the  operator 

dm  dm~l  d 

~ 


the  operator  is  determined  by  the  characteristic  function. 
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77.     Now  let  the  equation  of  order  ra,  taken  in  its  normal 
form,  be 

dmw  dm~1w  dw 

-  - 


and  suppose  that  it  possesses  s  (and  not  more  than  s)  regular 
integrals,  linearly  independent  of  one  another.     These  *  integrals 

*  Boole's  Finite  Differences,  2nd  ed.,  p.  85. 
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are  a  fundamental  system  of  an  equation,  of  order  s  and  of  Fuchs- 
ian  type  ;  when  this  equation  is  taken  in  its  normal  form,  let  it  be 

d°w  d*~lw  dw 


where  a-lt  <r2,  ...,  <rg  are  holomorphic  functions  of  a;  in  the  vicinity 
of  x  =  0.  As  all  the  integrals  of  8  =  0  are  possessed  by  N  =  0, 
there  exists  a  differential  operator  T  of  order  m  —  s,  such  that 

N=TS-, 

because  N  and  S  are  in  their  normal  forms,  T  also  is  in  its  normal 
form,  so  that  we  can  take 

(7m—  «  dm~  s~  l  d 

- 


where  Tlt  T2,  ...,  Tm_g  are  holomorphic  functions  of  a;  in  the  vicinity 
of#=0.     If  then 


the  indicial  function  of  T  is  the  coefficient  of  a?  in  6  (a,  p),  which 
is  a  polynomial  in  p  and  contains  no  negative  powers  of  x.  This 
coefficient  may  be  independent  of  p  ;  in  that  case,  the  character- 
istic index  of  T  is  m  —  s.  Or  it  may  be  a  polynomial  in  p,  say  of 
degree  k  in  p,  where  k  ^  0  ;  the  characteristic  index  of  T  then  is 
m  —  s  —  k. 

Because  N  =  TS,  the  indicial  function  of  N  is  the  product  of 
the  indicial  functions  of  T  and  S  ;  so  that  the  indicial  function  of 
S,  which  gives  all  the  regular  integrals  of  N,  is  a  factor  of  the 
indicial  function  of  the  original  equation.  The  degree  of  the 
indicial  function  of  S  is  equal  to  s,  because  S  =  0  is  an  equation  of 
order  s  of  Fuchsian  type  ;  the  degree  of  the  indicial  function  of  N 
is  m  —  n,  where  n  is  the  characteristic  index  of  N=  0.  Hence 

s  +  k  =  m  —  n, 
that  is, 

s=m—  n—k 

^  m  —  n; 

so  that  (assuming  for  the  moment  that  k  may  be  either  zero  or 
greater  than  zero)  an  upper  limit  for  the  number  of  regular 
integrals  which  an  equation  can  possess  is  given  by 

m—n, 
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where  m  is  the  order  of  the  equation,  and  n  is  its  characteristic 
index  (supposed  to  be  greater  than  zero).  It  is  known  that,  when 
n  =  0,  the  number  of  regular  integrals  is  equal  to  ra. 

COROLLARY  I.  An  equation,  whose  indicial  function  is  a 
constant,  so  that  its  indicial  equation  has  no  roots,  has  no  regular 
integrals;  for  its  characteristic  index  is  equal  to  its  order.  But 
such  equations  are  not  the  only  equations  devoid  of  regular 
integrals. 

COROLLARY  II.  When  k  is  equal  to  zero,  then  s  is  equal  to 
m  —  n,  so  that  the  number  of  regular  integrals  of  the  equation 
is  actually  equal  to  the  degree  of  the  indicial  function.  The 
necessary  and  sufficient  condition  for  this  result  is  that  the 
equation,  which  is  reducible,  must  be  capable  of  expression  in 

the  form 

N=TS, 

where  the  indicial  function  of  T  is  a  constant,  and  the  degree  of 
the  indicial  function  of  8  is  equal  to  the  order  of  8. 

This  result,  which  is  of  the  nature  of  a  descriptive  condition, 
appears  to  have  been  first  given  in  this  form  by  Floquet*.  Other 
forms,  of  a  similar  kind,  had  been  given  earlier  by  Thome't  and  by 
Frobeniusj  (see  §  83,  post). 

Note.  On  the  basis  of  the  preceding  analysis,  it  is  easy  to 
frame  an  independent  verification  that  the  characteristic  index 
is  not  greater  than  m  —  s.  For  in  the  operator  T,  the  quantity 
Tm-g-k  does  not  vanish  when  #  =  0;  and  all  the  quantities  TA,  such 

that 

X  <  m  —  s  —  k, 

do  vanish  when  x  =  0.     Hence,  when  we  take  N  as  expressed  in 

the  form 

N=TS, 
the  coefficient  of 

d*+kw 


is  the  first  (in  the  succession  from  left  to  right)  in  which 
occurs;  it  also  contains  q0,  rlt  ...,  Tm_^fc_,,  all  of  them  occurring 

*  Ann.  de  VEc.  Norm.  Sup.,  2«  S6r.,  t.  vm  (1879),  Suppl.,  pp.  68,  04. 

t  Crelle,  t.  LXXVI  (1873),  p.  285. 

J  Crelle,  t.  LXXX  (1875),  pp.  331,  332. 
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linearly.  When  o?=0,  all  of  these  except  Tm^-t-k  vanish,  and 
Tm-s-k  does  not  vanish  ;  and  therefore  qm-*-k  does  not  vanish  when 
x  =  0.  In  the  coefficient  of 


1  -  , 

dor 

where  yu,  >  s  +  k,  the  quantities  </„,  rlt  ...,  rm_M  occur  linearly  :  each 
of  these  vanishes  when  x  =  0,  and  therefore  gfm_M  does  vanish  when 
#  =  0.  As  this  holds  for  all  values  of  /x,  it  follows  that  qm-s-k  is 
the  first  of  the  quantities  q  which  does  not  vanish  when  #=0; 
hence  the  characteristic  index  of  N  is  m—s  —  k,  that  is,  it  is 
^  m  —  s,  where  s  is  the  number  of  regular  integrals  possessed  by 
the  equation  N  =  0. 

Ex.  1.  If  w=wl  be  an  integral,  regular  and  free  from  logarithms,  of  an 
equation  P=0,  which  is  of  order  m  and  has  *  regular  integrals,  and  if  a  new 
dependent  variable  u  be  given  by 


shew  that  u  satisfies  an  equation  Q=0,  which  is  of  order  m  —  1  and  has  «—  1 
regular  integrals  ;  and  obtain  the  relation  between  the  characteristic  index  of 
P=  0  and  that  of  Q  =  0.  (Thome.) 

Ex.  2.     The  equation 

(fmw         m         dm~rW 
d*»+rllP'd^  = 

has  m  —  8  integrals,  regular  in  the  vicinity  of  3=0  and  linearly  independent  of 
one  another,  and  2  =  0  is  a  pole  for  plf  ...,  p,;  shew  that  it  is  a  pole  (not  an 
essential  singularity)  for  each  of  the  remaining  coefficients  p.  (Thome.) 

Ex.  3.  If,  in  the  equation  in  the  preceding  example,  p^  ...,  p,  are 
arbitrarily  assigned,  subject  to  the  condition  that  2=0  is  a  pole  or  an 
ordinary  point,  prove  that  the  remaining  coefficients  p  can  be  determined 
so  as  to  permit  the  equation  to  possess  m  —  s  arbitrarily  assigned  regular 
integrals,  linearly  independent  of  one  another.  (Thome.) 

Ex.  4.  Prove  that  the  condition,  necessary  and  sufficient  to  secure  that 
an  equation  N=Qt  of  order  m  and  having  an  indicial  function  of  degree 
m  —  y,  shall  have  m-y-8  linearly  independent  regular  integrals,  is  that  AV 
shall  be  a  product  of  the  form  QMD,  where  the  indicial  functions  of  Q,  M,  D 
are  of  degrees  5,  0,  m-y-8  respectively,  and  D  is  of  order  m  —  y-8.  Is 
there  any  limitation  upon  the  order  of  Ml  (Cayley.) 

Ex.  5.  Shew  that  an  equation  QD=Q  has  at  least  as  many  regular 
integrals  as  Z)=0,  and  not  more  than  Q  =  0  and  D  =  0  together  ;  and  that,  if 
all  the  integrals  of  D=0  are  regular,  then  QD=0  has  as  many  regular 
integrals  as  Q  =  Q  and  D=0  together. 
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Hence  (or  otherwise)  shew  that,  if  an  equation  P=0  has  all  its  integrals 
regular,  then  P  can  be  resolved  into  a  product  of  operators,  each  of  the  first 
order  and  such  that,  equated  to  zero,  it  has  a  regular  integral.  Is  this 
resolution  unique?  (Frobenius.) 

78.  In  the  two  extreme  cases,  first,  where  the  degree  of  the 
indicial  function  is  equal  to  the  order  of  the  equation,  and  second, 
where  its  degree  is  zero,  the  number  of  regular  integrals  is  equal 
to  that  degree.  The  preceding  proposition  shews  that,  in  the 
intermediate  cases,  the  degree  merely  gives  an  upper  limit  for  the 
number  of  regular  integrals.  It  is  natural  to  enquire  whether 
the  number  can  fall  below  that  upper  limit. 

As  a  matter  of  fact,  it  is  possible*  to  construct  equations,  the 
number  of  whose  regular  integrals  is  less  than  the  degree  of  the 
indicial  function.  Taking  only  the  simplest  case  leading  to  equa- 
tions of  the  second  order,  consider  the  two  equations 


of  the  first  order  ;  and  form  the  equation 

zrf-F^-o, 

ax  ax 

which  manifestly  is  of  the  second  order,  say 


where 

1  dh         _  dk  _  k  dh 

P  =  /C~hdx'    q~dx~hdx' 

If  we  can  arrange  so  that  x  =  0  is  a  pole  of  p  of  order  n,  where 
n  ^  2,  then  a;  =  0  in  general  will  be  a  pole  of  q  of  order  n  +  I  ;  and 
the  indicial  function  will  then  be  of  the  first  degree. 

Consider  now  the  equation  of  the  second  order.     Since 

U= 
it  can  be  written 


dV     vdh_ 

-j  --    V    -y-  =  U, 

dx          ax 


which  is  satisfied  by 


where  A  is  any  arbitrary  constant. 

*  Thom6,  Crelle,  t.  LXXIV  (1872),  pp.  211—213. 
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Let  F  be  an  integral  of  the  equation  of  the  second  order.     It 
may  be  an  integral  of  V=  0  ;  if  it  is  not,  then,  when  we  take 

F 

*--Z' 

we  have 


that  is,  y1  is  an  integral  of  U=  0.  Thus  any  integral  of  the 
equation  of  the  second  order  either  is  an  integral  of  F=  0  or  is  a 
constant  multiple  of  an  integral  of  U=0.  If,  then,  Z7=0  and 
F=  0  are  such  that  they  possess  no  regular  integral,  the  differ- 
ential equation  of  the  second  order  can  possess  no  regular  integral  ; 
at  the  same  time,  its  indicial  function  is  of  the  first  degree. 
The  equation  F=  0  will  not  have  a  regular  integral,  if  #  =  0  is  a 
pole  of  k  of  order  greater  than  unity  ;  and  the  equation  U  =  0  will 
then  not  have  a  regular  integral,  if  h  is  a  rational  function  of  x. 

Ex.  1.     The  aggregate  of  conditions  can  be  satisfied  simultaneously  in 
many  ways.     For  instance,  take 

j,  =  _,   h=x; 

then 

,11 
*  =  —,+  -, 
IP     **. 

The  differential  equation  of  the  second  order  is 
d*y      1  dy 


~ 

its  indicial  equation  is  of  the  first  degree,  and  it  has  no  regular  integrals  :  or 
the  number  of  its  regular  integrals  is  less  than  the  degree  of  its  indicial 
equation. 

The  conclusion  can  otherwise  be  verified  ;  for  it  is  easy  to  obtain  two 
linearly  independent  integrals  in  the  form 

*«   tfin'^ii 

-  e  ,      —e    lore     ax, 
x  x     J 

no  linear  combination  of  which  gives  rise  to  a  regular  integral. 
Ex.  2.     Shew  that  the  equation 


has  no  regular  integrals  :  and  verify  the  result  by  obtaining  the  integrals  of 
the  equation.  (Thome,  Floquet.) 
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DETERMINATION  OF  SUCH  REGULAR  INTEGRALS  AS  EXIST. 

79.  When  the  degree  of  the  indicial  function  of  an  equation 
of  order  m  is  less  than  m,  no  precise  information  is  given  as  to  the 
number  of  regular  integrals  possessed  by  the  equation.  The  further 
conditions,  sufficient  to  determine  whether  a  regular  integral 
should  or  should  not  be  associated  with  any  root  of  the  indicial 
equation,  can  be  obtained  in  a  form,  which  is  mainly  descriptive 
for  the  equation  of  general  order  and  can  be  rendered  completely 
explicit  for  any  particular  given  equation. 

Let  the  equation  be 


of  characteristic  index  n.     Let  E  (6)  be  the  indicial  function,  and 
let  cr  be  one  of  its  zeros,  so  that 


Then,  if  a  regular  integral  is  to  be  associated  with  a-,  it  must  be  of 
the  form 

u  =  of  (c0  +  c-iX  +  c2«2  +  .  .  .  +  cpxp  +  .  .  .). 

This  expression,  when  substituted  in  the  equation,  must  satisfy  it 
identically,  so  that,  after  substitution,  the  coefficient  of  x°+p  must 
vanish  for  every  value  of  p  :  and  therefore 

/o  (p)  cp  +fi(p)  cp+1  +  ...+/,  (p)  cp+r  =  0, 

where  the  number  of  terms  in  this  difference-relation  depends 
upon  the  actual  forms  of  q0,  qlt  ...,  qm.  Of  the  coefficients  /0,/i, 
...,/T,  the  first  is 


which  is  of  degree  m  —  n  in  p  ;  of  the  remainder,  one  at  least,  viz. 
fg-m,  is  of  degree  m  in  p,  where  g  has  the  same  significance  as  in 
§76. 

The  successive  use  of  this  difference-relation,  together  with  the 
equations  for  the  earlier  coefficients,  the  first  of  which  is 


leads  to  the  values  of  all  the  quantities  CM  -=-  c0,  for  the  successive 
values  of  p  ;  and  thus  a  formal  expression  for  u  is  obtained  that 
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satisfies  the  equation.  If,  however,  the  expression  is  an  infinite 
series,  it  has  no  functional  significance  when  it  diverges  :  that  this 
frequently,  even  generally,  is  the  case,  may  be  inferred  as  follows. 
For  if  CM+I-T-CM,  with  indefinite  increase  of  fi,  tends  to  a  limit  that 
is  not  infinite,  so  also  would  cM+2  -j-  cM+1  ,  cM+3-^cM+2,  and  so  on; 
and  therefore 


for  finite  values  of  a,  also  would  tend  to  a  limit  that  is  not  infinite. 
Now  a  number  of  the  quantities 

£00 
/.(A*)' 

for  various  values  of  6,  undoubtedly  tend  to  zero  as  fj,  increases 
indefinitely;  some  of  them  may  have  a  finite  limit:  but  one  at 
least  is  infinite,  viz. 

/M»fr) 

/.(A*)    ' 

because  the  numerator  is  of  degree  n  higher  than  the  denominator, 
both  of  them  being  polynomials  in  /*.  Consequently,  the  ex- 
pression 

fr  00  CM+T 


-      j  | 

o/*      CM        /oGO    <V  o*      CM 

acquires  an  infinite  value  as  //,  increases  without  limit.  The 
difference-relation  requires  the  value  of  the  expression  to  be 
always  -  1,  so  that  the  hypothesis  leading  to  the  wrong  inference 
must  be  untenable.  Therefore  CM+I-T-CM,  with  indefinite  increase 
of  fj,,  does  not  tend  to  a  limit  that  is  finite,  and  therefore  the 
series  diverges*.  There  is  then  no  regular  integral  to  be  asso- 
ciated with  the  root  cr. 

*  It  is  not  inconceivable  that,  for  special  values  of  m  and  of  n,  and  for  special 
forms  of  the  coefficients  q,  as  well  as  for  a  special  value  of  the  limit  c^+1^-cM,  the 
infinite  parts  of  the  expression 

2  /r(M)  <V+r 

r=l/o  (/*)     CM 

might  disappear,  and  the  expression  itself  be  equal  to  -  1.  In  that  case,  the 
series  would  converge  :  and  an  exception  to  the  general  theorem  would  occur.  But 
it  is  clear  that  such  an  exception  is  of  a  very  special  character  :  it  will  be  left 
without  further  attempt  to  state  the  conditions  explicitly. 
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As  the  series  thus  generally  diverges  when  it  contains  an  un- 
limited number  of  terms,  the  regular  integral  is  thus  generally 
illusory.  The  only  alternative  is  that  the  series  should  contain 
a  limited  number  of  terms  :  and  then  the  regular  integral  would 
certainly  exist.  Accordingly,  let  it  be  supposed  that  the  series 
contains  k  +  1  terms,  so  that 

Ci       C2  •      Cfc 

GO          GO  GO 

are  quantities  known  from  the  difference-relation,  and  that 
Cjfc+i,    Cfc+2,  ...  ad  inf. 

all  vanish.  If  we  secure  that  ck+l,  Cfc+2,  ...,  ck+T  all  vanish,  then 
every  succeeding  coefficient  must  vanish  in  virtue  of  the  difference- 
relation  ;  and  these  r  relations  will  then  secure  the  existence  of  a 
regular  integral  to  be  associated  with  the  exponent  a.  Taking 
p  =  k,  k—1,  ...,  k  —  T  +  l  in  succession,  we  find  the  r  necessary 
conditions  to  be 


and  generally 

for  values  r  —  1,  2,  ...,  r  —  1.     The  first  of  these  is 


2  fg  (k  -  r)  ck-r+s  =  0, 
«=o 


so  that  the  indicial  equation,  which  possesses  a  root  <r,  must 
possess  also  a  root  a  +  k,  where  k  is  a  positive  integer.  (In  the 
special  instance,  when  k  =  0,  no  condition  is  thus  imposed  :  in  the 
general  instance,  when  &  is  a  positive  integer  greater  than  zero,  it 
is  easy  to  verify  that  E(<r  +  k)  is  the  indicial  function  for  x=  oo  .) 

When  the  aggregate  of  conditions,  which  will  not  be  examined 
in  further  detail,  is  satisfied  in  connection  with  a  root  of  the 
indicial  equation,  a  regular  integral  exists,  belonging  to  that  root 
as  its  exponent  ;  and  there  are  as  many  regular  integrals,  thus 
determined,  as  there  are  sets  of  conditions  satisfied  for  each  root 
of  the  indicial  equation. 

Explicit  expressions  for  the  various  coefficients  c  can  be  derived, 
when  the  explicit  forms  of  the  quantities  q  are  known  :  but  the 
general  results  involve  merely  laborious  calculation,  and  would 
hardly  be  used  in  any  particular  case.  The  results  are  therefore, 
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as  already  remarked,  mainly  descriptive  :  and  so,  in  any  particular 
case,  it  remains  chiefly  a  matter  for  experimental  trial  (to  be 
completed)  whether  a  regular  integral  is  necessarily  associated 
with  a  root  of  the  indicial  equation. 

For  this  purpose,  and  also  for  the  purpose  of  discussing  the 
regular  integrals  associated  with  a  multiple  root  of  the  indicial 
equation,  a  convenient  plan  is  to  adopt  the  process  given  by 
Frobenius  (Chap,  in)  when  all  the  integrals  are  regular.  We 
substitute  an  expression 


in  the  equation 

dmw  dm~1w 

N  (w)  =  q«xm          +  qix^       s_l  +  .  .  -  4-  qmw, 


of  characteristic  index  n.     After  the  substitution,  the  first  term  is 


where  E(p)  is  the  indicial  function,  of  degree  m  —  n  ;  and  we  make 
all  the  succeeding  terms  vanish,  by  choosing  the  relations  among 
the  constants  c  appropriate  for  the  purpose.  We  thus  have 


and  the  relations  among  the  constants  c  are  of  the  form 

c^E  (p  +  p.)  =  aMi  M_!  CM_!  +  aM>  M_2  cM_2  +  .  .  .  +  aMl  0  c0  , 

where  the  constants  «M>M-i,  ...,  aM>0  are  polynomials  in  /u-  and, 
when  this  relation  is  the  general  difference-relation  between  the 
coefficients  c,  one  at  least  of  these  polynomials  aM)7.  is  of  degree  m 
in  p.  When  the  difference-relation  is  used  for  successive  values 
of  p,  we  obtain  expressions  for  the  successive  coefficients  c,  which 
give  each  of  them  as  a  multiple  of  c0  by  a  quantity  that  is  a 
rational  function  of  /*.  When  these  coefficients  are  used,  we  have 
the  formal  expression  of  a  quantity  w  which  satisfies  the  equation 


Unfortunately  for  the  establishment  of  the  regular  integrals,  this 
formal  expression  does  not  necessarily  (nor  even  generally)  con- 
verge :  for,  in  the  difference-relation  among  the  constants  c,  the 
right-hand  side  is  a  polynomial  of  degree  m  in  /it,  while  the  left- 
hand  side  is  a  polynomial  of  degree  m  —  n  in  p,  so  that  the  series 


would,  as  in  the  preceding  investigation,  generally  diverge. 
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But  while  this  is  the  fact  in  general,  it  may  happen  that  the 
series  would  converge  when  p  acquires  a  value  occurring  as  a  root 
of  the  equation 


In  that  case,  the  series  satisfies  the  equation 

N(w)  =  Q: 

in  other  words,  it  is  a  regular  integral  of  the  differential  equation. 
Further,  if  the  particular  value  of  p  be  a  multiple  root  of  the 
indicial  equation,  it  can  happen  that  the  series 

"bw 

dp 

converges  for  this  particular  value  of  p  ;  and  then 


=  0, 
because  the  value  of  p  is  a  multiple  root  of  E=  0  :  in  other  words, 

^—  is  then  a  regular  integral  of  the  differential  equation.     And  so 

possibly  for  higher  derivatives  with  regard  to  p,  according  to  the 
multiplicity  of  the  root  of  E=  0. 

The  whole  test  in  this  method  is  therefore  as  to  whether  the 
series 


converges  for  the  particular  value  (or  values)  of  p  given  as  the 
roots  of  the  indicial  equation.  The  method  of  dealing  with  a 
repeated  root  of  the  indicial  equation  has  been  briefly  indicated. 
Corresponding  considerations  arise,  when  E  =  0  has  a  group  of 
roots  differing  among  one  another  by  integers.  In  fact,  all  the 
processes  adopted  (in  Ch.  in)  when  all  the  integrals  are  regular, 
are  applicable  when  only  some  of  them  are  regular,  provided  the 
various  series,  whether  original  or  derived,  are  converging  series. 
The  deficiency,  that  arises  through  the  occurrence  of  diverging 
series,  represents  the  deficiency  in  the  number  of  regular  integrals 
below  m  —  n.  As  already  stated,  the  tests  necessary  and  sufficient 
to  discriminate  between  the  convergence  and  divergence  of  the 
various  series  are  not  given  in  any  explicit  form,  that  admits  of 
immediate  application. 
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Ex.  1.     Consider  the  equation 


constructed  in  §  78,  Ex.  1.     The  indicial  equation  is 


so  that  there  is  not  more  than  one  regular  integral  ;  if  it  exists,  it  belongs 
to  an  exponent  3.     To  determine  the  existence,  we  substitute 


in  the  original  equation  ;  that  it  may  be  satisfied,  we  must  have 


for  n  =  l,  2,  ....     We  at  once  find 

c«=-(n  +  3)cn_i, 
and  therefore 

<V=i(-l)"(»  +  3)!. 

The  series  2  cns?  +  n  diverges,  and  therefore  the  one  possible  regular  integral 

n=0 

does  not  exist  ;  that  is,  the  original  equation  possesses  no  regular  integral, 
although  the  indicial  equation  is  of  the  first  degree. 

If  there  were  a  regular  integral,  it  would  satisfy  an  equation 

du 

x-~  —  1«/=0, 
dx      9 

where  u  is  a  holomorphic  function  of  x  ;  and  the  original  equation  could  then 
be  written 


where  v  is  some  holomorphic  function  in  the  vicinity  of  #=0.  It  might  be 
imagined  that,  as  the  indicial  equation  is  of  degree  unity  (a  property  that 
does  not  forbid  the  existence  of  a  regular  integral),  it  would  be  possible  to 
obtain  the  regular  integral  through  a  determination  of  u,  and  that  the 
divergence  of  the  series  in  the  preceding  analysis  is  due  to  the  operator 

«j«2  _     _  m 

X  dx    ^ 

which  annihilates  only  expressions  that  are  not  regular.  That  this  is  not  the 
case  may  easily  be  seen.  We  have 


so  that,  if  the  resolution  be  possible,  we  have 


dii 
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Substituting  in  the  second  of  these  the  value  of  v  given  by  the  first,  we  find 

xz  -j-+xu2—xu-\-u  =  3  +  2x. 
ax 

as  an  equation  to  determine  u,  supposed  a  holomorphic  function  of  x.     Let 


be  substituted  ;  in  order  that  the  equation  for  u  may  be  satisfied,  we  have 

«0=3, 

«o2-«o-«i  =  2> 
and,  for  values  of  n  higher  than  zero, 


Hence  «0  =  3,  at  =  4,  a2  =  24,  and  so  on.    The  relation  giving  an  +  1  ,  when  taken 
for  successive  values  of  n,  shews  that  all  the  coefficients  a  are  positive  ;  hence 


that  is, 

30an>(w+4)!, 

and  so  the  series  for  u  diverges  :  in  other  words,  there  is  no  function  u,  and 
the  hypothetical  resolution  of  the  equation  is  not  possible. 

Note.     This  argument  is  general  ;  it  does  not  depend  upon  the  particular 
coefficients  for  the  special  equation  that  has  been  discussed. 

Ex.  2.     Consider  the  equation 


which  is  in  the  normal  form.     The  characteristic  index  is  1  ;   the  indicial 
equation  is 


that  is, 

(0-3)2=0, 

so  that  the  number  of  regular  integrals  cannot  be  greater  than  two,  and  such 
as  exist  belong  to  the  exponent  3. 

To  determine  these  regular  integrals  (if  any),  we  adopt  the  Frobenius 
method  of  Ch.  in.     Taking 

y 
we  have 

provided 


l~      °      p-2      ' 
and,  for  values  of  n  greater  than  unity, 


a  factor  p+n-3jiaving  been  removed,  because  it  does  not  vanish  for  these 
values  of  n.     Let 


P.    iv.  16 
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so  that 


Also  the  difference-equation  for  the  coefficients  c  becomes 
so  that 


Hence,  writing 

2" 

Cn-n(p  +  n-3)Un 
in  the  relation 

and  substituting  the  value  of  &„,  we  have 
u»-un_i  =  (-\ 


n  /    \  ,  0' 

Adding  the  sides  of  this  equation,  taken  successively  for  n,  n  —  1,  ...,  3,  2,  and 
noting  that 


we  have 


We  thus  have  a  value  of  y  in  the  form 

F=  2 

n=o 
where 


_  "l\ 


n(P)n(p+n-3) 

and  this  satisfies  the  relation 


It  is  clear  that  formal  solutions  of  the  original  differential  equation  are 


Of  these,  the  first  is 


in  effect,  a  constant  multiple  of  xPe**  ;  and  the  second  is 

a  diverging  series, 
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because  a  series,  in  which 

2  (-$)mn(m  +  3)n(m-l) 

£«=!  __  on 

6  n(n) 

is  the  coefficient  of  xn  +  3,  manifestly  diverges*. 

It  thus  appears  that,  although  the  indicial  equation  for  x=0  is  of  the 
second  degree,  the  differential  equation  possesses  only  one  integral  which  is 
regular  in  that  vicinity  ;  and  this  integral  is  a  constant  multiple 

This  regular  integral  satisfies  the  equation 


so  that  the  original  equation  must  be  reducible.     It  is  easy  to  verify  that  it 
can  be  expressed  in  the  form 


Ex.  3.     As  an  example  which  allows  the  convergence  of  the  series  for  the 
regular  integral  to  occur  in  a  different  way,  consider  the  equation 


The  indicial  equation  is 

p=0, 

so  that  one  regular  integral  may  exist.     To  determine  whether  this  is  so  or 
not,  we  substitute 


which  (if  it  exists)  belongs  to  the  exponent  zero.     Comparing  coefficients, 
we  find 

«i  =  «o,     2a2  =  «0, 

and,  for  all  values  of  n  that  are  greater  than  unity, 

(n  +  l}an  +  1  =  (n2  +  n  +  l)an 
Let 

cm  =  fnctm  —  am  _  j  ; 
then 


In  general,  the  values  of  c  (and  the  consequent  values  of  a)  as  determined  by 
the  last  equation,  lead  to  diverging  series  ;  but  in  our  particular  case, 

c1  =  «1-a0  =  0, 
c2  =  2a2  —  a1=0, 
so  that  c3=0,  c4=0,  and  generally  cm=0,  that  is, 


*  The  series  in  y0  is  saved  from  divergence  because,  in  it,  these  coefficients  are 
multiplied  by  the  factor  p  -  3,  which  vanishes  for  the  special  value  of  p  and  which 
therefore  removes  the  quantities  that  cause  the  divergence  in  the  second  integral. 

16—2 
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and  therefore 

am==7/A' 
so  that  a  regular  integral  exists.     It  is  a  constant  multiple  of  e*. 

Ex.  4.     Consider  the  equation 
(a*  +  af)  y"" 


The  characteristic  index  is  unity  ;  hence  the  number  of  regular  integral's  is 
not  greater  than  three.  To  determine  them,  if  they  exist,  we  take  an 
expression 


and  form  D(y),  choosing  relations  among  the  coefficients  c  such  that  all 
terms  after  the  first  in  the  quantity  D  (y)  vanish.     We  thus  find 


provided 

clP2(p-2)  +  Co(p-l)(p-2)(p2+p-3)=0, 

and,  for  values  of  n  greater  than  unity, 


The  indicial  equation  is 

(p-l)2(p-3)=0, 

of  degree  3  as  was  to  be  expected  (  =  4—1),  because  the  characteristic  index 
is  1.  The  roots  form  a  single  group  ;  if  a  regular  integral  exists  belonging  to 
the  root  3,  it  will  be  free  from  logarithms  ;  if  two  regular  integrals  exist 
belonging  to  the  root  1,  one  of  them  may  or  may  not  be  free  from  logarithms, 
and  the  other  will  certainly  involve  logarithms. 

Consider  the  root  p  =  3.  As  p  +  ?i-3  then  vanishes  for  no  one  of  the 
values  of  n,  we  may  remove  it  from  the  difference-equation,  so  that  the  latter 
becomes 


Taking 

Cn(p+«- 
we  at  once  find 

We  require  the  value  of  £2.     We  have,  for  p  =  3, 

C1=-2c0, 

160 
so  that 

Now 
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so  that,  writing 

cn  =  (  -!)»«„, 
we  have 

(n  +  2)2  an  -  n  (n  +  1  )  an_  l  =  (ra-f  3)  !  §c0. 

As  at  and  «2  are  positive,  it  follows  that  all  the  coefficients  a  are  positive  ; 
and  clearly 

an>(n  +  l)!§c0, 
so  that  the  series 

^(CQ  —  a^+a^—  ...) 

diverges  ;  and  there  is  no  regular  integral  belonging  to  the  root  3.  Moreover, 
the  coefficient  of  cn,  being  (p+n  —  I)2,  does  not  vanish  when  p=3  for  any 
value  of  n  ;  hence,  if  two  regular  integrals  exist  belonging  to  the  root  unity 
of  the  indicial  equation,  one  of  them  will  certainly  be  free  from  logarithms. 

Consider  now  the  repeated  root  p  —  l.  As  p+n  —  3  vanishes  for  this 
value  of  p  when  n  =  2,  the  difference-equation  is  then  evanescent  for  n  =  2  and 
it  does  not  determine  c2.  For  other  values  of  n,  the  quantity  p  +  n  —  3  does 
not  then  vanish,  so  that  it  may  be  removed.  We  then  have,  for  values  of 
the  same  form  of  equation  as  before,  viz. 


Also 


the  value  p  =  l  not  yet  being  inserted  because  we  have  to  differentiate  with 
regard  to  p.     The  difference-equation  for  n  —  3  gives 


so  that 

c=-2c. 


For  values  of  n^  4,  let  p  =  or-2,  so  that  the  value  of  a-  is  3  ;  take  n-2=m, 
so  that  the  values  of  m  are  ^  2  ;  and  write 


then  the  difference-equation  becomes 


Here  <r=3,  m^2;  c2  =  60>  C3  =  b1=—2b0:  so  that  this  equation  is  now 
exactly  the  same  as  in  the  former  case  for  p  =  3.  The  series  thence  determ- 
ined is 


with  the  earlier  notation  ;  it  certainly  diverges  unless  60  =  0.  If  6  =  0,  every 
coefficient  vanishes,  and  the  series  itself  vanishes.  As  we  require  regular 
integrals,  we  shall  therefore  assume  b0=0,  that  is,  c2=0;  and  then  all  the 
remaining  coefficients  vanish,  so  that  we  have 
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an  expression  which  is  such  that 

Accordingly, 

[ITp=i»     |V" 
are  integrals  of  the  equation 

The  former  is  CQX  :  one  regular  integral  thus  is 

w=x. 
The  latter  is 

another  regular  integral  is 

The  original  differential  equation  accordingly  has  two  regular  integrals. 

Ex.  5.     Shew  that  the  equation 

#2(1  +x}zy"  -  (1  +2^  +  2^  -  #*)/  -  (1  +2#+ar2  +  2#3)y  =  0 

has  one  integral  regular  in  the  vicinity  of  x=0;  and  express  the  equation  i 
a  reducible  form. 

Ex.  6.     Shew  that  the  equation 


has  two  regular  integrals  in  the  vicinity  of  #=0,  in  the  form 

e?,     xe* ; 
and  obtain  the  integral  that  is  not  regular. 

Ex.  7.     Shew  that  the  equation 


has  no  integral,  that  is  regular  in  the  vicinity  of  x=0  ;  express  the  equatior 
in  a  reducible  form,  and  thence  obtain  the  integral  by  quadratures.     (Cayley.) 

Ex.  8.     An  equation  P=Q  can  be  expressed  in  the  form 


where  Z)  =  0  has  no  regular  integrals  ;  can  P=0  have  any  regular  integrals? 
Illustrate  by  a  special  case. 


Ex.  9.     In  the  equation 


the  coefficients  P  are  polynomials  in  x  of  degree  />,  and  p  <  n  :  shew  that  it 
possesses  n-p  integrals,  which  are  integral  functions  of  x.  (Poincare. 


• 
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EXISTENCE  OF  IRREDUCIBLE  EQUATIONS. 

80.  We  have  seen  that  an  equation  is  reducible  when  it  is 
satisfied  by  one  or  more  of  the  integrals  of  an  equation  of  lower 
order,  in  particular,  by  the  integral  of  an  equation  of  the  first 
order.  The  main  use  so  far  made  of  this  property  has  been  in 
association  with  the  regular  integrals  of  the  equation  :  but  it 
applies  equally  if  the  equation  possesses  non-regular  integrals 
that  satisfy  an  equation  of  lower  order.  It  is  superfluous  to 
indicate  examples. 

It  must  not  be  assumed,  however,  that  every  equation  is 
reducible  by  another,  if  only  that  other  be  chosen  sufficiently 
general.  On  the  contrary,  it  is  possible  to  construct  an  irre- 
ducible equation  of  any  order  m,  as  follows*. 

We  construct  an  appropriate  characteristic  function  which,  as 
is  known  (§  76),  uniquely  determines  the  equation.  Take  a  poly- 
nomial in  p  of  degree  m,  say 

h  (x,  p)  ; 

let  the  coefficients  of  the  powers  of  p  be  holomorphic  functions  of 
x,  not  all  vanishing  when  x  =  0  ;  and  let  the  function,  subject  to 
these  limitations,  be  so  chosen  that,  when  arranged  in  powers  of 
a;  in  the  form 

h  (x,  p)  =  h0  (p)  +  xh^  (p)  +  x*hz  (p)  +  .  .  ., 

h0  (p)  is  independent  of  p  and  not  zero,  and  hv  (p)  is  of  degree  m  in 
p.  Then  if  N  =  0  is  the  equation  determined  by  h  (x,  p)  as  its 
characteristic  function,  N  =  0  is  irreducible. 

Were  N  reducible,  an  equation  8  =  0  of  lower  order  s  would 
exist  such  that  each  of  its  integrals  satisfies  N  =  0  ;  and  then  an 
operator  Q,  of  order  m  —  s,  could  be  found  such  that 

N=QD. 

We  take  Q  and  D  in  their  normal  form  ;  and  so  N  is  in  its  normal 
form.  Now 


af  {&  (p)  +  <  (p)  +  a-?,  (p)  +  ...}, 
Frobenius,  Crelle,  t.  LXXX  (1875),  p.  332. 
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the  right-hand  sides  of  which  are  polynomials  in  p  of  degrees  m  —  s 
and  s  respectively.     Then,  as  in  §  76,  we  have 


Now  h0  (p)  is  a  constant,  being  independent  of  p  ;  hence,  owing  to 
the  polynomial  character  of  Q  (#p)  and  D  (xf)  in  terms  of  p,  the 
two  quantities  £0(p)  and  rj0  (p)  are  constants.  Accordingly,  rj0(p  +  1) 
is  a  constant  ;  and  therefore  the  degree  of 


in  p  is  the  degree  of  ^  (p)  or  £  (p),  whichever  is  the  greater.  But 
the  degree  of  ?]i(p)  is  not  greater  than  s,  and  that  of  fi(p)  is  not 
greater  than  m  —  s  ;  so  that,  as  s  >  0,  the  degree  is  certainly  less 
than  m.  But  the  expression  is  equal  to  Aj  (p),  which  is  of  degree 
m.  Hence  the  hypothesis  adopted  is  untenable  ;  and  the  equation 
N=Q,  as  constructed,  is  irreducible. 


EQUATIONS  HAVING  REGULAR  INTEGRALS  ARE  REDUCIBLE. 

81.  Suppose  now  that,  by  the  preceding  processes  or  by  some 
equivalent  process,  the  regular  integrals  of  the  equation  JV  =  0 
have  been  obtained,  s  in  number,  and  that  the  equation  of  which 
they  constitute  a  fundamental  system  is  8  =  0,  of  order  s:  a 
question  arises  as  to  the  other  m  —  s  integrals  of  a  fundamental 
system  of  ^=0.  Let 

N  =  TS, 

where  T  and  S  (and  therefore  also  N)  are  taken  in  their  normal 
forms.  The  s  regular  integrals  of  JV,  say  ylt  y2,  ...,  yg,  all  satisfy 
S  =  0  ;  and  no  one  of  the  m—s  non-regular  integrals  of  N,  say 
MI  ,  w2,  .  .  .,  Wm-.g,  satisfies  $  =  0,  for  this  equation  has  all  its  integrals 
regular.  Let 

S(Wr)  =  ur,  (r=l,  ...,  m-s); 

then,  as  N  (wr)  =  0,  we  have 


Now  wr  is  not  a  regular  expression  ;   hence  ur  is  not  regular, 
that  is,  it  contains  an  unlimited  number  of  positive  and  negative 


81.]  HAVING   REGULAR   INTEGRALS  249 

exponents  when  it  is  expressed  as  a  power-series.     Accordingly, 
the  m  —  s  quantities  u  are  integrals  of  the  equation 


which  is  of  order  m  —  s  and  has  no  regular  integrals;  and  the  m—s 
non-regular  integrals  of  N  =  0  are  given  by 

S(lVr)  =  Ur, 

it  being  sufficient  for  this  purpose  to  take  the  particular  integral 
and  not  the  complete  primitive  of  the  latter  equation. 

The  case  which  is  next  in  simplicity  to  those  already  discussed 
arises  when  s  =  m  —  1,  so  that  the  original  equation  then  possesses 
only  one  integral  which  is  not  regular.  The  equation  T=Q  is 
then  of  the  first  order. 

With  the  limitations  laid  down,  the  normal  form  of  T  is 

fr*Si+*' 

where  q0  and  q1  do  not  become  infinite  when  x  =  0.  As  the  integral 
of  T(u)=  0  is  not  regular,  it  follows  that  ql  does  not  vanish  and 
that  q0  does  vanish  when  x  =  0  ;  so  that,  if 


where  a  is  a  positive  integer  ^  1  and  Q  (x)  is  a  holomorphic 
function  in  the  vicinity  of  x  —  0,  such  that  Q  (0)  is  not  zero,  the 
equation  determining  u  is 

.        , 


»&»- 

say 


+!: 


where  R  (x)  is  a  holomorphic  function  of  x  in  the  vicinity  of  x  =  0. 
This  gives 

^+p-1+'"  +  ~T 

where  Pj  is  a  holomorphic  function  of  x  in  the  vicinity  of  a?  =  0 ; 
and  then  to  determine  w,  the  non-regular  integral  of  JV=0,  we 
need  only  take  the  particular  integral  of 

S  (w)  =  u, 
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where 

s= xm~l        +  xm~*        +  - 


in  which  qa,  qlt  ...,  ^m_x  denote  holomorphic  functions  of  x,  and 
does  not  vanish.     Writing 

--.  tZ-n  (A/I  ''a  _  1 

{1=4  +  -  L...  +  -  -1, 

X*        X*~l  X 

w  =•  ven, 
the  equation  for  v  takes  the  form 

dm~lv          j   dm~2v         »2    dm~3v 


dxm~l 

,         Pm-i  _        1T_m+i  p    /    \ 

•••+a,(m-i)(a+i)V 

where  q0,pi,  pz,  .  ..,  j^m-i  are  holomorphic  functions  of  #,  such  that 
<7o  and  ^)w_i  do  not  vanish  when  #  =  0. 

In  some  cases  it  happens  that  a  particular  integral  of  this 
equation  exists,  in  the  form  of  a  converging  power-series  repre- 
sented by 

x(m-v«-*  P  (x), 

where  P  (x)  is  a  holomorphic  function  of  x  :  in  each  such  case,  the 
non-regular  integral  of  the  original  equation  is 


But,  in  general,  the  particular  integral  of  the  y-equation  is  not  of 
the  same  type  as  the  regular  integrals  of  the  original  equation  : 
and  then  the  non-regular  integral  of  the  preceding  equation 
cannot  be  declared  to  be  of  that  type. 

Ex.     An  illustration  is  furnished  by  the  equation  in  Ex.  6,  §  79,  viz. 


It  has  two  regular  integrals,  viz. 

y\=(f,  y^xe*; 

and  these  constitute  the  fundamental  system  of 
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in  the  normal  form.     To  have  the  given  equation  in  the  normal  form,  we 
multiply  throughout  by  xz  ;  and  then  it  must  be  the  same  as 

T-  +p\  (x*y"  -  2x2i/  +  x^y)  =  0, 
when  p  is  properly  determined.     We  easily  find  that 


and  so  the  equation  for  determining  u,  where 

u  =  x2y"  — 
y  being  the  non  -regular  integral,  is 

x2  (I  +  2x  +  2x2  +  x*)  ^  +  (1  +  4x  +  4x2  +a*  -  2^)  u  =0. 

Hence 

1  du_ 
u  dx~ 


so  that 

l  +  2.r  +  2#2+#4  \. 
u=  —       —  s  -  er  . 
x2 

Hence  the  non-regular  integral  of  the  original   equation  arises  as   the 
particular  integral  of 


i 
Let  y  =  vec  ;  the  equation  for  v  is  easily  found  to  be 


satisfied  by  v=  1  :  and  therefore  the  non-regular  integral  is 

i 


THE  ADJOINT  EQUATION,  AND  ITS  PROPERTIES. 

82.  Of  the  properties  characteristic  of  a  linear  equation,  not 
a  few  are  expressed  by  reference  to  the  properties  of  an  associated 
equation,  frequently  called  Lagrange's  adjoint  equation.  It  is  a 
consequence  of  the  formal  theory  of  our  subject,  as  distinct  from 
the  functional  theory  to  which  the  present  exposition  is  mainly 
limited,  that  Lagrange's  is  only  one  of  a  number  of  covariantive 
equations  associated  with  the  original.  As  its  properties  have  been 
studied,  while  those  of  the  others  remain  largely  undeveloped, 
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there  may  be  an  advantage  in  giving  some  indication  of  a  few 
of  its  relations  to  the  original  linear  equation. 

The  latter  is  taken  in  the  customary  form 

P  (W)  =  P010M  +  Pl W'"-1*  +  P2W<n-2>  +  . . .  4-  Pn  W  =  0, 


where  w(r)  is  the  rth  derivative  of  w  with  respect  to  z ;  and  from 
among  the  various  definitions  of  the  adjoint  equation,  we  choose 
that  which  defines  it  to  be  the  relation  satisfied  by  a  quantity  v  in 
order  that  vP(w)  may  be  a  perfect  differential.  Now,  on  inte- 
grating by  parts,  we  find 

—  (vP  \w(n-*-* 
dz 

~3)  —...+(—  I)"-7"  I W       n_/f  (vPr)  dz, 

for  all  the  values  of  r ;  hence,  writing 


— 


2)  +  .-+(-  I)"'1  (VP9), 

R  (w,  v)  =  p0w(n-}}  +  p].w(n-2}  +  . . .  +  pn-iW, 

rt  d2  rfn 

P  (v)  =  Pnv  -  £  (p^lV)  +  JL  (pn_2v)  _...+(_  i)»  JL  (t,po)> 

we  have 

IvP(w)  dz=  R  (w,  v)+  Iwp  (v)  dz, 

and  therefore 

•yP  (w)  —  wp  (v)  =  -T-  {R  (w,  v)}. 

It  is  clear  that,  in  order  to  make  vP(w)  a  perfect  differential, 
whatever  be  the  value  of  w,  it  is  necessary  and  sufficient  that  v 
should  satisfy 
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a  linear  equation  of  order  ny  commonly  called  Lagranges  adjoint 
equation ;  and  further  that,  if  v  is  regarded  as  known,  then  a  first 
integral  of  the  equation  P  (w)  =  0  is  given  by 

R  (w,  v)  =  a, 

a  being  an  arbitrary  constant,  and  R  being  a  function  manifestly 
linear  in  w  and  its  derivatives. 

Further,  since 

Iwp  (v)  dz=  —  R  (w,  v)+  IvP  (w)  dz, 
it  is  clear  that  wp  (v)  is  a  perfect  differential  if 


shewing  that  the  original  equation  is  the  adjoint  of  the  Lagrangian 
derived  equation :  or  the  two  equations  are  reciprocally  adjoint  to 
one  another. 

Ex.  Shew  that,  if  w^  ...,  wn  be  a  fundamental  system  of  integrals  of  the 
equation  P(w)  =  0,  then  a  fundamental  system  of  integrals  of  the  adjoint 
equation  p(v)  =  0  is  given  by 

i  -ft* 


°l         ,     wz 

Shew  also  that  the  product  of  the  respective  determinants  of  the  two  sets  of 
fundamental  integrals  depends  only  upon  P0. 

One  immediate  corollary  can  be  inferred  from  the  general 
result,  in  the  case  when  the  equation  P(w)  =  Q  is  reducible. 
Suppose  that 


say,  where  W  =  P2  (w) ;  then  we  have 
jvP(w)dz=  tvPl(W)d2 

=  R1(W,v)+jWP1(v)dz, 

where  Pl  is  the  adjoint  of  Plf  and  ^  is  of  order  in  W  and  in  v 
one  unit  less  than  Pl.     Again,  writing 
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we  have 

IwPi  (v)  dz  =  JVP,  (w)  dz 

,  v)+fwP2(V)dz, 


where  P2  is  the  adjoint  of  P2,  and  jR2  is  of  order  in  V  and  in  v  one 
unit  less  than  Pa.     Combining  these  results,  we  have 


=  R(w,v)+lwP2P1(v)dz, 


where  R  is  of  order  one  unit  less  than  P  in  w  and  in  v.  It  follows 
that 

P,Pi(«)  =  0 
is  the  adjoint  of 

P(w)-P,P,(t*)-0, 

where  Pl}  Px  are  adjoint  to  one  another,  and  likewise  P2,  P2. 

By  repeated  application  of  this  result,  we  see  that  the  adjoint 
of 

P(w)=P1P2...Pr(w)  =  0 
is  given  by 

PrP,-i...P»Pi(tO  =  0. 

Hence  the  adjoint  of  a  composite  equation  is  compounded  of  the 
adjoints  of  the  factors  taken  in  the  reverse  order.  Manifestly 
an  equation  and  its  adjoint  are  reducible  together,  or  irreducible 
together. 

The  expression  jR  (w,  v)  is  linear  in  the  derivatives  of  w,  up  to 
order  n  —  1  inclusive,  and  also  in  those  of  v,  up  to  the  same  order  : 
it  may  be  called  the  bilinear  concomitant*  of  the  two  mutually 
adjoint  equations. 

For  further  formal  developments  in  respect  to  adjoint  equa- 
tions and  the  significance  of  the  bilinear  concomitant,  reference 
may  be  made  to  Frobeniusf,  HalphenJ,  Dini§,  Cels||,  and 
DarbouxH. 

*  Begleitender  bilinearer  Differentialausdruck,  with  Frobenius. 

t  Crelle,  t.  LXXXV  (1878),  pp.  185  —  213;  references  are  given  to  other  writers. 

£  Liouville's  Journal,  4e  S6"r.,  t.  i  (1885),  pp.  11—85. 

§  Ann.  di  Mat.,  3»  Ser.,  t.  n  (1899),  pp.  297—324,  ib.,  t.  in  (1899),  pp.  125—183. 

||   Ann.  de  VEc.  Norm.,  3"  Ser.,  t.  vm  (1891),  pp.  341  —  415. 

IT  Theorie  generate  des  surfaces,  t.  n,  pp.  99  —  121. 
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Ex.  1.     Prove  that,  if  a  linear  equation  of  the  second  order  is  self-adjoint, 
it  is  expressible  in  the  form 


that  if  a  linear  equation  of  the  third  order,  in  the  form 


^-ip       j.ia      j.  t?™    n 
-5-5-  +  3.r  -JY  +  3  ty  -j-  +  Kw  =  0, 

dz3  dzi  dz 

is  effectively  the  same  as  its  adjoint  equation,  then 

P-0     R-2  —  -0- 

'  '2  dz        ' 

and  find  the  conditions  that  a  linear  equation  of  the  fourth  order  should  be 
self-adjoint. 

Ex.  2.     Prove  that,  if  the  equations 


are  adjoint  to  one  another,  then 
yo  =     ffo, 


72= 


2|  /2" 

ffo=     7o> 

#2  = 


...  =0, 


and  obtain  the  expression  of  the  bilinear  concomitant. 


(Halphen.) 


Ex.  3.     Let  zlt  z2,  ...,  zn  denote  any  »  arbitrary  functions  of  x,  such  that 
the  determinant 

cfoj  0?n  —  12] 


dz., 


dzn 


does  not  vanish  identically ;  and  suppose  that  these  functions  of  x  are 
regular  in  a  given  region  of  the  variable,  as  well  as  the  coefficients  a  of  the 
equation 

dn~ly 


Further,  let  a  set  of  quantities  p  be  constructed  according  to  the  law 

dp0  dpt  dpn_l 

CvOC  doc  ctjc 
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and  let  the  last  of  them  be  denoted  by  -  Z,  so  that  there  are  n  functions  Z 
corresponding  to  the  n  functions  z.  Shew  that,  if  Q  (c)  is  the  value  of  Q  when 
the  last  column  of  the  latter  is  replaced  by  constants  clt  ...,  cn,  if  Q(x,  Xj)  is 
its  value  when  the  last  column  is  similarly  replaced  by  sl  to),  22(^iX  •••> 
zn  to),  and  if  Q  (x,  Xj)  is  its  value  when  the  last  column  is  similarly  replaced 
by  Z^  to),  Z2  to),  ...,  Zn  to),  then 


where  a  is  a  value  of  x  within  the  given  region  and  the  constants  c  are 
determined  in  association  with  a. 

Indicate  the  form  of  this  result  when  zlt  ...,  zn  are  a  fundamental  system 
of  the  equation,  which  is  the  adjoint  of  the  left-hand  side  of  the  above 
equation. 

Also  shew  how,  in  even  the  most  general  case,  it  can  be  used  as  a  formula 
of  recurrence  to  obtain  an  infinite  converging  series  of  integrals  as  an 
expression  for  y.  (Dini.) 

83.     Consider  an  expression  P(w)  and  its  Lagrangian  adjoint 
p(v\  and  let  R(w,  v)  denote  their  bilinear  concomitant  ;  then 

vP  (w)  —  wp  (v)  =  -j-  {R  (w,  v)}, 

which  holds  for  all  values  of  v  and  w.     Accordingly,  let 

w  =  z-p-s~l, 
where  s  is  any  integer  ;  then 


v  — 


=  -=-  {R  ( 
dz 


\  z?)}. 


Now  the  left-hand  side  is  a  series  of  powers  of  z,  having  integers 
for  indices;  as  it  is  equal  to  the  right-hand  side,  which  is  the 
first  derivative  of  a  similar  series  of  powers,  the  left-hand  side 
must  be  devoid  of  a  term  in  z~l. 

Let 


be  the  characteristic  function  of  P  (w) ;  then  the  coefficient  of  z'1 
in  zpP  (Z~P~S~I}  is  fs  (—  p  -  s  —  1).     Further,  let 


be  the  characteristic  function  ofp(v);  then  the  coefficient  of  z~l 
in  z~p~s~1p  (ZP)  is  <f>g(p}.     Hence 
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and  therefore 

fs  (p)=<f>s(-p-s-l); 
so  that,  if 


be  the  characteristic  function  of  a  given  equation,  then 


is  the  characteristic  function  of  the  adjoint  equation. 

When  P(w)  is  in  its  normal  form,  all  the  coefficients  /M(p) 
vanish  for  negative  values  of  /z,  but  f0(p)  is  not  zero.  Hence 
fn(—  p  —  p  —  1)  vanishes  for  negative  values  of  p,,  but  not 
fo(—  p  —  1);  and  therefore  the  adjoint  expression  p(v~)  is  in  its 
normal  form.  Moreover,  their  indicial  functions  /,  (p),  </>0  (p)  are 
such  that 

/„  00  =  &(-/»-!),    *.00=/o(-p-i), 

so  that  they  are  of  the  same  degree*,  or  the  characteristic 
indices  are  the  same.  Hence  if  an  equation  has  all  its  integrals 
regular  in  the  vicinity  of  a  singularity,  the  adjoint  equation  also 
has  all  its  integrals  regular  in  the  vicinity  of  that  singularity  ;  for 
the  characteristic  index  is  then  zero  for  the  original  equation,  and 
it  therefore  is  zero  for  the  adjoint  equation.  Similarly,  if  an 
equation  has  all  its  integrals  non-regular  in  the  vicinity  of  a 
singularity,  the  adjoint  equation  also  has  all  its  integrals  non- 
regular  in  the  vicinity  of  that  singularity  ;  for  the  characteristic 
index  is  then  equal  to  the  order  of  the  original  equation,  and  it 
therefore  is  equal  to  the  (same)  order  of  the  adjoint  equation. 

On  the  basis  of  these  two  results,  we  can  obtain  a  descriptive 
condition  necessary  and  sufficient  to  secure  that,  if  a  differential 
equation  of  order  m  has  an  indicial  function  of  degree  m  —  n,  the 
number  of  its  regular  integrals  is  actually  equal  to  m  —  n. 

Let  P  =  0  be  the  differential  equation,  with  an  indicial  func- 
tion of  degree  m  —  n.  Let  72  =  0  be  the  differential  equation 
of  order  m  —  n,  which  has  the  aggregate  of  regular  integrals  of 
P  =  0  for  its  fundamental  system  ;  its  indicial  function  is  of  degree 
m  —  n.  Then  (§  75,  iv)  the  equation  P  =  0  can  be  expressed  in 
the  form 


*  Thom<*,  Crelle,  t.  LXXV  (1873),  p.  276;   Frobenius,   Crelle,  t.    LXXX   (1875), 
p.  320. 

F.    IV.  17 
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where  Q  is  a  differential  operator  of  order  n.  Because  the  degrees 
of  the  indicial  functions  of  P  and  It  are  equal  to  one  another,  it 
follows  (from  §  76)  that  the  degree  of  the  indicial  function  of  Q  is 
zero,  that  is,  the  indicial  function  of  Q  is  a  constant,  and  therefore 
(§  77,  Cor.  i)  the  equation  Q  =  0  has  no  regular  integral. 

Now  construct  the  equations  which  are  adjoint  to  P  =  0,  Q  =  0, 
R  =  0  respectively ;  and  denote  them  by  p  =  0,  q  =  0,  r  =  0. 
Because  R  and  r  are  adjoint,  and  because  all  the  integrals  of 
R  =  Q  are  regular,  it  follows  that  all  the  integrals  of  r  =  0  are 
regular ;  and  conversely.  Similarly,  because  Q  and  q  are  adjoint, 
and  because  Q  =  0  has  no  regular  integral,  it  follows  that  q  =  0 
has  no  regular  integral;  and  conversely.  Further,  by  §  82,  we 

have 

p  =  rq, 

so  that  the  equation  adjoint  to  P  =  0  is 

p  =  rq  =  0, 

and  this  equation  possesses  all  the  integrals  of  q  =  0,  an  equation 
whose  indicial  function  is  a  constant.  Hence  it  is  necessary  that 
the  equation  adjoint  to  P  =  0  should  possess  all  the  integrals  of  an 
equation  of  order  n,  having  a  constant  for  its  indicial  function,  if 
P  =  0  is  to  have  m  —  n  linearly  independent  regular  integrals. 

But  this  descriptive  condition  is  also  sufficient  to  secure  this 
result.  For,  as  the  condition  is  satisfied,  we  have 

p  =  rq, 

where  the  indicial  function  of  q  is  a  constant;  hence,  with  the 
preceding  notation,  we  also  have 

P  =  QR, 

and  the  indicial  function  of  Q  is  a  constant.  Accordingly,  as  the 
indicial  function  of  P  is  of  degree  m  —  n,  it  follows  (§  76)  that  the 
indicial  function  of  R  is  of  degree  m  —  n ;  and  therefore  (Ch.  in), 
as  the  order  of  ^  =  0  is  m  —  n,  all  its  integrals  are  regular.  But 
P  =  0  possesses  all  the  integrals  of  R  =  0 ;  and  therefore  it  has 
m  —  n  regular  integrals. 

We  therefore  infer  the  theorem  : — 

In  order  that  an  equation  of  order  m,  having  an  indicial  function 
of  degree  m  —  n,  may  possess  m  —  n  regular  integrals,  it  is  necessary 
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and  sufficient  that  the  adjoint  equation  should  possess  all  the  inte- 
grals of  an  equation  of  order  n,  having  an  indidal  function  which 
is  a  constant. 

This  result  was  first  established  by  Frobenius*;  and  it  may 
be  compared  with  the  corresponding  result  obtained  by  Floquet 
(§  77).  The  special  case,  when  n  =  l,  had  been  previously  discussed 
by  Thorn  ef,  who  obtained  the  result  that  an  equation  of  order  m, 
having  an  indidal  function  of  degree  m  —  1,  possesses  ra  —  1  regular 
integrals,  if  the  adjoint  equation  has  an  integral  of  the  form 


where  G  I  - )  is  a  polynomial  in  - ,  and  a  is  a  constant. 

\30  /  3C 

We  shall  not  pursue  this  part  of  the  formal  theory  of  linear 
differential  equations  further :  we  refer  students  to  the  authorities 
already  (§  82)  quoted,  as  well  as  to  Thome'J,  Floquet§,  and 
Grunfeldll. 

*  Crelle,  t.  LXXX  (1875),  pp.  331,  332. 

t  Crelle,  t.  LXXV  (1873),  pp.  278,  279. 

£  A  summary  of  many  of  the  memoirs  upon  linear  differential  equations  by 
Thome,  published  in  Crelle's  Journal,  will  be  found  in  Crelle,  t.  xcvi  (1884), 
pp.  185—281. 

§  Ann.  de  I' EC.  Norm.  Sup.,  2e  Ser.,  t.  vin  (1879),  Supplement,  p.  132. 

||  Crelle,  t.  cxv  (1895),  pp.  328—342,  ib.,  t.  cxvn  (1897),  pp.  273—290, 
ib.,  t.  cxxn  (1900),  pp.  43—52,  88. 
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CHAPTER  VII. 

NORMAL  INTEGRALS;  SUBNORMAL  INTEGRALS. 

84.  IT  is  now  necessary  to  consider  those  integrals  of  the 
differential  equation  in  the  vicinity  of  a  singularity,  which  are  not 
of  the  regular  type.  Suppose  that  such  an  integral,  or  a  set  of 
such  integrals,  is  associated  with  a  root  0  of  the  fundamental 
equation  (§  13)  of  the  singularity  which,  as  in  the  last  chapter, 
will  be  transformed  to  the  origin  by  the  substitution 

1 

z—  a  —  x,     z  =  -  , 
x 

according  as  it  is  in  the  finite  part  of  the  plane,  or  at  infinity. 
Let  p  denote  any  one  of  the  values  of 


then  it  is  known  that  an  integral  exists  in  the  form 


where  0  is  a  uniform  function  of  x  in  the  vicinity  of  the  origin. 
As  this  integral  is  not  of  the  regular  type,  the  function  <f>  will 
contain  an  unlimited  number  of  negative  powers,  so  that  the  origin 
is  an  essential  singularity  of  </>  :  in  the  case  of  the  integrals  con- 
sidered earlier,  the  origin  was  either  a  pole  or  an  ordinary  point. 
Accordingly,  when  </>  is  expressed  as  a  power-series,  it  will  contain 
an  unlimited  number  of  negative  powers:  it  may  contain  an 
unlimited  number  of  positive  powers  also,  and  in  that  case  it  has 
the  form  of  a  Laurent  series. 

Classification  of  such  integrals  might  be  effected  in  accordance 
with  a  classification  of  essential  singularities  ;  but  the  discrimina- 
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tion  that  thus  far  has  been  effected  among  essential  singularities 
is  of  a  descriptive  type  *,  and  has  not  led  to  functions  whose  general 
expressions  are  characteristic  of  various  classes  of  singularities. 
Accordingly,  it  is  possible  to  choose  one  function  after  another 
with  differing  forms  of  essential  singularity,  and  to  construct 
(where  practicable)  the  corresponding  linear  equations  possessing 
integrals  with  the  respective  types  of  singularity  :  but  there  is  no 
guarantee  that  such  a  process  will  lead  to  a  complete  enumeration. 

There  is  one  such  function,  however,  which  is  simpler  than  any 
other,  and  yet  is  general  of  its  class.  It  suffices  for  the  complete 
integration  of  the  linear  equation  of  the  first  order  when  the  origin 
is  a  pole  of  the  coefficient  ;  and  an  indication  has  been  given  (§  81) 
that  it  may  serve  for  the  expression  of  an  integral  of  an  equation 
higher  than  the  first.  The  equation  of  the  first  order  may  be 
taken  to  be 


where  a^+sP  is  a   holomorphic   function,  s  being  some  positive 


integer.     Let 

-r,      sa,       (s  —  l)ao  2as_i      ag     p      -,.  ,  . 

p  —  __  t_  _i_  l  _     _/  _  i  _i_        _i_       8  a   i  __  ?  _  L_  __  T  (  f\ 

r  —  yg+1  T  ^—       I-  v  "I1       ^       I-      2  *     (®), 

ttV  W  *As  vU  w 

where  /'  (x)  is  a  holomorphic  function  ;  then  we  easily  have 

y  =  eaxpeI(x)  =  eax?ty  (x), 
where  -vjr  (x)  is  a  holomorphic  function  of  x,  and 


It  is  clear  that  x  =  0  is  an  essential  singularity  of  the  integral  ; 
and  also  that  we  thus  have  the  complete  primitive  of  the  equation 
of  the  first  order. 

It  appeared,  in  §  81  and  the  example  there  discussed,  that 
such  an  expression,  if  not  in  general,  still  in  particular  cases,  can 
be  an  integral  of  an  equation  of  higher  order. 

As  all  expressions  of  the  form 


*  T.  F.,  §  88. 
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where  fl  is  a  polynomial  in  - ,  possess  the  same  generic  type  o 

oc 

essential  singularity,  we  proceed  to  the  consideration  of  equations 
that  may  possess  integrals  of  this  form.  Such  an  integral  is 
called*  a  normal  elementary  integral  or  (where  no  confusion  will 
occur)  simply  normal.  The  quantity  en,  through  the  occurrence 
of  which  the  point  x  =  0  is  an  essential  singularity,  is  called  the 
determining  factor  of  the  integral ;  the  other  part  of  the  integral, 
being  x^-ty  (x)  where  -fy  is  holomorphic,  is  of  the  type  of  a  regular 
integral,  and  so  the  quantity  p  is  called  the  exponent  of  the 
integral. 


CONSTRUCTION  OF  NORMAL  INTEGRALS. 

85.     We   proceed,   in   the    first   place,   to    indicate    Thome's 
method -f-  of  obtaining  such  normal  integrals  as  the  equation 


dmw          dm~lw  dw 


may  possess.  (The  method  gives  no  criteria  as  to  the  actual 
existence  of  normal  integrals  :  and  therefore,  if  any  criteria  are 
to  be  obtained  for  equations  of  order  higher  than  the  first,  they 
must  be  investigated  otherwise.)  If  a  normal  integral  exists,  it 
is  of  the  form 

w  =  eau, 

where  O  is  a  polynomial  in  -  ;  and  fi  is  determined  so  that,  if 

30 

possible,  the  equation  satisfied  by  u  may  possess  at  least  one 
regular  integral.  Let 

dnen_ 
^  =       tn' 
so  that 

*o=l,     *i=fl',     tp+1  =  tp'  +  mp,      (p=l,  2,  ...); 
then 

dnw       _  /  du  ±  dn~lu     ±  dn 

=  e 


*  Thome,  Crelle,  t.  xcv  (1883),  p.  75.  Cayley,  ib.,  t.  c  (1887),  p.  286,  suggested 
the  name  subregular  ;  but  the  name  normal  is  that  which  has  generally  been 
adopted. 

t  Crelle,  t.  LXXVI  (1873),  p.  292. 
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When  these  quantities,  for  the  successive  values  of  n,  are  substi- 
tuted in  the  differential  equation  for  w,  the  determining  factor  en 
can  be  removed  ;  and  the  differential  equation  for  u  then  is 

dmu         dm~1u  du 

&  +  ^^=i+-+^-1^  +  ^  =  °' 
where 

ml  (m-l)l  (m  -  2)  ! 


...  +  (m-r  + 
for  r  =  1,  2,  ,..,  m. 

If  the  original  equation  possesses  a  normal  integral,  then,  after 
the  proper  determination  of  fl,  the  differential  equation  for  u  will 
possess  at  least  one  regular  integral:  its  characteristic  index 
cannot  then  be  greater  than  m  —  1,  which  (after  the  results  in  the 
preceding  chapter)  is  a  necessary  but  not  a  sufficient  condition. 

As  fl  is  a  polynomial  in  x~*,  its  form  and  degree  being  un- 
known, let  its  degree  be  s—  1,  so  that  s^  2  ;  we  then  have  for  IT 
an  expression  of  the  form 

Q/  _  &2     ,     ^3     .  .     &8 

x*     a?  x8' 

Hence  in  tl}  the  governing  term  (that  is,  the  term  with  highest 

Or  CL  ^ 

negative  exponent  of  x)  is  -*  ;  in  tz,  it  is  -^  ;  and  so  on,  so  that,  in 

Cu  3C> 

Cb  n 

tn,  it  is  -^  .     As  in  §  73,  let  tsK  denote  the  multiplicity  of  x  =  0  as 

Ob 

a  pole  of  pK  ;  then  in  qr,  the  governing  exponents  of  its  respective 
parts  are 

rs,   «r!  +  (r-l)5,    'or2  +  (r-2)s,  ...,   w^j  +  s,   <3>. 

Thus  the  governing  exponents  in  qr  are,  so  far  as  they  go,  less  than 
those  in  qr+l  by  s,  and  s  ^  2.  Hence,  in  forming  the  characteristic 
index  for  the  equation  in  u,  for  the  purpose  of  determining  whether 
it  may  possess  a  regular  integral,  the  governing  exponent  in  qm 
is  certainly  greater  by  s  than  that  in  any  other  coefficient;  the 
characteristic  index  is  m,  the  indicial  function  is  a  constant,  and 
the  equation  has  no  regular  integral.  But,  thus  far,  H  is  quite 
arbitrary  ;  and  it  may  be  possible,  by  proper  choice  of  its  constant 
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coefficients,  to  secure  that  a  number  of  the  terms  in  qm  with  the 
greatest  exponents  of  or1  shall  disappear.  If  by  thus  utilising  the 
governing  exponent  and  the  constants  in  ft',  we  can  secure  that 
the  characteristic  index  of  the  equation  in  u  is  less  than  m,  the 
indicial  function  ceases  to  be  a  constant  and  the  equation  may 
have  a  regular  integral. 

In  order  that  the  indicial  function  may  not  be  a  constant,  the 
governing  exponent  of  qm^  must  be  less  than  that  of  qm  by  unity 
at  the  utmost,  or  that  of  qm-z  must  be  less  than  that  of  qm  by  two 
at  the  utmost,  or  (for  some  value  of  r)  the  governing  exponent  of 
qm—r  must  be  less  than  that  of  qm  by  r  at  the  utmost ;  whereas  at 
the  present  moment,  these  diminutions  are  s,  2s,  rs  respectively, 
where  O  2.  Hence  an  initial  necessity  is  that  the  s—I  terms  in 
qm  with  the  highest  exponents  of  x~*  shall  vanish.  Now 

qm  =  tm  -f  Pitm-i  +  •••  +Pm-iti  +  pm • 

The  s  —  1  terms  in  t^  with  the  highest  exponents  of  x~l  are  the 
same  as  in  fl'"-,  because  of  the  form  of  H'  and  because 

tp.  =  t  n—i  +  11  tfi—i , 

(but  not  more  than  those  s  —  1  terms  are  the  same) ;  hence  the 
s  —  1  terms  with  the  highest  exponents  of  #-1,  say  the  first  5  —  1 
terms,  in 

&m  +P&'™-*  +  ...  +Pm_1n'+Pm 

must  vanish. 

86.  To  render  this  result  attainable,  it  is  necessary  that  the 
greatest  exponent  must  not  occur  in  only  a  single  term  of  the 
preceding  expression,  for  then  the  term  could  vanish  only  by 
having  as  =  0 ;  the  greatest  exponent  must  occur  in  at  least  two 
terms.  Consequently  no  one  of  the  numbers 

ms,   •ar1  +  (m  —  I)s,   «r2  +  (m  —  2) s,  ...,   •srrn, 
may  be  greater  than  all  the  rest,  that  is,  no  one  of  the  numbers 

0,   OTJ  —  s,   «r2  —  2s,    . . . ,   wm  —  ms, 
may  be  greater  than  all  the  rest.     Of  the  quantities 

1 

^i>     2OT2>     S^s.     •••>     ZTwm> 

lit 
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let  g  be  the  greatest.  Evidently  g  is  greater  than  unity  ;  for  the 
original  differential  equation  has  not  all  its  integrals  regular,  and 
so  «rn  >  n  for  at  least  one  value  of  n.  Now  s  cannot  be  greater 
than  g  ;  for  any  such  value  would  make  all  the  integers  in  the 
series 

0,   OTi-s,   or2-2s,    ...,   i*m-ms, 

negative  except  the  first,  that  is,  the  first  would  then  be  greater 
than  all  the  rest.  Hence  s  <  g  :  and  s  ^  2,  from  the  nature  of  the 
case. 

I.  When  g  <  2,  no  value  of  s  is  possible;  and  then  there  is  no 
normal  integral  of  the  type  indicated.     Such  a  case  arises  for  the 
equation 

1      ,      1 

y  +  -PV  +^w=v> 

when  p  and  q  are  holomorphic  in  the  domain  of  x  =  0  and  neither 
vanishes  when  x  =  0.  The  quantity  g  is  the  greater  of  1,  f  ,  that 
is,  it  is  less  than  2  ;  so  that  there  is  no  normal  integral.  Moreover, 
as  the  indicial  function  of  the  particular  equation  is  a  constant,  it 
has  no  regular  integral. 

II.  When  g  is  an  integer  (necessarily  greater  than  unity),  we 
manifestly  might  take  s  =  g.     For  two  at  least  of  the  numbers 

0,    nr1  —  s,    -ar2  —  2s,    ,..,    tsm  —  ms, 

would  then  be  equal  to  the  greatest  among  them,  which  is  zero  ; 
and  then  two  at  least  of  the  numbers 

ms,   ^^(m-l)*,   OT2  +  (m-2)s,    ...,  i^m^  +  s,   vrm> 
would  be  equal  to  the  greatest  among  them,  one  of  these  being  ms. 

More  generally,  let  n  be  the  characteristic  index  of  the  original 
equation,  so  that 

«rB  +  m  —  n  ^  OTM  +  m  —  /*, 


for  all  values  of  //,  that  are  greater  than  n;  then,  adding  (m—  n)(s—  1) 
to  each  side  of  the  inequality,  we  have 


vrn  +  (m  —  n)  s  ^  vr,,.  +  (m  —  /z)  s  +  (/*  —  n)(s  —  1), 

where  //,  >  n.     In  the  case  of  all  these  numbers,  (p  —  n)(s  —  1)  is 
certainly  positive  ;  so  that  the  first  5  —  1  terms  in  our  expression 
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are  not  affected  by  the  quantities  corresponding  to  w^  +  (m  —  /JL)  s, 
and  they  can  occur  only  through  the  quantities  corresponding  to 

WA  +  (m  —  X)  s, 

for  \=  0,  1,  ...,  n,  where  vr0  =  0,  and  n  is  the  characteristic  index 
of  the  original  equation.    We  thus  consider  the  first  s  —  1  terms  in 

fym-n  (fl/n  +^1ft'«-i  +p^f^  +  .  .  .  +pnr_lQ!  +  pn)  ; 

and  this  holds  for  any  value  of  s  equal  to  or  greater  than  two. 
As  regards  g,  which  is  the  greatest  among  the  quantities 

1 

TI,     ^2>     ^3>     ••',    —  ^m, 

lit/ 

it  occurs  only  among  the  first  n,  in  the  present  circumstances  ;  for 
it  certainly  is  greater  than  unity  and  if  any  one  of  the  last  m  —  n, 

(say  -  «rM  is  the  greatest  of  these  last  m  —  n),  is  greater  than  unity, 

I* 
then  because 

vrn  +  m  — 
we  have 


n        p,          /•<• 
that  is, 


for  /*  is  greater  than  n.  Thus  g  does  not  occur  in  the  last  m  —  n 
of  the  quantities,  if  one  or  more  than  one  of  them  is  greater  than 
unity  ;  and  it  certainly  does  not  occur  among  them,  if  no  one  of 
them  is  greater  than  unity.  Hence  g  is  the  greatest  among  the 
quantities 

i         i  l 

Wi>     fCT2,     3OT3>     •••!     -  Wn- 

/» 

It  may  occur  several  times  in  this  set  ;  let  -  -nT.  be  the  first  occur- 

K 

rence,  in  passing  from  left  to  right,  and  -  vrr  be  the  last.     Take 

first  s  =  g  ;  then  we  have 

VTK  +  (m  —  K)  s  =  mg,     -nr,.  +  (m  —  r)  s  =  mg, 
isr\  +  (m  —  \)s  <  mg,   if  X.  <  K,   or  if  \  >  r  ; 
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so  that  the  highest  terms  of  all,  being  those  with  index  mg, 
occur  in 

n/w,    pK£l'n-K  +  ...  +pr£l'n-r. 
If  then 

p9  =  x  -™*(c,,  +  d0<K  +...),  (<r=l,  2,  ...), 

the  equation  which  determines  ag,  the  coefficient  of  x~g  in  H',  is 
agr  +  cKagr-K+...+cr  =  0. 

The  remaining  g  —  2  coefficients  in  Q!  are  given  by  equating  to 
zero  the  coefficients  of  the  next  g  —  2  terms  in 

n'w  +p1fl'n~1  +  .  .  .  +  jpn-jfl'  +  pn. 

Each  set  of  values  of  the  coefficients  determines  a  possible  form 
of  Ii'  and  therefore  a  possible  form  of  determining  factor.  The 
number  of  sets,  different  from  one  another,  is  ^  r. 

The  preceding  cases  arise  through  s  —  g\  but  if  g,  being  an 
integer,  is  greater  than  2,  other  values  of  s,  less  than  g,  may  be 
admissible.  They  can  be  selected  as  follows*.  Mark  the  points 

0,  n;   -53-j,  n  —  1;    w2,  n  —  2;    ...;   wn,  0; 

in  a  plane  referred  to  two  rectangular  axes;  and  taking  a  line 
through  the  first  of  them  parallel  to  the  axis  of  ac,  make  it  swing 
round  that  point  in  a  clockwise  direction,  until  it  meets  one  or 
more  of  the  other  points  ;  then  make  it  swing  in  the  same  direc- 
tion round  the  last  of  these,  until  it  meets  one  or  more  of  the 
remaining  points  ;  and  so  on,  until  the  line  passes  through  the 
last  of  the  points.  There  thus  will  be  obtained  a  broken  line, 
outside  which  none  of  the  marked  points  can  lie. 

If  a  line  be  drawn  through  any  of  the  points,  say  tjK  ,  n  —  K,  at 
an  inclination  tan"1  /j,  to  the  negative  direction  of  the  axis  of  y,  its 
distance  from  the  origin  is 


so  that,  for  a  given  direction  /*,  the  distance  is  proportional  to 

-srK  +  (n  -  K)  p. 

It  therefore  follows  that  an  appropriate  value  of  s  is  given  by  any 
portion  of  the  broken  line,  which  is  inclined  at  an  angle  tan"1  /t*  to 

*  The  method  is  due  to  Puiseux  ;  see  T.  F.,  §  96. 
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the  negative  direction  of  the  axis  of  y,  where  p  is  a  positive 
integer,  ^  2  :  the  value  of  s  being 


S  = 


As  many  values  of  s  are  admissible  as  there  are  portions  of  the 
broken  line  with  inclinations  tan"1  p,  where  //,  is  a  positive  integer, 
which  is  ^  2. 

For  each  admissible  value  of  s,  arising  from  a  portion  of  the 
broken  line,  the  terms  in 

£l'n  +p1fl'n~l  -f  ...  +pn-&  +pn, 

which  correspond  to  the  points  on  that  portion,  give  the  terms  of 
highest  negative  power  in  x.  If,  for  instance,  a  portion  of  line, 
having  as  its  extremities  the  points  corresponding  to 

Prtl'n-r  and  ^fl/n-*,  (t>r\ 

gives  a  value  g'  (necessarily  an  integer,  as  being  a  value  of  s),  then 
the  coefficient  ag-  satisfies  an  equation 


and  the  remaining  g'  —  2  coefficients  in  fl'  are  obtained  in  the 
same  manner  as  before.  Each  set  of  values  of  the  coefficients 
determines  a  form  of  Q,'  and  therefore  also  a  possible  determining 
factor;  and  the  number  of  sets  different  from  one  another  is 
<t-r. 

And  so  on,  with  each  piece  of  broken  line  that  provides  an 
admissible  value  of  s. 

III.     When  the  greatest  of  the  quantities 


is  greater  than  2  but  is  not  an  integer,  we  construct  a  tableau  of 
points  as  in  the  preceding  case,  and  draw  the  corresponding  line. 
Only  such  values  of  s  (if  any)  are  admissible  as  arise  from  portions 
of  the  line,  which  are  inclined  at  an  angle  tan"1  /j,  to  the  negative 
part  of  the  axis  of  y,  p,  being  an  integer  ^  2. 

87.     In  every  case,  where  a  possible  form  of  fl'  and  thence  a 
possible  form  of  H  have  been  obtained,  we  take 

w  =  enu. 


87.]  SUBNORMAL   INTEGRALS  269 

If  a  normal  integral  of  the  original  equation  exists,  the  equation 
for  u  must  possess  a  regular  integral ;  and  each  regular  integral  of 
the  latter  determines  a  normal  integral  of  the  former  having  the 
determining  factor  en.  An  upper  limit  to  the  number  of  integrals 
thus  obtainable  is  furnished  by  the  degree  of  the  indicial  function 
of  u ;  but  the  investigations  of  the  last  chapter  shew  that,  when 
the  degree  of  the  indicial  function  is  less  than  the  order  of  the 
differential  equation,  the  number  of  regular  integrals  may  be  less 
than  the  degree  and  might  indeed  be  zero.  The  simplest  mode  of 
settling  the  matter  is  to  take  a  series  of  the  appropriate  form, 
determined  by  the  indicial  function  of  the  w-equation,  substitute 
it  in  the  differential  equation,  and  decide  whether  the  coefficients 
thence  determined  make  the  series  converge.  The  normal 
integral  exists  or  is  illusory,  according  as  the  series  converges 
or  diverges. 

When  the  normal  integral  exists,  we  say  that  it  is  of  grade 
equal  to  the  degree  of  H  as  a  polynomial  in  x~l. 


SUBNORMAL  INTEGRALS. 

88.  In  the  preceding  investigation  of  normal  integrals,  it  was 
essential  that  the  number  s  should  be  an  integer  ^  2  :  and 
accordingly,  such  values  of  yet,  as  were  given  by  the  Puiseux 
diagram  and  did  not  satisfy  the  condition,  were  rejected.  But 
though  they  are  ineligible  for  the  construction  of  normal  integrals, 
they  may  be  subsidiary  to  the  construction  of  other  integrals. 

Let  fji  denote  such  a  quantity,  given  by  the  Puiseux  diagram 
in  the  form  of  a  positive  magnitude  that  is  not  an  integer:  its 
source  in  the  diagram  makes  it  a  rational  fraction  which,  being 
expressed  in  its  lowest  terms,  may  be  denoted  by  h  +  k.  The 
terms  which,  for  this  quantity  as  representing  a  possible  degree 
for  II',  have  the  highest  index  of  or*  in 

ttn  +  pW*-1  +  ...+PM&  +pn, 

are  those  which  correspond  to  points  on  the  portion  of  the  line 
that  gives  the  value  of  /i.     Hence,  taking 


at* 
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an  equation  is  obtained  by  making  the  aggregate  coefficient  of 
this  term  of  highest  order  disappear;  the  equation  determines  A. 

Now  take  a  new  independent  variable  £  such  that 


and  make  it  the  independent  variable  for  the  differential  equation  ; 

.      ,     dfl  . 
the  expression  for  -r-  is 

<m_  A 

dx~^ 
so  that 

— 
d% 

and  therefore 


-rT.... 
h  —  k 

Thus  n  is  infinite  when  x  =  0,  provided  h  >  k,  that  is,  for  values  of 
fj,  that  are  greater  than  unity.  Accordingly,  when  we  proceed  to 
consider  the  differential  equation  with  £  as  the  variable,  values  of 
H  of  the  preceding  form  can  be  obtained  by  the  earlier  method  : 
in  fact,  we  may  obtain  a  normal  integral  of  the  equation  in  its 
new  form,  the  conditions  being  that  the  equation  for  v,  which 
results  from  the  substitution 

w  =  env, 

shall  have  a  regular  integral  or  regular  integrals.  When  once  the 
value  of  k  is  known  and  the  transformation  from  x  to  £  has  been 
effected,  the  remainder  of  the  investigation  is  the  same  as  for  the 
construction  of  normal  integrals  of  the  untransformed  equation. 

Examples  will  be  given  later,  shewing  that  such  integrals  do 

i 

exist.  As  they  are  of  a  normal  type  in  a  variable  xk,  where  k  is  a 
positive  integer,  they  may  be  called  subnormal*.  Their  existence 
appears  to  have  been  indicated  first  by  Fabry-f*. 

89.     We  have   seen   that,  if  g   denote   the   greatest   of  the 
quantities 


*  Poincare,  Acta  Math.,  t.  vni,  p.  304,  calls  them  anormales. 
t  Sur  les  integrates  des  equations  differentielles  lineaires  a  coefficients  rationels, 
(Th6se,  1885,  Gauthier-Villars,  Paris),  Section  iv. 
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and  if  the  equation  possesses  a  normal  or  a  subnormal  integral  of 
the  form 


then  ft'  is  a  polynomial  in  z~l  (or  in  some  root  of  z~l)  of  order 
equal  to  or  less  than  g ;  and  therefore  ft  is  a  polynomial  in  z~l  of 
order  equal  to  or  less  than  g  —  1.  Let 

g-l=R; 

then  R  is  called  the  rank  of  the  differential  equation  for  z=0. 

When  R  is  an  integer,  the  grade  of  a  normal  integral  may  be 
equal  to  R :  if  not,  it  is  less  than  R.  When  R  is  not  an  integer, 
let  p  denote  the  integer  immediately  less  than  R ;  the  grade  of  a 
normal  integral  may  be  equal  to  p  or  may  be  less  than  p.  When 

k 

R  is  a  fraction,  equal  to  j  when  in  its  lowest  terms,  then  a  sub- 
normal integral  may  exist  having  a  determining  factor  en,  where 

ft  is  a  polynomial  of  degree  k  in  z   l  ;  it  will  still  be  said  to  be  of 

k 
grade  j  in  z,  that  is,  of  grade  R.     All  subnormal  integrals  are  of 

grade  R  or  of  grade  less  than  R. 

Ex.     Obtain  the  rank  of  the  equation 

n       dn~rw_n 

for  3  =  00 ,  the  coefficients/*  being  polynomials  in  z. 

90.  The  converse  proposition,  due*  to  Poincare,  is  true  as 
follows : — 

If  n  normal  or  subnormal  functions  are  of  grade  equal  to  or 
less  than  R,  and  have  the  origin  for  an  essential  singularity,  they 
satisfy  a  linear  differential  equation  of  order  n  and  rank  not 
greater  than  R  for  z  =  Q. 

Any  n  functions  satisfy  a  linear  differential  equation  of  order 
n :  in  the  present  case,  let  it  be 

dnw      n  dn~lw 


*  Acta  Math.,  t.  viu  (1886),  p.  305:  the  form  has  been  somewhat  altered,  so  as 
to  admit  the  discussion  of  normal  and  subnormal  integrals  together. 
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Let  the  normal  and  the  subnormal  functions  be  arranged  in  a 
sequence  of  descending  grade  :  when  so  arranged,  let  them  be 


so  that,  if  RI,  R2,  ...,  Rn  be  their  respective  grades, 

R  ^  R1  ^  R2  ^  •  •  •  ^  Rn—2  ^  -Rji—  i  ^  -Sn- 

Now 

PrA+An,r  =  0, 

where  A  is  the  fundamental  determinant  of  the  n  functions,  viz. 
lWi     dn~lwz  dn~lwn 


A  = 


'-1  '  dzn~l 


and  An<r  is  obtained  from  A  by  substituting  the  derivatives  of 
order  n  for  the  derivatives  of  order  n  —  r  in  the  rth  row.  The 
value  of  Pr  is 


In  order  to  obtain  the  degree  of  z  =  0  as  an  infinity  of  Pr,  it  wil 
be  sufficient  to  consider  only  the  governing  terms  in  A  and  Aw>r; 
and  the  degree  is  determined  through  the  differences  between  th* 
two  sets  of  most  important  terms  in  the  rth  rows.  Now  if 


we  have 


dz* 


where  <£9)P  is  finite  (but  not  zero)  when  z=0.     We  take  out  oi 
the  pth  column  a  factor 


for  each  of  the  n  values  of  p  ;   we  take  out  of  the  mth  row 
factor 


for  each  of  the  n  values  of  m  ;  and  then  every  constituent  in  the 
surviving  determinants  A  and  An>r  is  finite.     The  initial  terms  ii 
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these  constituents  are  the  same  for  all  the  rows  except  the 
(r  —  l)th  :  the  difference  there  is  that  a^,  aj\  ...,  ornn  occur  in  A'n>r, 
while  ain~r,  a2n-r,  ...,  ann~r  occur  in  A',  where  A'n>r  and  A'  are  the 
modified  determinants,  and  a1}  0%,  ...,  an  are  the  coefficients  of  the 
governing  terms  in  fllf  I12,  ...,  Hn.  Accordingly,  if 

A'      =  Az°+..., 
then 

&'nir  =  A'z*+..., 

where  the  other  indices  are  higher  than  8,  and  A,  A'  are  constants; 
and  therefore 

A       =  z-  kn  (»-i)  (-R.+D  g2  Qp  gZffp  ^/^ 


the  summation  in  the  exponents  being  for  values  1,  2,  .  ..,  n  of 
Hence 


A        I 

Now  A,  being  the  fundamental  determinant,  does  not  vanish 
identically:  and  as  z  =  Q  is  an  essential  singularity,  and  not 
merely  an  apparent  singularity,  A  does  not  vanish  when  z  =  0 ; 
thus  A  is  not  zero.  It  might  happen  that  A'  =  0 ;  but  in  any 
case,  if  -ray  denote  the  order  of  2  =  0  as  a  pole  of  the  coefficient  Pr, 

we  have  urr<r  (Rl+  1).     Thus  the  largest  of  the  numbers  -«rr 

is  ^.R1+l^.R  +  l;  and  therefore,  for  z  =  0,  the  rank  of  the 
equation  ^  R,  which  proves  the  proposition. 

When  all  the  integrals  are  normal,  which  is  the  circumstance 
contemplated  by  Poincare,  the  quantities  R  are  integers  and  the 
determinants  A',  A'n)7.  are  uniform  :  so  that  the  coefficients  P  then 
are  uniform  functions  of  z.  The  coefficients  P  are  uniform  also 
when  the  aggregate  of  subnormal  integrals  is  retained  :  the  proof 
of  this  statement  is  left  as  an  exercise. 

NOTE.  An  equation,  which  has  a  number  of  normal  integrals, 
is  reducible ;  so  also  is  an  equation,  which  has  a  number  of  sub- 
normal integrals. 

By  the  preceding  proposition,  the  aggregate  of  the  normal 
integrals  (or  of  the  subnormal  integrals)  satisfies  a  linear  equa- 
tion with  uniform  coefficients,  say  N=0,  of  which  they  are  a 

F.    IV.  18 
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fundamental  system.    Denoting  the  original  equation  by  P  =  0,  we 
can  prove,  exactly  as  in  §  75,  that  P  can  be  expressed  in  the  form 


where  Q  is  an  appropriate  differential  operator.     In  other  words, 
P  is  reducible. 

The  investigation  of  the  detailed  conditions,  imposed  upon 
the  form  of  P  by  the  possibility  of  such  reducibility,  will  not 
be  attempted  here. 

Further,  it  must  not  be  assumed  (and  it  is  not  the  fact)  that 
reducible  equations  are  limited  to  equations,  which  have  regular, 
or  normal,  or  subnormal  integrals. 

Ex.  1.     Consider  the  equation 

' 


where  p,  q,  r  are  holomorphic  functions  of  x  that  do  not  vanish  when  #=0. 

To  investigate  the  possible  kinds   of  determining  factor,  we  form   the 
tableau  of  points 

0,  3  ;    3,  2  ;    5,  1  ;    7,  0  ; 

and  then  construct  the  broken  line.  There  are  two  pieces  :  one  gives  /*=3, 
the  other  /i  =  2  ;  the  former  joins  the  first  two  points  ;  the  last  three  lie  on 
the  latter.  The  possible  expressions  for  Q'  are  therefore 

o'-5+i    a'-*, 

z3      zl  z2 

where  a  and  /3  are  uniquely  determinate,  and  y  is  the  root  of  a  quadratic 
equation. 

Of  course,  the  actual  existence  of  normal   integrals  depends  upon  the 
actual  forms  of  p,  g,  r. 

Ex.  2.     Shew  that  the  equation 
"' 


where  p,  q,  r  are  holomorphic  functions  of  x  that  do  not  vanish  when  .r=0, 
possesses  no  normal  integrals  in  the  vicinity  of  x=0  :  but  that  it  may 
possess  subnormal  integrals. 

Ex.  3.     Consider  the  equation 


which  has  no  regular  integral,  because  the  indicial  function  is  a  constant. 
The  numbers  071?  or2>  ^3  are  1>  2,  6  ;  so  that  <7  =  2,  and  we  therefore  take 
a=2,  so  that 
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We  have  to  make  the  single  («  —  1)  highest  power  of  x~l  vanish,  in  the 
expansion  of 

3Q'2  30' 


#  (1+6*3)  T  tf2  (1  +  fa8)     a6  (1  +  to3) 

in  ascending  powers  of  x  ;  hence 

oS=l, 

so  that  a  is  a  cube  root  of  unity,  and 
Accordingly,  we  write 


0-. 

x 


after  reduction,  the  equation  satisfied  by  u  is  found  to  be 
„,    3u"(a  — 


3tt'  (  _ 


The  indicial  equation  for  #=0  is 

a2(0-l)  =  0, 

which  has  a  single  root  0=1  ;  so  that  the  w-equation  possibly  may  possess  a 
single  regular  integral  which,  if  it  exists,  will  belong  to  the  exponent  1,  and 
so  will  be  of  the  form 

U  =  X(C0  +  C1#  +  C2;£2  +...)• 

As  a  matter  of  fact,  the  w-equation  is  satisfied  by 


as  may  easily  be  verified  ;  and  thus  the  original  equation  possesses  a  normal 
:    integral 


where  a  is  a  cube-root  of  unity.  But  a  may  be  any  one  of  the  three  cube 
roots  of  unity ;  and  therefore  the  original  equation  in  y  possesses  the  three 
normal  integrals 

10  0* 

where  a  is  now  an  imaginary  cube-root  of  unity. 

The  singularities  of  the  equation  given  by  1+6^=0  are  only  apparent 
(§  45). 

Ex.  4.     Prove  that  the  equation 


has,  in  the  vicinity  of  x=<x>,  two  linearly  independent  normal  integrals, 
provided  a  is  of  the  form  p(p  +  1),  where  p  is  an  integer  ^0  ;  and  obtain 
them. 

18—2 
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Ex.  5.     Prove  that  each  of  the  equations 


xh/'  +  2#y  -  (a2  +  Zx2)  y  =  0, 

has,  in  the  vicinity  of  x=0,  two  linearly  independent  normal  integrals  ;  and 
obtain  them. 

Ex.  6.     Prove  that  the  equation 


has,  in  the  vicinity  of  x=<x>,  three  linearly  independent  normal  integrals; 
and  obtain  them. 

Ex.  7.     Prove  that  the  equation 


possesses  one  normal  integral  in  the  vicinity  of  x=0  ;  and  that  one  normal 
integral  is  illusory  in  that  vicinity. 

Ex.  8.     Shew  that  the  equation 


possesses  three  normal  integrals  in  the  vicinity  of  x=0. 

i        _i        _i 
[They  are  x<?  ,  xe  x,  xe  x 


Ex.  9.     Prove  that  a  solution  of  the  equation 


is  expressed  by 

6  *(/ 

where 

(Math.  Trip.,  Part  i,  1896.) 

HAMBURGER'S  EQUATIONS. 

91.  The  conditions,  sufficient  to  secure  that  an  equation,  of 
order  m  and  not  of  the  Fuchsian  type,  shall  have  a  regular 
integral,  have  not  been  set  out  in  completely  explicit  form 
(§§  78,  79) ;  and  consequently,  the  conditions  sufficient  to  secure ' 
that  such  an  equation  shall  have  a  normal  integral  have  not  been 
set  out  in  explicit  form.  The  foregoing  examples  (§  90)  afford 
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illustrations  of  the  detailed  process  of  settling  such  questions  in 
individual  instances ;  and  the  following  investigation  *  gives  the 
appropriate  tests  for  a  particular  class  of  equations,  which  afford 
an  illustration  of  the  general  method  of  proceeding. 

We  consider  the  equation 

„      a  +  $z  +  yz* 

w   =  -          — '—  w, 
z* 

in  which  a  must  be  different  from  zero  (§  86)  if  the  equation  is  to 
possess  a  normal  integral.  For  any  integral  that  occurs,  z  =  0  is 
an  essential  singularity.  For  large  values  of  z,  the  integrals  are 
regular ;  and  a  fundamental  system  for  z  =  oo  is  composed  of  two 
regular  integrals,  which  belong  to  exponents  —  p1  and  —  p2  arising 
as  roots  of  the  quadratic  equation 

P  (p  ~  1)  =  7- 
These  two  regular  integrals  may  be  denoted  by 


where  Pl}  P2  are  converging  power-series.  As  the  origin  is  the 
only  other  singularity  of  the  equation  (and  it  is  an  essential 
singularity),  it  follows  that  Pa  and  P2  have  z  =  0  for  an  essential 
singularity  ;  all  other  points  in  the  plane  are  ordinary  points  for 
P,  and  P2. 

The  expression  of  a  uniform  function  having  only  a  single 
essential  singularity,  say  the  origin,  and  no  accidental  singularity, 
is  known  by  Weierstrass's  theorem  f  to  be  of  the  form 


where  P   -  1  is  a  uniform  function  havin     all  the  zeros  of  the 


original  function  (the  simplest  form  of  P  being  admissible),  and 

•(-]  is  a  holomorphic  function  of  -  which  is  finite  everywhere 
\f  /  z. 

except  at  z  =  0. 

*  It  is  due  to  Hamburger,  Crelle,  t.  cm  (1888),  pp.  238—273. 
t  T.  F.,  §  52. 
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The  function  g  may  be  polynomial  or  it  may  be  transcendental 
the  discrimination  depends  upon  the  character  of  the  origin  as  an 
essential  singularity  for  the  original  function.     As  the  present 
application  is  directed  towards  the  determination  of  normal  inte- 
grals, the  function  g  (-\  will  be  taken  to  be  a  polynomial  in  -. 

If  the  original  function  has  an  unlimited  number  of  assigned 
zeros  in  the  plane  outside  any  small  circle  round  the  origin,  P 

is  transcendental.     When  the  number  of  zeros  is  limited.  P[-\ 

\z) 

is  a  polynomial  in  - ,  which  can  be  taken  in  the  form 


where  &  is  a  finite  positive  integer,  /  is  a  polynomial  in  z  of  degree 
not  greater  than  k,  its  degree  being  actually  k  when  z  =  oo  is  not 
a  zero. 

The  equations  to  be  considered  are  those  which  have  integrals 

•**©•  ""•(?)• 

as  above,  one  (or  both)  of  the  functions  Pl  and  P2  having  only  a 
limited  number  of  zeros  outside  any  small  circle  round  the  origin, 
with  the  further  condition  that  the  essential  singularity  at  the 
origin  is  of  the  preceding  type.  Thus  an  integral  is  to  be  of  the 
form 


z)  =  e°u, 
say,  where  11  is  a  polynomial  in  -  ,  the  exponent  cr  is  a  constant, 

Z 

and  f  (z)  is  a  polynomial  in  z  ;  and  the  differential  equation  for  u 
is  to  have  a  regular  integral  which,  except  as  to  a  factor  z°,  is  to 
be  a  polynomial  in  z.  Let 


then  the  equation  for  u  is 

&  +  u  (M  +  £1")  =  u 
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After  the  earlier  explanations,  it  is  clear  that  we  must  take 

ra  =  1,     az=  a. 
The  equation  for  u  then  is 

M"-^M'+2a~^"7%  =  0. 

which  is  to  have  a  regular  integral  of  the  type 
u  =  arf(z) 

—  >7&  ( f*     -t-  f*   V     1  _L  />     tyfti  _1_  1 

—  "     \VQ    i    »|*  T  •••  T  ^n-6     T  •  " /> 

there  being  only  a  limited  number  of  terms  on  the  right-hand 
side.     The  indicial  equation  for  z  =  0  is 

-  2a<r  +  2a  -  /3  =  0, 
so  that 


Substituting  the  expression  for  u,  and  equating  coefficients,  we 
have,  after  a  slight  reduction, 

{(n  +  o-)  (n  +  <r  -  1)  -  7}  cn  =  {2a  (n  +  a)  +  £}  cn+l 

=  2a  (n  +  1)  cn+1  ; 
and  therefore 


2o(n+l) 

It  is  clear  that,  if  the  series  with  the  coefficients  c  were  to  be  an 
infinite  series,  it  would  diverge  and  the  integral  would  be  illusory. 
For  this  reason  also,  as  well  as  by  the  initial  condition,  all  the 
coefficients  from  and  after  some  definite  one,  say  after  c^,  must 
vanish;  and  therefore  we  must  have 


or  substituting  for  c  its  value,  we  see  that  the  quadratic  equation 

(•+'-!)(•-£>-» 

where  a2  =  a,  must  have  a  positive  integer  (or  zero)  for  a  root. 
This  condition  is  sufficient  to  secure  the  significance  of  the  series, 
and  therefore  sufficient  to  secure  the  existence  of  a  normal  integral 
of  the  equation 


„      a 
w  =  -  —  —  —  w. 
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Clearly,   there   are   two   values   of  a.     If  for   either   value   the 
condition  is  satisfied,  there  is  a  normal  integral  of  the  form 

a 

ezu1} 
where  a  has  the  value  for  which  the  condition  is  satisfied. 

The  condition  cannot  be  satisfied  for  both  values,  if  the  values 
of  a-  are  different,  and  arise  from  different  values  of  p ;  for  if  it 
could,  we  should  have 

2a  2a 

Now  p!  +  p2  =  1 ;  and  therefore 

which  is  impossible,  as  neither  ki  nor  &2  is  negative. 

The  condition  can  be  satisfied  for  both  values  of  a,  if  the 
values  of  cr  are  the  same,  that  is,  if 

for  then  the  condition,  that  the  equation  (6  4- 1)  6=  7  can  have 
positive  integer  as  a  root,  shews  that  the  equation 

„      a?  +  yz2 
w   = — —  w 

possesses  two  normal  integrals  of  the  form 

a 

(s      Z  I  OQ       I       \J]Z      J~    ...        |~    \J Q<J       ), 

a 

e  z  z  (c0  —  dz  +  . . .  +  ceze). 


The  condition  can  be  satisfied  for  both  values  of  a,  if  the 
values  of  a-  arise  through  the  same  value  of  p,  whether  they  are 
the  same  or  not ;  and  the  equation  then  possesses  two  normal 
integrals.  The  limitations  on  the  constants  are  given  in  the 
first  of  the  succeeding  examples. 

Ex.  1.     Prove  that  the  equation 

„     a  +  pz  +  yz* 

w"= —      ,    '     w 
z* 

possesses  two  normal  integrals,  if 

£  = 

a* 

where  q  is  any  integer,  positive,  negative,  or  zero,  and  p  is  an  integer  that 
may  not  vanish.  (Hamburger.) 
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Ex.  2.     Obtain  the  conditions  sufficient  to  secure  that  the  equation 


may  have  a  normal  integral  of  the  foregoing  type.     Can  it  have  two  normal 
integrals  ? 

Ex.  3.     Prove  that  the  equation 

,    a          b 
w  -\  —  w  +-7  w=Q 
z          z* 

possesses  two  normal  integrals,  if  a  is  an  integer  (positive,  negative,  or  zero). 
Ex.  4.     Prove  that  the  equation 


--  5  —  — 
z6 

possesses  a  normal  integral  if  the  quadratic  equation 


has  a  positive  integer  (or  zero)  for  one  of  its  roots  for  either  value  of 
What  happens  (i)  when  both  its  roots  are  integers  for  the  same  value  of 
(ii)  when,  for  each  value  of  Jo,  the  equation  has  a  positive  integer  for  a  root  ? 

Ex.  5.     Prove  that  the  equation 

3)  (n-2)  +  a4  w>=0, 


where  n  is  an  integer  and  a  is  any  constant,  has  four  normal  integrals  of  the 
form 


where  <£  (  -  j  is  a  polynomial  in  -  .  (Halphen.) 

92.     In  an  earlier  paper,  Cayley*  had  proceeded  in  a  different 
manner.     If 

W  =  Z?(f)  (z), 

where  <f>  (z)  is  a  holomorphic  function  of  z  not  vanishing  with  z, 
we  have 


w      z      <j>(z) 
=  ?  +  R(z\ 

*  Crelle,  i.  c  (1887),  pp.  286—295;  Coll.  Math.  Papers,  vol.  xn,  pp.  444—452. 
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where  R  (z)  is  a  holomorphic  function  of  z  in  the  vicinity  of  the 
origin.     Further,  if 

w  =  eQzP$(z\ 

where  <f>  (z)  is  a  holomorphic  function  of  z  not  vanishing  with  z, 
and  n  is  a  polynomial  in  - ,  we  have 


w'  -Q'  i  P  , 

-    —  ii     -|  ---  1 


--  .    /     \ 

z      $  (z) 


say,  where  -R(^)  is  holomorphic  in  the  vicinity  of  the  origin. 
Cayley  transformed  the  equation  by  the  substitution 

w' 

—  =  y, 

W 

and  then  proceeded  to  obtain,  from  the  differential  equation  for  y, 
an  expansion  in  ascending  powers  of  z.  When  once  a  significant 
expression  for  y  has  been  obtained,  the  value  of  w  can  immediately 
be  deduced. 

Applying  this  method  to  the  equation 

„      a  +  fa  +  yz* 
w   =  -  —  -  —  '—  w, 
z* 

the  equation  for  y  is  at  once  found  to  be 

a      8     y 


Hamburger's  investigation  shews  that  the  integrals  of  the  equa- 
tion in  w  are 


which  are  valid  over  the  whole  plane  but  have  z  =  0  for  an  essen- 
tial singularity.  If  an  integral,  say  wlt  has  an  unlimited  number 
of  zeros,  the  origin  being  its  only  essential  singularity,  then* 
any  circle  round  the  origin,  however  small,  contains  an  unlimited 

*  r.  F.,  §§  32,  33. 
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number  of  these  zeros:  so  that  if,  in  the  vicinity  of  the  origin, 
the  expression  of  w{  is 

(Z\ 


<f>  (z)  would  have  an  unlimited  number  of  zeros  within  the  small 
circle  so  drawn.     The  expression  for  y  is 


but  the  function    .  ,  I  has  an  unlimited  number  of  poles  in  the 

£(*) 
immediate    vicinity  of  the   origin,  and   so   the   right-hand   side 

cannot  be  changed  into  an  expression  of  the  form 


where  m  is  a  finite  integer.  Accordingly,  the  assumed  expansion 
is  not  valid  in  this  case  :  and  the  method  does  not  lead  to  signifi- 
cant results. 

But  when  the  integral  has  only  a  limited  number  of  zeros,  so 
that  <£  (z)  is  expressible  in  the  form 


in  the  vicinity  of  z  =  0,  where  g  ( -  ]  is  a  polynomial  in  -  and  f(z} 

\z )  z 

is  a  polynomial  in  z  that  does  not  vanish  with  z,  then  ^        can 
be  changed  into  an  expansion 


and  so  the  assumed  expansion  for  y  is  valid  in  this  case.     The 
method  therefore  does  then  lead  to  a  significant  result*. 

Assuming  the  method  applicable,  and  returning  to  the  equa- 
tion 


*  The  discrimination   between  the   cases,   and   the  explanation,   are   due   to 
Hamburger,  Crelle,  t.  cm  (1888),  p.  242. 
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we  easily  find 

a0     »! 

y=^  +  "  +a*  +  a»z+  —  , 
z        z 

where 

a02  =  a, 

2a1a0  — 2a0  =  y8, 
2a2a0  +  af  —  a^  =  j, 

and,  for  any  value  n  which  is  greater  than  2, 

2  (ana0  +  dn-!^  +  ...)  +  (n  -  3)  an_!  =  0. 


If  the  constants  in  the  equation  were  unconditioned,  the  co- 
efficients thus  determined  would  give  a  diverging  series  for  y. 
But  we  are  assuming  that  the  method  is  applicable,  so  that  the 
conditions  for  convergence  are  to  be  satisfied ;  and  then,  as 


w      z- 
we  have 

w  =  e   z  i 

where  the  last  series  converges.  The  method  does  not,  however, 
give  the  tests  for  convergence  of  the  series  for  y,  at  least  without 
elaborate  calculation  :  still  less  does  it  indicate  that  the  con- 
vergence of  the  series  for  y  is  bound  up  with  the  polynomial 
character  of  the  series  in  the  expression  for  w.  It  can  therefore 
be  regarded  only  as  a  descriptive  method,  capable  of  partly 
indicating  the  form  of  integral  when  such  an  integral  exists : 
manifestly,  it  is  not  so  effective  as  Hamburger's. 

But  the  method,  if  thus  limited  in  utility,  has  the  advantage 
of  indicating  an  entirely  different  kind  of  integrals  of  the  original 
differential  equation,  which  are  in  fact  subnormal  integrals,  though 
it  does  not  establish  the  existence  of  such  integrals :  for  the  latter 
purpose,  other  processes  are  necessary.  It  will  be  sufficient  to 
consider  an  equation,  say  of  the  fourth  order,  in  the  form 

w""  +p1w'"  +  p2w"  +p3w'  +ptw  =  0, 

where  the  origin  is  a  pole  of  p^  of  multiplicity  -BTM,  for  p  =  1,  2,  3,  4. 

Taking 

w' 
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we  have 


w 


-  =  </'"• 

w       y 

so  that  the  equation  for  y  is 

y'"  +  tyy"  +  3y'2  +  6y2y'  +  y*  +  p\  {y"  +  %yy  + 


If  this  equation  is  satisfied  by  an  expression  of  the  form 

y  =  z-m(a0  +  a^+  ...), 

the  coefficient  of  the  lowest  power  of  z  must  vanish.  Now  the 
governing  exponents  for  the  terms  in  succession  are 

-  ra  -  3,   -  2m  -  2,   -  2m  -  2,   -  3m  -  1,   -  4m, 

—  -GTj  —  m  —  2,    —  tn-j  —  2m  —  1,    —  tn-j  —  3m, 

—  w2  —  m  —  1,   —  -erg  —  2m, 

-  -0-3  -  m, 

-<574. 

To  determine  which  groupings  of  terms  will  give  the  lowest  power 
of  z,  we  use  a  Puiseux  diagram*;  and  in  connection  with  each 
quantity  nr^  +  km  + 1,  for  the  various  values  of  /j,,  k,  I,  mark  a  point 
(OT^,  + 1,  k)  referred  to  two  rectangular  axes  Ox,  Oy.  Through  the 
point  (0,  4)  take  a  line  parallel  to  the  axis  Ox,  and  make  it  swing 
in  a  clockwise  sense  until  it  meets  one  or  more  of  the  points : 
round  the  last  of  the  points  then  lying  in  its  direction,  make  it 
continue  to  swing  until  it  meets  some  other  point  or  points  ;  and 
so  on,  until  it  passes  through  the  point  (-sr4,  0).  A  broken  line 
is  thus  obtained  ;  the  inclination  of  any  portion  to  the  negative 
direction  of  the  axis  Oy  being  tan"1  //,,  the  quantity  //,  is  a  possible 
value  of  m,  and  the  terms  giving  rise  to  the  lowest  index  of  z  in 
the  differential  equation  for  y  are  those  which  correspond  to  the 
points  on  that  portion  of  the  line.  There  are  as  many  possible 
values  of  m  thus  suggested  as  there  are  portions  of  the  line. 

*  See  vol.  ii  of  this  work,  ch.  v,  passim. 
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It  is  not,  however,  a  necessity  of  a  Puiseux  diagram  that  only 
integer  values  of  m  shall  thus  be  provided  :  and  it  does,  in  fact, 
frequently  happen  that  rational  fractional  values  arise.  Let  such 


T 

an  one  be  -  ,  where  r  and  s  are  prime  to  each  other  ;  and  take 
s 

so  that 


When  the  independent  variable  is  changed  from  z  to  £,  an  expres- 
sion for  y  of  this  type  can  be  constructed,  and  it  will  be  a  formal 
solution  of  the  equation  ;  if  the  series  for  y  converges,  then  such 
an  integral  exists,  expressed  in  the  form  of  a  series  of  fractional 
powers,  and  a  corresponding  integral  w  will  be  deducible.  Such 
an  integral,  when  it  exists,  is  a  subnormal  integral. 

It  is  easy  to  verify  that  the  only  points,  which  need  be  marked 
in  the  diagram  for  the  purpose  of  obtaining  the  possible  values  of 
m,  are  those  which  correspond  with  the  quantities 

4m,    -CT!  +  3m,    -sr2  +  2m,    OTS  +  m,   -nr4, 

as  in  §  86  ;  but  fractional  values  of  m  are  now  admissible  in  every 
case,  instead  of  being  so  only  under  conditions  as  in  the  former 
use  of  the  diagram. 

Ex.  1.  This  indication  of  integrals  in  a  series  of  fractional  powers  was 
applied  by  Cayley  and  Hamburger,  in  the  memoirs  already  cited,  to  the 
equation* 


which  possesses  neither  a  regular  integral  nor  a  normal  integral  in  the 
vicinity  of  2  =  0. 

The  only  points  to  be  marked  for  the  Puiseux  diagram  are  0,  2  ;  3,  0  ; 
there  is  one  portion  of  line,  and  it  gives 

?tt  =  if. 
Accordingly,  we  take 

*=?; 

and  the  equation  for  w  then  becomes 

#w      \dw        (W     4/\ 

w  f<*r  U4    cv' 


or,  writing 


*  This  equation  is  used  only  for  purposes   of  illustration;   its  integrals  are 
regular  in  the  vicinity  of  z  =  GO  . 


•/ 
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we  have 


which  is  a  special  form  of  the  earlier  equation  in  §  91.     It  possesses  two 
integrals,  normal  in  £,  if  the  quadratic 


has  one  of  its  roots  au  integer,  that  is,  if 


where  6  is  any  positive  integer  (or  zero). 

To  find  the  integrals,  we  have  merely  to  adapt  the  solution  in  §  91,  by 
taking 

a=4£',     0=0,     y  =  4y'  +  f  = 

Thus  a  =  ai  =  2(8'i,  <r=l,  and 


and  so,  taking  c0=l,  we  have 


_ 

\oV     4/3'V    n\(6-n)\ 
as  a  normal  integral  of  the  equation  in  £.     Accordingly,  the  equation 


where  6  is  a  positive  integer  or  zero,  and  a  is  a  constant,  has  an  integral 

„-,*»•-*,»  i  If   * 

re=ol\      4« 
Manifestly,  the  other  integral  is  given  by 


1  1(  '  y  <^")!v' 

n=ol\4aV    »!(fl-»)l      - 


the  two  constituting  a  fundamental  system.     Each  of  them  is  of  the  type  of 
normal  integral  :  but  the  series  proceed  in  fractional  powers  of  the  variable. 

It  will  be  noted  that  the  two  values  of  a-  are  the  same,  and  that  only 
one  value  of  p  is  used  ;  the  relation  is 


Ex.  2.     Prove  that  the  equation 


where  X  is  a  constant  and  2/*  is  an  odd  integer,  positive  or  negative,  possesses 
two  subnormal  integrals. 
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EQUATIONS  OF  HIGHER  ORDER  HAVING  NORMAL  OR 
SUBNORMAL  INTEGRALS. 

93.  There  is  manifestly  no  reason  why  Hamburger's  method 
should  be  restricted  to  equations  of  the  second  order  ;  and  he  has 
applied  it  to  obtain  the  corresponding  class  of  equations  of  general 
order,  the  properties  of  the  integrals  defining  the  class  being 

(i)      the  integrals  are  of  the  regular  type  in  the  domain  of 

z  =  GO  ; 

(ii)  the  origin  is  an  essential  singularity  for  each  of  the 
integrals,  and  at  least  one  of  the  integrals  must  be  of 
the  normal  type  in  the  vicinity  of  z  =  0  ; 

(iii)  all  the  points,  except  z  =  0  and  z=  oo  ,  are  ordinary 
points  of  the  integrals  and  the  equation  ; 

(iv)  the  number  of  zeros  of  at  least  one  integral,  which  lie 
outside  any  small  circle  round  the  origin,  is  limited  ; 

the  second  and  the  fourth  of  which  are  not  entirely  independent. 

Let  the  equation  be  of  order  n,  and  have  its  coefficients 
rational.  The  first  of  this  set  of  properties  requires  the  equation 
to  be  of  the  form 

dnw  d"-1™  dw 

2   ~dz«  +  Z     Pl  d*^  +  -  +  2pn~l  dz  +PnW  =  °' 

where  plt  p2>  •••,  Pn  are  holomorphic  functions  of  z  for  large  values 
of  z,  and  thus  are  expressible  in  series  of  powers  of  z  of  the  form 


The  third  of  the  above  set  of  properties  requires  that  every  value 
of  z,  except  z  =  0,  shall  be  an  ordinary  point  for  each  of  the 
coefficients  :  and  by  the  second  of  the  properties,  z  =  0  is  a  singu- 
larity of  the  equation  and  therefore  of  some  of  the  coefficients. 
Accordingly,  the  power-series  for  the  coefficients  p,  which  have 
been  taken  to  be  rational  and  are  limited  so  that  every  point 
except  z  =  0  is  ordinary  for  them,  are  polynomials  in  z~l. 
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As  the  integrals  are  regular  in  the  vicinity  of  z  =  oo  ,  one  at 
least  is  of  the  form 


where  Q  is  a  series  of  powers  of  z~l,  which  does  not  vanish  when 
z=  oc  and  converges  for  all  values  of  z  outside  an  infinitesimal 
circle  round  the  origin,  and  where  p  is  a  root  of  the  equation 


...  +  cin-ip  +  an  =  0, 

the  indicial  equation  for  z  =  oo  .  The  exponents  to  which  the 
integrals  belong,  being  regular  in  the  vicinity  of  z  =  oo  ,  are  the 
roots  of  this  equation  with  their  signs  changed  ;  and  they  exist  in 
groups  or  are  isolated,  according  to  the  character  of  the  roots. 
Let  the  above  integral  be  one  which,  under  the  second  of  the  set 
of  properties,  is  a  normal  integral  in  the  vicinity  of  z  =  0,  neces- 
sarily an  essential  singularity;  in  that  vicinity,  its  expression  is 
of  the  type 

w  =  ea2*R  (z), 

where  R  (z)  is  a  function  of  z,  which  is  holomorphic  in  the  vicinity 
of  z  =  0  and  does  not  vanish  when  2  =  0,  and  where  H  is  a  poly- 
nomial in  z"1,  say 


m  zm     m  —  l  zm~1  z  ' 

and  cr  is  a  constant.     Then,  in  the  vicinity  of  z  =  0,  we  have 

R'(z) 


_  _  ,       - 

w      zm+l       zm  z2     z       R  (z) 

=  T  +  R1} 

where  T  is  a  polynomial  in  -  ,  constituted  by  H'  +  -  ,  and  R^  is 

z  z 

the  holomorphic  function  of  z  given  by  R'  (z}  -T-  R  (z).  But  as 
this  arises  through  a  form  of  the  integral,  postulated  for  the 
vicinity  of  z=Q,  while  the  integral  is  actually  known  to  be 


p.  iv.  19 
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the  above  form  for  w'/w  must  be  deducible  from  this  actual  value. 

This  is  possible  only  if  Q  ( -  I ,  which  has  z  =  0  for  an  essential 

\z  I 

singularity,  possesses  at  the  utmost  a  limited  number  of  zeros 
outside  an  infinitesimal  circle  round  the  origin ;  for  if  it  had  an 
unlimited  number  of  zeros  in  the  plane,  other  than  z=Q,  any 
circle  round  the  origin,  however  small,  would  include  an  infinite 
number,  and  then 


would  be  incapable  of  such  an  expansion.  The  requirement,  that 
thus  arises,  has  been  anticipated  by  the  assignment  of  the  fourth 
among  the  set  of  properties  of  the  integrals;  and  so  we  may 


assume 


Q  { - }  to  have  only  a  limited  number  of  zeros.     Accord- 
\zi 

/]\ 
ingly,  as  in  §  91,  the  form  of  Q   - 1  must  be 


where  P  ( -  I  is  a  polynomial  in  -  having  as  its  roots  all  the  zeros 
\z )  z 

of  Q  (-) ,  and  g(-}  is  a  holomorphic  function  of  -,  finite  every- 
\z  1  \z  /  z 

where  except  at  z  =  0. 

Let  k  be  the  number  of  zeros  of  Q  ;  then  P  (-]  is  a  polynomial 

\f/ 

of  degree  k,  and  so  it  can  be  represented  in  the  form 


?-k 


where  G  (z)  is  a  polynomial  in  z  of  degree  k.     Thus  the  integral  is 
of  the  form 


The  postulated  form   must  agree  with  this  form  ;   hence  g  (  -  \ 

is  the  polynomial  H  of  that  form,  and  the  holomorphic  function 
R  (z)  of  that  form  is  the  polynomial  G  (z)  :  also 

(T  =  p  —  k. 
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The  expression  for  w'/w  in  ascending  powers  of  z  is  thus  valid, 
under  the  conditions  assigned,  provided  R(z)  is  a  polynomial  in  z. 
Taking 

T  +  £1  =  ^-™-1P1, 

so  that  Pj  is  a  function  of  z,  which  is  holomorphic  in  the  vicinity 
of  z  =  0  and  is  equal  to  am  when  z  =  Q,  we  have 


w 
Then 

h-(- 


say.     Similarly, 

w" 

~ — sm — 3  /  p  3    I    9m  ()\ y—sm—s  ~p 

—  *  l-*l    T  *     Vs/  —  *  •*  3> 

W 

say,  and  so  on:  where  all  the  functions  P2,  P3,  ...,  Q1}  Q2,  •••  are 
holomorphic  functions  of  z,  and  the  first  m  terms  in  PK  arise  from 
P!*.  Substituting  in  the  equation 

n  dnw       n_1      dn~lw  dw 

we  have 

-Pn  +  ZmpiPn-i  +  Z^pzPn-t  +  .  - .  +  Znmpn  =  0, 

which  must  be  identically  satisfied.  The  coefficients  p  are  poly- 
nomials in  -;  hence* 

z 

z«mpK 

is  expressible  as  a  polynomial  in  z,  and  so  the  highest  negative 
power  in  pK  is  z~Km  at  the  utmost.  Accordingly,  let 

CL  -i      a  a 

for  K  =  l,  . ..,  m. 
Now  we  have 

*  If  this  were  not  the  case,  the  assignment  of  a  larger  value  of  m  could  secure 
it:  and  so  the  assumption  really  is  no  limitation  beyond  that  which  is  necessary  for 
a  normal  integral,  viz.  m  must  he  a  finite  integer. 

19—2 
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say,  where  T  is  a  holomorphic  function  of  z  ;  and 


where  T^  is  a  holomorphic  function  of  z  ;  so  that  the  first  m 
terms  in  Plt  which  give  all  the  coefficients  in  the  exponent  of  the 
determining  factor  e°,  are  given  as  the  first  m  terms  of  a  root  of 
the  equation 

vn  +  2mpiVn-i  +  z^p^n-*  +  .  .  .  +  Znmpn  =  0, 

when  the  root  is  expanded  in  ascending  powers  of  z.  When  the 
first  m  terms  in  v  are  obtained,  then  the  determining  factor  is 
known  ;  for  we  have 

n=  I*  x~^lvdx. 

Moreover,  after  this  determination,  the  terms  involving  the  powers 
2°,  z1,  ...,  zm~l  in 

Pn  +  zmPlPn^  +  z™p,Pn^  +  ...+  z™pn 

have  disappeared,  so  that  this  quantity  is  divisible  by  zm,  leaving 
a  holomorphic  function  of  z  as  the  quotient. 

94.     Having  obtained  the  determining  factor,  let 

w  =  eau 

be  substituted  in  the  differential  equation,  which  can  now  be 
taken  in  the  form 


For  this  purpose,  derivatives  of  ea  are  required.     We  have 


let 
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and  so  on,  where  v  is  identical  with  the  first  m  terms  of  Plf 
Vi  is  identical  with  the  first  m  terms  of  P2,  and  generally,  VA  is 
identical  with  the  first  m  terms  of  P\+1.  Now 

dV      „£<        X! 


]*•  t  (~\          is\  ' 
t=0  [1C  i  \A-  —  K-)  • 

with  the  convention  v0  =  v,  v^  =  1 ;   arid  therefore  the  equation 
for  u,  after  dropping  the  factor  eP,  is 

n  n-r          (n  ™\  !  dn~* — KU 

^     V  V  /  '          ^       zrm"D   z(n~r~K'>  ("*+!)  ^  0 

r=0  K=0  ^  •  (^       *'       *)  ' 

which  can  be  written  in  the  form 

|   |    f        (n  -  r) !  rm    |     fM_s>  ,m+1)  ^~SM  _  Q 

«=o  r=o  \(n  —  «)!(«  —  r)  !   *~r~1       ^f  rf^"8 

where  jt)0  =  1.     The  coefficient  of  u  is 


_ 

r=0 

nm 


»  mpn-i  +  Znmpn. 

Because  the  first  m  terms  in  VA-I  are  the  same  as  in  P*,  the  first 
m  terms  in  the  preceding  coefficient  are  the  same  as  in 

Pn  +  z™p1Pn_l  +  ...+znmpn, 

and  they  are  known  to  vanish,  for  the  coefficients  of  z°,  zl,  ...,  zm~1 
were  made  zero  to  determine  v  ;  hence  the  preceding  coefficient  is 
divisible  by  zm,  so  that  we  can  take 

Vn_a  +  Zmfr  Vn_2  +  .  .  .  +  Znmpn  =  Zm  (00  +  6lZ  +...), 

where  00  is  a  determinate  constant,  because  v  is  known. 

The  coefficient  of  zm+l  -=-  is 
dz 


n-l 

2 
r=0 


=  nvn_2  +  (n  -  1  )  vn_3  zmp1  +  ... 
The  first  m  terms  here  are  the  same  as  the  first  m  terms  in 

nPn_,  +  (n  -  l)zmPlPn,2  +  ...  +  2P^-2>>n_2  +  *<»-«'»p 
that  is,  the  same  as  the  first  m  terms  in 


294  CONDITIONS   FOR   EXISTENCE  [94. 

The  equation  for  v  is 

vn  +  2mpiVn-i  +  z*mp^n-<i  +  ...  +  Znmpn  =  0  ; 

and,  in  particular,  the  equation  determining  aTO,  the  constant  term 
in  v,  is 

&m      i    &m        &i,m    '    &m        ^2,21/1  T  •••  T  O-n,nm  =  "> 

giving  n  values  of  am. 

95.     Let  am  denote  a  simple  root  of  this  equation,  sometimes 
called  the  characteristic  equation  :  then  the  quantity 


,lw-1  +  (?i-l)amn-2a1) 

,T-O   nf    *m+l 

dz 


— 1,  717/1 — 7/1 


is  not  zero.     The  coefficient  therefore  of  zm+l  ^-  ,  as  given  above, 


does  not  vanish  when  z  =  0  :  let  it  be 

ifr +  %*+..., 

where  77,,  is  a  determinate  constant,  because  v  is  known. 

It  follows  that  the  equation  for  u,  in  the  form  as  obtained,  is 
divisible  throughout  by  zm.  Further,  if  it  possesses  (as,  for  the 
class  of  equations  under  consideration,  it  must  possess)  a  regular 
integral,  and  if  that  regular  integral  belongs  to  the  exponent  er, 
then  <r  is  given  by  the  indicial  equation 

1)Q<T  +00  =  0, 

so  that  a  can  now  be  regarded  as  a  known  constant. 

Further,  we  had 

a-  =  p  -  k, 

where  &  is  a  positive  integer  (or  zero),  and  p  is  a  root  of  the 
equation 

p  (p  -  !)...(/» -  n  +  1)  +  p  (p  -  1). .  .(p  -  n  +  2)  a10 

+  p  (p  —  1). .  .(p  —  n  +  3)  Oa,  +  . . .  4-  pan-i,0+  am  =  0, 
say,  of 

Consequently,  the  equation 
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regarded  as  an  equation  in  k,  must  have  at  least  one  root  equal  to  a 
positive  integer  or  zero  :  if  this  root  be  denoted  by  K,  one  condition 
that  u  should  be  of  the  form 

U  =  Z*(CQ  +  CiZ  +  ...+  CKZK) 

(which  is  the  form  for  u  required  by  the  earlier  argument)  is 
satisfied. 

Bat  while  the  condition  is  necessary,  it  is  not  sufficient  for  the 
purpose.  When  the  value  of  u  is  substituted  in  the  equation,  the 
latter  must  be  identically  satisfied  ;  and  so  we  have  relations 
among  the  coefficients  c.  The  general  relation  is 

/  (a-  +  a)  ca  +  g1  (a.)  ca+l  +  g*  (a)  ca+2  +  .  ..  +  gmn-m  (a)  Ca+mn-m  -  0  ; 

the  relations  for  the  first  few  coefficients  are  of  a  simpler  form. 
When  these  relations  are  solved,  so  as  to  give  successively 
the  ratios  of  c3,  c2,  ...  to  c0,  a  formal  expression  for  u  is  obtained. 
In  this  formal  expression,  all  the  coefficients  cK+1)  cK+2,  ...  are 
to  vanish  ;  that  this  may  be  the  case,  we  must  (as  in  §  79)  have 


I(<r  +  K-2)  CK_V  +  gl(<c-  2)  <?_!  +  gi(ic  -  2)  CK  =  0, 

and  so  on,  being  m(n  —  1)  relations  in  all.  Of  these,  the  first  is 
known  to  be  satisfied  as  above  ;  it  is  the  first  condition  for  the 
existence  of  u  in  the  specified  form.  The  aggregate  of  conditions 
is  sufficient,  as  well  as  necessary  :  the  last  of  them  secures  that 
cK+1  vanishes,  the  last  but  one  secures  that  cK+2  vanishes,  and  so 
on  :  the  first  secures  that  cK+rnn_OT  vanishes  ;  and  then,  in  virtue 
of  the  general  difference-relation  among  the  constants  c,  every 
succeeding  coefficient  vanishes. 

Thus  when  the  m(n  —  1)  conditions  are  satisfied,  in  association 
with  a  simple  root  of  the  equation 

Q-m     T  &m         #1,  M»  T  •••  T  an>nm  =  0, 

a  normal  integral  of  the  original  equation  exists. 

It  may  happen  that  the  conditions  are  satisfied  for  more  than 
one  of  the  simple  roots  of  the  equation  :  then  there  will  be  a 
corresponding  number  of  normal  integrals  of  the  equation. 
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The  extreme  case  would  be  that  in  which  every  root  of  th 
equation 

Q-m    T  &m        &i,  im  T  •  •  •  ~r  Q-n,  nm  —  v 

is  simple  and  the  conditions  are  satisfied  for  each  of  the  roots 
there   then  would  be  n  normal  integrals.     Let  the  n  roots  be 
denoted  by  0lt  #2,  •••,  &n,  so  that,  if 

O  1    vr  Ctr 

the  normal  integrals  will  be  of  the  form 

e  rz<Trur, 

where  ur  is  a  polynomial,  say  of  degree  tcr,  in  z.  We  have 
<jr  —  p—Kr\  when  these  n  indices  cy  are  associated  with  n 
quantities  p,  it  follows  that 

Pr  =  <*r  +  ^r, 

for  r  =  ~L,  ...,n.  The  distinct  quantities  pr  are  the  roots  of 
I  (p)  =  0,  so  that,  if  they  are  all  different  from  one  another,  we 
have  n  of  them ;  also 

n 

2    (<rr  +  Kr)  =  \1l  (n  —  1)  —  Oio  . 
r=\ 
n 

The  value  of  2  oy  can  then  be  obtained  as  follows. 

r=l 

Construct  the  fundamental  determinant 


w* 


w 


~dz 


dwn 
~dz 


which  is  equal  to 
that  is,  to 


Ae 


-l^dz 


Az~a>aes          m  *"  , 
where  A  is  a  constant.     Now  if  ur  =  1  +  cnz  +  ...,  we  have 

dwr  _  ...    Q 
dz 
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where  un  is  a  polynomial  in  z  which  is  equal  to  1  when  z  =  0 ;  also 


dz* 

where  ur2  is  a  polynomial  in  z  which  is  equal  to  1  when  z  =  Q; 
and  so  on.     Thus 


where 


^,  -  (2*1+2)  M^       022^-<2w+2>W22 


<&(*)=  |  1    +...,      1    +..., 

el  +  ...,  0*+..., 


As  the  roots  6  are  unequal  to  one  another,  <E>  (z)  does  not  vanish 
when  z  =•  0  ;  and  it  is  a  polynomial.     We  thus  have 


Accordingly 

n1  +  ...  +  on  =  ^  +  ...+-ai-r> 

^  m    ^m 

n 

2  <rr  -  ^w  (?i  -  l)(m  +  1)  =  -  a10, 

r=l 

4>(^)=^, 

that  is,  3>  (z)  reduces  to  its  constant  non-vanishing  term.     Thus 


a10. 


We  saw  that 


and  therefore 


S 

»•=! 


r=l 


—  1), 


which  is  impossible  because  no  one  of  the  integers  Kr  is  negative. 
It  therefore  follows  that  when  the  characteristic  equation 


~ 
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has  all  its  roots  distinct  from  one  another,  and  when  the  quantity 
denoted  by  cr  has  n  distinct  values,  associated  respectively  with 
n  distinct  roots  of  I  (p)  =  0,  the  differential  equation 

dnw     „  „         dn^Kw 

*"d?+^  "r'd^=0' 

where 

Km  n 
„    _    V    <V? 

P"~         „     2*    ' 

8-0     * 

cannot  have  more  than  n  —  I  normal  integrals,  linearly  independent 
of  one  another. 

If,  however,  the  quantity  denoted  by  a-  has  fewer  than  n 
distinct  values,  so  that  it  could  be  the  same  for  more  than  one 
of  the  n  distinct  quantities  fl,  the  relation 

n 

2  OV  =  £H(W  — l)(m+l)  — ON 

r=l 

would  still  hold,  repetitions  occurring  on  the  left-hand  side.  But 
in  that  case  not  all  the  roots  of  the  equation  /  (p)  =  0  are  specified, 
for  the  same  value  of  K  could  be  associated  with  the  value  of 
<r  common  to  two  integrals ;  and  the  relation 

2  (a-  +  K)  =  \n  (n  —  1)  -  a10 

no  longer  holds.  The  theorem  then  cannot  be  inferred  as  neces- 
sarily true :  and  it  will  appear  from  examples  that  an  equation  in 
such  a  case  can  have  a  number  of  normal  integrals  equal  to  its 
order. 

Similarly,  if  <r  has  n  distinct  values,  and  if  these  values  ar 
not  associated  with  n  distinct  roots  of  /  (p)  =  0,  the  preceding 
theorem   is  not  necessarily  true ;    the   differential  equation    can 
have  a  number  of  normal  integrals  equal  to  its  order. 

96.     Next,  let  am  denote  a  multiple  root  of  the  characteristi 
equation 

^m    T  &m        MI,  !•» ~f*  •  ••  T  Ct>n, nm  ~ 

then  the  quantity  rj0  vanishes,  where 

*7o  =  WO™"-1  +  (n  -  1)  am^Oi,™  +  ••• 

The  indicial  equation  is 


and  o-  must  be  a  finite  quantity.     If  60  is  not  zero,  the  latte 
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condition  is  not  satisfied  :  and  then  the  original  equation  has  no 
normal  integral  to  be  associated  with  that  multiple  root.  If  00  is 
zero,  the  preceding  indicial  equation  is  evanescent  :  and  so  further 
consideration  is  required.  The  differential  equation  for  u,  on 
division  by  zm+l,  becomes 


dru 

where  the  coefficient  of   7  —  is  of  the  form 
dzr 


for  r  =  3,  4, 

When  m  =  l,  the  indicial  equation  is 

when  m  >  1,  the  indicial  equation  is 

In  either  case,  we  can  have  a  possible  value  for  <r.  A  regular 
integral  of  the  equation  for  u,  and  a  consequent  normal  integral 
of  the  original  equation,  exist  if  the  appropriate  conditions, 
corresponding  to  those  for  a  simple  root,  are  satisfied :  it  is 
manifest  that  they  become  complicated  in  their  expression*. 

97.     It  might   happen  that,  in  determining  v,  one  or   more 
roots  of  the  equation 

n    «  -U  n    n—i  n  \  _L  n  —  0 

urrt      i    u-m        l*i,ijn  ~  •••  T  Ujn,nm  —  " 

is  zero,  while  some  of  the  remaining  coefficients  in  v  do  not 
vanish ;  the  implication  is  that  (other  conditions  being  satisfied) 
a  normal  integral  exists,  having  a  determining  factor  of  which 
the  exponent  is  a  polynomial  with  a  number  of  terms  less  than  m. 
It  might  even  happen  that,  with  a  zero  value  of  am,  all  the  associ- 
able  values  of  the  rest  of  the  coefficients  are  zero,  so  that  v  =  0,  and 
the  determining  factor  disappears.  One  possibility  is  the  existence 
of  a  regular  integral,  and  the  possibility  can  be  settled  in  the 
particular  case  by  the  method  given  in  Ch.  vi.  If,  however,  the 
conditions  for  a  regular  integral  are  not  satisfied,  then  there  is  the 

*  They  are  considered  by  Giinther,  Cre.lle,  t.  cv  (1889),  pp.  1 — 34,  in  particular, 
pp.  10  et  seq. 
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possibility  of  a  subnormal  integral  of  the  original  equation :    it 
arises  as  follows. 

Let  w  = 

be  substituted  in  the  equation 
dnw     »j  dn~lw 

d^+1d^  + 

then  the  equation  for  u  is  (by  §  85) 


where 

=  t   +  -£       +       +  ^ 

qn        n        z    n-i  zn 

and 

dP  . 


-n 


e 

CLzv  ' 

Now  ft  is  to  be  chosen  so  as  to  diminish  the  multiplicity  of  z  =  0 
as  a  pole  of  qn.  After  the  preceding  hypotheses,  we  shall  not 
expect  to  have  an  expression  of  the  form 

^'=§+J+-  +  ^' 

where  m  is  an  integer;  but  after  the  indications  in  §  92,  it  is 
possible  that  ft'  may  be  a  series  of  fractional  powers.  Accord- 
ingly, assume  that  the  multiplicity  of  z  =  0  as  an  infinity  of  ft'  is 
p,,  so  that  .z'* ft'  is  finite  when  z  =  Q:  then  in  qn,  we  have  a  series 
of  terms  with  infinities  of  orders 

n/j,  ,     (n  —  1)  fi  +  1          ,  ... 

(n-l)ij,+    7?z  +  l,     (n-  2)/i  +  m  +  2,  ... 
(w-2)/*+2w+2,     (w-3)/i  +  w  +  3,  ... 

n  (m  +  1 ). 

Construct  a  Puiseux  tableau  by  marking  points,  referred  to  tw 
axes,  and  having  coordinates 

0,     n         ;  1,     n  —  1 ;  ... 

77i  +  1,     n  —  1 ;  7?i  +  2,     n  —  2:  ... 
2m  +  2,     n-2;     ... 
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(it  is  easily  seen  to  be  necessary  to  mark  only  the  first  in  each 
row),  and  construct  the  broken  line  for  the  tableau,  as  in  §  92. 
If  the  inclination  to  the  negative  direction  of  the  axis  of  y  of  any 
portion  of  the  line  is  tan"1  6,  then  6  is  a  possible  value  for  /*.  If  6 
be  a  positive  integer  ^  2,  we  have  a  case  which  has  already  been 
dealt  with.  If  6  =  1,  there  may  be  a  corresponding  integral  ;  but  it 
is  regular,  not  normal.  If  6  be  a  negative  integer,  H'  is  not  infinite 
for  z  =  Q,  and  the  value  is  to  be  neglected.  If  6  be  a  positive 
quantity  but  not  an  integer,  it  must  be  greater  than  unity  to  be 
effective  ;  for  if  it  were  less  than  unity,  fl  would  not  be  infinite 
for  z  =  0.  Suppose,  then,  that  6  has  a  value  greater  than  unity  ; 
as  it  arises  out  of  the  Puiseux  diagram,  it  must  be  commen- 
surable :  when  in  its  lowest  terms,  let  it  be 

-1' 

where  q  and  p  are  integers  prime  to  one  another,  and  q>p. 
Then  take 


we  have  an  equation  in  u  and  x,  and  a  possible  determining  factor 
ea  can  be  found  such  that 


dfl 

—  -  =  x~i  (a0  +  al 


and  so 


-- n-+-e^+— 

2p  Z   P 

a  series  of  fractional  powers.  The  investigation  of  the  integral  of 
the  new  equation  in  u  and  x,  that  may  exist  in  connection  with 
this  quantity  U,  is  of  the  same  character  as  the  earlier  investi- 
gations. 

EQUATIONS  OF  THE  THIRD  ORDER  WITH  NORMAL  OR 
SUBNORMAL  INTEGRALS. 

98.  The  preceding  general  theory,  and  the  methods  of  dealing 
with  the  cases  when  the  equation  for  am  has  equal  roots,  or  has 
zero  roots,  may  be  illustrated  by  the  consideration  of  an  equation 
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of  the  third  order  more  clearly  than  by  that  of  an  equation  of  the 
second  order,  as  in  §  91.  Taking  the  simplest  value  of  m,  which 
is  unity,  the  equation  is  of  the  form 


w    +  w 


zs 
which,  on  using  the  substitution 

y  =  we      *        =  wzk>»e    z , 
becomes 

rt         <y2       I       /-*         /y      \       f*  rw         /)&       I       ft         «-2    _I_    s*         /y       \       /y 

///          "'SO*       •     tl'21*'     '     ^*'O2       /          ^SO^1       i     **31~     T^  ^32 •*     *     **33  r^ 

t/    -1 V  H —  ^  =  0, 

v  ^4  <7  ^o  */ 

where  the  constants  a  are  simple  combinations  of  the  constants  A;. 
The  substitution  adopted  changes  a  normal  integral  of  the  one 
equation  into  a  normal  integral  of  the  other,  save  for  the  very 
special  case  when  it  might  be  changed  into  a  regular  integral  of 
the  other:  it  therefore  will  be  sufficient  to  discuss  the  form 
which  is  devoid  of  a  term  in  y". 

In  the  present  case,  ra=  1,  we  take 

a 

y  =  e'u, 

and  a  is  chosen  so  as  to  make  the  coefficient  of  the  lowest  power 
in  the  coefficient  of  w  equal  to  zero.  We  thus  have 


a3  +  aa.x  -  a^  =  0  ; 
and  the  equation  for  u  then  is 


. 

u'"  -^-,u"  +  -  {a»*  +  (a21  +  6a)  z  +  (a^  +  3a2)} 

%  z> 

1i- 

+  -j  {a^z2  +  (a3l  -  aa-jo  -  6a)  z  +  (a32  -  aa21  -  6a2)}  =  0, 

of  which  the  indicial  equation  for  z  =  0  is 

(a-a  +  3a2)  a  +  a^  -  aa21  -  6a2  =  0. 

It  is  clear  that  the  equation  in  a  will  not  have  a  triple  root  :  if  it 
could,  we  should  have  a^  =  0,  aS3  =  0,  a  =  0,  the  last  of  which 
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values  leads  to  the  collapse  of  the  process.  (Account  must,  of 
course,  be  taken  of  the  possibility  that  a^  =  0  =  a^,  and  this  will 
be  done  later.)  Meanwhile,  we  assume  that  a  is  either  a  simple 
root  or  a  double  root. 

First,  let  a  be  a  simple  root  ;  then  a&  +  3a2  is  not  zero,  and 
the  foregoing  indicial  equation  then  gives  a  proper  value  for  a. 
If  —  p  is  the  exponent  to  which  an  integral  in  the  vicinity  of 
z  =  oc  belongs,  p  is  a  root  of  the  equation 

f(p)  =  p  (p  -  1)  (p  -  2)  +  c^p  +  a.M  =  0. 

The  general  investigation  has  shewn  that  this  must  have  a  root  of 
the  form  p  =  a  +  K,  where  K  is  a  positive  integer  (or  zero),  and 
that,  if  this  condition  is  satisfied,  the  form  of  u  is 

u  =  z?  (GO  +  dz  +  ...  +  CKZK). 
We  substitute  this  value,  and  compare  coefficients.     If 

9n  =  (<r  +  n)  (<r  +  n  -  1)  (cr  +  n  —  2)  +  a.^  (a-  +  n)  +  a^, 

)+  (a21  +  6a)  (<r  +  n  +  1) 

+  a31  -  aG^  —  6a, 


a2)  (n  +  2), 
then  the  difference-equation  for  the  coefficients  c  is 

ffn^n  ~r  tlnCn+i  +  Kn^n+2  =  "> 

for  values  of  n  ^  0,  together  with 


As  a  is  a  simple  root  of  its  equation,  a^  +  3a2  is  not  zero  :  thus  all 
the  quantities  &_15  k0,  klt  ...  are  different  from  zero,  and  the  pre- 
ceding equations  thus  determine  c1}  c2,  ...  in  succession,  say  in  the 
form 

Cn  =  C$l/n- 

In  order  that  the  integral  may  not  become  illusory,  the  series  is  to 
be  a  terminating  series  :  it  would  otherwise  diverge,  on  account  of 
the  form  of  gn.  Let  the  series  contain  K  +  1  terms  ;  then  all  the 
coefficients  cK+l,  cK+2,  ...  must  vanish.  Now  CK+I  vanishes  if 

5r)C_1c)C_1  +  A<e_1c)C  =  0; 
then  cK+2  vanishes  if 
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and  then  all  the  succeeding  coefficients  c  vanish.  The  latter 
condition  gives  gK  =  0  which,  as  gn=f(<r  +  n)  for  all  values  of 
n,  is  the  same  as 

/(<r  +  *)-<>, 

a  known  condition  ;  and  the  other  gives 


which  is  the  new  condition.  When  both  conditions  are  satisfied, 
a  normal  integral  exists  for  the  equation  in  y.  As  that  equation 
involves  seven  constants,  which  are  thus  subject  to  two  conditions, 
there  are  effectively  five  constants  left  arbitrary,  subject  solely  to 
a  condition  of  inequality  as  regards  the  roots  of  the  equation 


moreover,  *  may  be  any  positive  integer  (or  zero). 

If  the  corresponding  conditions  hold  for  a  second  simple  root 
of  this  cubic  equation,  the  number  of  independent  constants  is 
reduced  to  three,  while  there  are  two  integers  such  as  K  ;  the 
differential  equation  for  y  then  has  two  normal  integrals. 

If  all  the  roots  of  the  cubic  equation  are  simple,  and  the 
corresponding  conditions  hold  for  each  of  them,  there  are  three 
integers  such  as  K,  and  there  is  effectively  one  arbitrary  constant  : 
the  differential  equation  for  y  would  then  have  three  normal 
integrals.  This,  however,  is  impossible,  if  there  are  three  different 
values  cr,  a-',  a"  of  <r,  and  three  associated  integers  K,  K,  K",  such 
that  a-  +  K,  a  +  K,  a-"  +  K"  are  different  roots  of  f(p)  =  0.  For 
then 

<r  +  K  +  cr  +  K  +  a"  +  K'  =  3. 
Now  we  have 

6a2  +  «a2i  —  «82 


_ 


aa.2l  -  (eg,  + 


da 
where 

h  =  a3  +  ac^  —  a^  =  0  ; 
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hence,  summing  for  the  three  roots  of  h,  we  have 

,  ,     /,     R  .  v  aa2i  -  (a32  +  20 
O-  +  CT+O-   —Q  +  2^  -  z-j  - 

dh 

da 

=  6, 

by  a  well  known  theorem  in  the  theory  of  equations.  We  then 
should  have  the  equation 

K,  ~T"  1C    ~T~  fC      ^—  ~  —  Oj 

which  is  impossible  as  no  one  of  the  integers  K,  «',  K"  can  be 
negative.  Hence,  when  the  equation  a3  +  aa^  —  a33  =  0  has  three 
distinct  roots,  and  when  there  are  three  different  values  cr,  a',  a" 
of  <7,  associated  with  three  integers  K,  K,  K",  such  that  cr  +  K,  tr'+  K\ 
a-"+  K"  are  different  roots  off(p)  =  0,  then  the  differential  equation 


,  ///       aa          yj         <z    ,        so          3i          32         ^    _ 

cannot  have  more  than  two  normal  integrals.  But,  if  the  values  of 
<r  are  fewer  than  three  in  number,  or  if  the  quantities  cr  +  K  are 
not  different  from  one  another,  then  the  differential  equation  (the 
other  conditions  being  satisfied)  can  have  three  normal  integrals. 

Next,  let  a  be  a  double  root  of  the  equation 

h  =  a3  +  3022  —  ass  =  0, 
so  that  we  have 

S«2  +  a22=0: 

in  order  that  this  may  be  the  case,  the  relation 


must  be  satisfied.     The  quantity  <r,  given  by 

(3a2  +  a22)  cr  +  a&  -  aa21  —  6a2  =  0, 

is  infinite,  unless  a32  —  aa21  —  6a2  vanishes  :  if  this  condition  is  not 
satisfied,  then  the  regular  integral  for  the  ^-equation,  and  conse- 
quently the  associated  normal  integral  for  the  y-equation,  cannot 
exist.  Hence  a  further  condition  for  the  existence  of  the  normal 
integral  is,  that  the  equation 

a32  —  aa21  —  6a2  =  0 
be  satisfied,  where  a  is  the  double  root  :  that  is, 

4a222  -  Sa21as3  +  2a22a32  =  0. 
p.  iv.  20 
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Assuming  this  to  be  satisfied,  the  equation  for  u  now  is 


,„      3a   „      a^z  +  Oo!  +  6a    ,      a^z  +  0^  —  aa^  —  6a 
u    --  -  u   -\  --  ;  -  u  -\  --  —  u  =  0. 


Now 


,^-- 
-t-  oa  —  —  - 


-     „         —  2i  ,          , 
0^  -  a  (a-,,,  +  6)  =  On  -    -5  (a^  +  6)  =  csl,  say  ; 


so  that  the  equation  for  u  is 


. 
z2  z3  z* 

The  indicial  equation  for  z  =  0  is 

C10(T  (<r  —  1)  +  C2iCT  +  C31  =  0. 
Substituting 

u  =  ze(c0  +  c1z+  ...  +cn2n+...) 

in  the  equation,  we  have 

Du  =  CQZ*  {c^O  (6  -  1)  +  c210  +  Cn}, 
provided 

gncn  +  hncn+1  =  0, 

for  all  values  of  n  ^  0,  where 

0n  =  (6  +  n)  (6  +  n  -  1)  (6  +  n  -  2)  +  a»  (6  +  n)  +  a^  , 
hn  =  c,0  (0  +  n  +  ]  )  (0"  +  n)  +  c21  (6  +  n  +  1)  +  C31. 

First,  let  the  roots  of  the  iudicial  equation  be  unequal,  say  X 
and  /-i,  so  that 

Du  =  c0c,0z6  (9  -  X)  (d  -  fjt). 

Then  the  value  of  u,  when  0  =  X,  gives  an  expression  which 
formally  satisfies  the  equation  ;  but  it  has  no  functional  significance 
unless  the  series  converges.  That  this  may  happen,  gn  must  vanish 
for  some  value  of  n,  say  Klt  when  6  =  X  ;  that  is,  one  root  of 


I  (P)  =  P  (P  ~  1)  (P  ~  2)  +  «20P  +  «30  =  0 

must  be 
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where  /Cj  is  a  positive  integer  or  zero.  If  that  condition  is 
satisfied,  then  a  regular  integral  of  the  w-equation  and  an  asso- 
ciated normal  integral  of  the  ?/-equation  exist. 

Similarly,  if  /  (p)  —  0  has  another  root 

p  =  fj>  +/c2, 

where  *r2  is  a  positive  integer,  then  the  value  of  u,  when  0  =  p,  has 
significance.  It  is  a  regular  integral  of  the  w-equation;  and  a 
corresponding  normal  integral  of  the  original  equation  then  exists. 

Let  /3  denote  the  root  of  the  cubic  that  is  simple  :  then  the 
earlier  investigation  shews  that  a  corresponding  normal  integral 
may  exist.  If  <r'  be  the  exponent  to  which  the  regular  w-integral 
belongs  and  if  KS  +  1  be  the  number  of  terms  it  contains,  then  the 
equation  I(p)  =  0  has  a  root 

p  =  cr'  4-  KS. 

But  the  three  normal  integrals,  each   one  of  which  is  possible, 

cannot   coexist,   if  \  +  ttl,   n  +  tc2,   <?'  +  KS  are  different  roots  of 

i/(f»)  =  0,  supposed  not  to  have  equal  roots.  If  they  could,  we 
should  have 

\  +  //.  +  or'  +  KI  +  KZ  +  K3  =  Sp  =  3. 

Now 

X  +  /z  =  l-^  =  l-^. 

C10  #22 

Also 

</  (30*  +  a^)  +  a^-  /3a21  -  6/32  =  0, 
and 


for  a,  a,  (3  are  the  roots  of  the  equation 

a3  +  a«22  -  a33  =  0  ; 


that 

-  24a2 
12a2 


reduction,  after  using  the  value  of  a  and  the  relation 

.ence 

X  +  fj,  +  a-'  =  5, 
.nd  therefore 

tf    _L   if    _1_   if    —  9 

/Vj  "T   K-t±  T   ACg  Af, 

20—2 
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which  is  impossible,  as  no  one  of  the  integers  K  can  be  negative. 
Hence,  when  the  roots  of  the  indicial  equation 
C]0<r  (<r  —  1)  +  c21cr  +  c31  =  0 

are  unequal,  and  when  I(p)  =  0  has  not  equal  roots,  the  original 
equation  cannot  have  more  than  two  normal  integrals,  unless  (in 
the  preceding  notation)  there  are  equalities  among  the  quantities 
A-  +  /C!,  fj,  +  K2,  <r  +  K3.  If  it  possesses  the  two  normal  integrals 
associated  with  X  and  //,,  it  is  easy  to  see,  from  the  expression  for 
hn,  that,  if  X  —  fi  be  a  positive  integer,  it  must  be  greater  than 
KZ  +  1  :  and  that,  if  /i  —  X  be  a  positive  integer,  it  must  be  greater 
than  K!  +  1. 

Next,  let  each  of  the  roots  of  the  indicial  equation  for  cr  be 

equal  to  r:   so  that 

Du  =  c0cwze  (6  -  r)2. 

Thus  the  two  quantities 


are  expressions  that  formally  satisfy  the  equation  :  they  have  no 
significance  unless  the  series  converge.  That  this  may  happen,  gn 
must  vanish  for  some  value  of  n,  say  K,  when  6  =  T ;  that  is,  one 
root  of  the  equation 

I(p)  =  p(p-l)(p-2) 
must  be  p  =  T  +  K', 

where  K  is  a  positive  integer  or  zero.  (The  quantity  hn  never 
vanishes  in  this  case  and  so  imposes  no  condition.)  On  dropping 
the  coefficient  cfl,  the  expression  for  u  in  general  is  equal  to 

^|l_f^+g£fV-...  +  (-lXff---f'-V 


so  that  the  two  integrals  are  of  the  form 

V,      V\OgZ  +  V1} 

where  v  =  [u]6=T,  and  vl  is  an  expression  similar  to  v  with  differe 
numerical  coefficients,  viz.  the  coefficient  of  (—  l)r.ze+r  in  v,  is 

i...ffr-i  f1  /. 


The  corresponding  normal  integrals  are 

e?v,     e*  (v  log  z  +  vj. 
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A  third  normal  integral  can  coexist  with  these  two  in  the  present 
case  in  the  form 

_2a 

e    zu, 
where  u  belongs  to  the  exponent  <r',  =  —  +  4,  provided  I(p)  =  Q 

&22 

has  a  root  of  the  form  a-'  +  KS,  where  tcs  is  a  positive  integer  (or 
izero).  The  reason  why  three  can  coexist  in  this  case  is  that 
only  two  quantities  r  and  a-'  arise,  and  only  two  roots,  not  three 
iroots,  of  /  (p)  —  0  are  assigned. 

Ex.  1.     Prove  that,  if  the  equation 

1       4  16 

y'"+-^  2  a*rzr+-»y  2  a^=o 

z       r=0  z       s=0 

possesses  a  normal  integral  of  the  form 


the  constants  /3,  a,  <r  are  given  by  the  relations 


a  (3/32  +  a20)  +  jSog!  +  a3l  =  0, 
a-  (3/32  +  a20)  +  3a2£  -  9£2  +  a«21  +  /Sa^  +  a32  =  0  ; 
jand  the  equation 


must  have  one  root  equal  to  O-  +  K,  where  K  is  a  positive  integer  (or  zero). 
jObtain  the  relations  sufficient  to  secure  that  the  series  CQ  +  C^Z-^...  shall 
icontain  only  ic  +  1  terms. 

Assuming  that  three  values  of  a-,  distinct  from  one  another,  correspond  to 
(three  sets  of  values  of  a  and  /3,  prove  that  their  sum  is  9  :  and  hence  shew 
(that,  in  this  case,  the  differential  equation  cannot  have  more  than  two  normal 
integrals. 

In  what  circumstances  can  the  differential  equation  possess  three  normal 
integrals  ? 

Ex.  2.  Obtain  the  constants,  and  the  conditions  of  existence,  of  the 
normal  integrals  of  the  equation  in  the  preceding  example,  when  a^  vanishes 
jand  a20  does  not  vanish.  How  many  normal  integrals  can  the  equation  then 
have  ? 

99.  We  now  have  to  consider  (i),  the  case  in  which  one  zero 
(root  for  a.  occurs,  so  that  £133  =  0  ;  and  (ii),  the  case  in  which  all  the 
iroots  a  are  zero,  so  that  a^  =  0,  a^  =  0. 

Taking  a^  =  0,  the  equation  is 


///  ,     >n       2l         v>      ,       ^       ^         ^ 

*7  <*4  v  ^5  *7 
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Two  non-zero  roots  are  given  by 

a  normal  integral  may  exist  in  connection  with  each  of  them 
The  indicial  equation  for  z  =  0  is 

#22  $  +  #32  =  0  J 

in  connection  with  this  exponent,  a  regular  integral  may  exist 
The  investigation  of  the  respective  conditions  is  similar  to  pre 
ceding  investigations. 

Now  substitute  in  the  equation 

y  =  eau; 
the  equation  for  u  is 

„.'"    i    O,,,"fV    i    ^.'/QO'2    i    O" 

u    +  ou  \l  +  u  [  oil    +  li 


and  by  proper  choice  of  fl,  the  multiplicity  of  2  =  0  as  a  pole  of  u 
is  to  be  diminished.  Assume  that  z~*£l'  is  finite  (but  not  zero) 
when  z  =  0,  and  form  the  tableau  of  points  in  a  Puiseux  diagram 
corresponding  to 

3yu,,     2yu,  +  1,     /i  +  2,     /A  +  4,     5, 
that  is,  insert  the  points 

0,3;     1,2;     2,1;     4,1;     5,0. 

The  broken  line  consists  of  two  portions  :  one  of  them  gives  p,  =  2, 
the  other  gives  p  =  1.  The  former  gives  the  possibility  of  two 
normal  integrals  :  the  latter  gives  the  possibility  of  one  regular 
integral  as  above. 

But  now  let  cu  =  0,  as  well  as  a^  =  0.     The  equation  for  a 
becomes 

a3=0, 

so  that  the  method  gives  no  normal  integral.     When  we  proct 
to  the  equation  for  u,  the  coefficient  of  u  is 
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We   form   the   tableau    of  points   in    a  Puiseux  diagram    corre- 
sponding to 

2,     /i  +  3,     5, 


that  is,  we  insert  the  points 

0,3;     1,2;     2,1;     3,1;     5,0. 
There  is  only  a  single  portion  of  line  ;  it  gives 

Accordingly,  we  change  the  independent  variable  by  the  relation 

iy   — — .   /y»3  • 
<s    —  rfj      . 

the  form  of  Ii'  is 

that  is, 

dfl  _  3a'     3/3'  =  #      a^ 

doc       c$        off*       ocP      y? 

say.     The  differential  equation 

y'"  +  ~ — i —  y'  +  — 


with  the  substitution  y  =  -y^2,  becomes 

c?3v      9a2i  +  xs  (9a20  —  8)  dv 
da?  x5  dx 

+  -  {27a32  +  (27a31  +  18a21)  a?  +  (27a30  -f  ISa^  +  8)  of]  =  0. 

fl/ 

If  a  determining  factor  exists,  then  (Ex.  1,  §  98)  it  is  of  the  form 


where 

/9s  +  27a32  =  0, 


that  is, 

n  o         1  OG&21 

^=-3a32*,     a=-    p- 
Substituting 
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and  using  these  values  of  a  and  y8,  we  find  the  equation  for  u  in 
the  form 


dx 

+  -,[-  9£2  +  (a3  +  630-a  +  27030  x  +  {(12(1*  +  4)  /8  -  6a2}  a? 
+  a  (9a2o  -  2)  a?  +  (27OJO  +  ISa^,  +  8)  a*]  = 

If  the  equation  in  v  is  to  have  a  normal  integral,  this  equation  ii 
u  must  have  a  regular  integral  belonging  to  an  exponent  o-,  whei 
it  is  easy  to  see  that 

The  regular  integral  for  u  is  of  the  form 


u  =  2  cnxn+z. 

n=0 
If 

/„  =  (n  +  3)  (n  +  2)(n  +  l)  +  (9a,o-8)(n 

#„  =  3a(w  +  4)  (n  +  3)  -  6a  (n  +  4)  +  a 

hn  =  3/8  (n  +  5)(n+  4)  +  (3a2  -9^)(n  +  5 

A;  =  a2  +  63a21 


-  2), 


+  8, 
-6*, 


the  difference-relation  for  the  coefficients  c  is 


together  with 


L3C!  =  0, 
Z_2c2  =  0, 
l-iC3  =  0. 


The  conditions,  necessary  and  sufficient  to  ensure  that  the  seriei 
for  u  terminates  with  (say)  the  (K  +  l)th  term,  which  is  th< 
generally  effective  manner  of  securing  the  convergence  of  th( 
series,  K  being  some  positive  integer  or  zero,  are 

/.-O] 


Ct-i.  +  hKcK  =  0 

^c^  +  kcK  =  0 


four  conditions  in  all. 
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Assuming  these  satisfied,  we  have 

—  2      2         ~  * 

v  =  e      x     x  a?  %  cna:n, 

«=o 
and  therefore 

y  =  va? 


a  subnormal  integral. 

If  the  conditions  are  satisfied  for  more  than  one  of  the  cube 
roots  of  a&,  then  there  is  more  than  one  integral  of  subnormal  type. 
Moreover,  the  value  of  a  is  the  same  for  all  three  cube  roots,  and 
only  one  value  of  K  is  required  :  so  there  may  be  even  three  sub- 
normal integrals,  each  containing  the  same  number  of  fractional 
powers. 

In  order  that  this  analysis  may  lead  to  effective  results,  it  is 
manifest  that  a32  should  not  vanish. 

Ex.  1.     Prove  that  the  equation 

,„      3     ,  ,  a-  95*2 
y   +4^+^08?^= 

possesses  three  subnormal  integrals. 

Ex.  2.     Discuss  the  integrals  of  the  equation 

+  «21  +  «20g     .  +  «31  +  %2_*  o 

z3  z* 

NORMAL  INTEGRALS  OF  EQUATIONS  WITH  RATIONAL 

COEFFICIENTS. 

100.  In  the  discussion  at  the  beginning  of  this  chapter,  the 
only  requirement  exacted  from  the  coefficients  was  as  regards 
their  character  in  the  vicinity  of  the  singularity  considered  :  and 
a  special  limitation  was  imposed  upon  them,  so  as  to  constitute 
Hamburger's  class  of  equations  in  §§  91  —  99.  More  generally, 
we  may  take  those  equations  in  which  the  coefficients  are  rational 
functions  of  z,  not  so  restricted  that  the  equations  shall  be  of 
Fuchsian  type  ;  we  then  have 

dnw          dn~lw 
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where  p0  ,  p1}  ...,pn  are  polynomials  in  z,  of  degrees  -CTO,  vrlt  ...,  - 
respectively.     The  singularities  of  the  equation  are,  of  course,  the 
roots  of  p0  =  0  and  possibly  2  =  oo  ;    owing   to   the  form   of  al 
the  other  coefficients,  it  is  natural   to   consider*    the  integrals 
for  large  values  of  \z\. 

It  will  be  assumed  that  the  integrals  are  not  regular  in  the 
vicinity  of  z  =  oo  .  When  a  normal  integral  exists  in  that  vicinity 
it  is  of  the  form 


where  <fr  is  a  uniform  function  of  z~l  that  does  not  vanish  when 
z  =  oo  ,  and  fl  is  a  polynomial  in  z  of  degree  (say)  m,  so  that  the 
integral  can  be  regarded  as  of  grade  m.  As  in  §§  85 — 87,  the 
value  of  fl'  is  obtained,  by  making  the  m  highest  powers  in  the 
expression 


acquire  vanishing  coefficients  :  and  a  Puiseux  diagram  at  once 
indicates  whether  a  quantity  H'  of  such  an  order  can  be  con- 
structed. The  value  of  m  —  1  is  the  greatest  among  the 
magnitudes 

OT1  —  "&0,      i  (l*2  —   "Bo),      i(CT3  —  Wo)i     •••> 

provided  two  at  least  of  them  have  that  greatest  value,  which  may 
be  denoted  by  h.  Then  for  such  normal  integrals  as  exist,  we  have 

m  —  l^.h, 
when  h  is  an  integer,  and 

m-lt*  [h], 

where  [h]  is  the  integral  part  of  h,  when  h  is  not  an  integer.  The 
integrals  are  of  grade  ^.h  +  1,  or  ^.[h]  +  l,  in  the  respective  cases  ; 
and  the  equation  is  of  rank  h  +  1. 

Take  the  simplest  general  case,  when  the  equation  is  of  rank 
unity,  and  when,  in  the  vicinity  of  z  =  oo  ,  it  may  possess  n  normal 
integrals  which,  accordingly,  must  be  of  grade  unity.  No  one  of 
the  polynomials  ply  ...,  pn  is  of  degree  higher  than  p0  ;  assume  the 
degree  of  p0  to  be  tc,  and  let 


*  See  Poincare,  Amer.  Journ.  Math.,  t.  vn  (1885),  pp.  203—258;  Ada  Math., 
t.  vni  (188G),  pp.  295—344. 
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where  some  (but  not  all)  of  the  coefficients  a  may  be  zero  and,  in 
particular,  where  it  will  be  assumed  that  a0  and  an  differ  from  zero. 
The  determining  factor  for  any  normal  integral  is  of  the  form  eez  : 
6  satisfies  the  equation 

^"-1  +  ...  +  On-jO  +  On  =  0. 


The  preceding  theory  then  shews  that,  if  the  roots  of  this  equation 
are  unequal  and  are  denoted  by  6lt  02,  ...,  0n,  the  normal  integrals 
are  of  the  form 


the  quantities  <rr  are  given  by  the  equations 

<rrWr  +  Ul(6r}  =  °'  (r-1,  ...,*), 

where 

#1  (0)  =  M"  +  b,  0"-1  +  ...  +  bn_l0  +  bn; 

and  <f>l}  <f>2,  .  ..,  <£n  are  uniform  functions  of  zr1,  which  do  not  vanish 
or  become  infinite  when  z  =  oc  .  Special  relations  among  coefficients 
are  necessary  in  order  to  secure  the  convergence  of  the  infinite 
series  0;  unless  these  conditions  are  satisfied,  the  foregoing 
expressions  only  formally  satisfy  the  differential  equation  and, 
as  integrals,  they  are  illusory. 

Ex.  1.     Prove  that  the  equation 

a?vS"  +  (1  -  a)  xw'  -  (1  -  a2  +  bxs)  w  =  0 

possesses  three  normal  integrals  in  the  vicinity  of  x  =  oo  ,  when  a  is  a  positive 
integer  not  divisible  by  3  ;  and  obtain  them. 

Ex.  2.     Prove  that  the  equation 


possesses  three  subnormal  integrals  in  the  vicinity  of  #=oo,  when 

f-*(i-l\ 


n  being  an  integer  not  divisible  by  3  ;  and  obtain  them.  (Halphen.) 

Ex.  3.     Shew  that  the  equation 


has  two  normal  integrals  in  the  vicinity  of  #=oo  ;  and,  by  obtaining  them, 
verify  that  the  points  x=l,  x=  -1  are  only  apparent  singularities. 

(Halphen.) 
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Ex.  4.     Shew  that  the  equation 
,„     an+l 


possesses  one  integral,  which  is  a  polynomial  in  x,  and  two  other  integrals, 
normal  in  the  vicinity  of  x=  co  .  (Halphen.) 

Ex.  5.     Prove  that,  if  normal  integrals  exist  for  the  equation 

fa  (a  —  6) 

AJ 


the  constant  a  must  be  the  product  of  two  consecutive  integers.       (Halphen.) 

Ex.  6.     Prove  that,  if  all  the  singularities  for  finite  values  of  z  which  are 
possessed  by  the  integrals  of  the  equation 

dnw         dn~lw 


are  poles,  and  if  p0,  plt  ...,  pn  be  polynomials  in  z  such  that  the  degree  of^?0 
is  not  less  than  the  greatest  among  the  degrees  of  plt  ...,  pn,  then  the 
primitive  of  the  equation  can  be  obtained  in  the  form 

w=  2  ArearZ(J>r(z), 

r=l 

where  the  constants  alt  ...,  a^  are  determinate,  and  all  the  functions  c^,  ..., 
<f>n  are  rational  functions  of  z.  (Halphen.) 

Ex.  7.     Apply  the  preceding  theorem  in  Ex.  6  to  obtain  the  primitive  of 
the  equation 


where  n  is  an  integer  ;  also  the  primitive  of  the  equation 
(ii)    w"'  +  1-         * 


where  n  is  an  integer  prime  to  3.  (Halphen.) 

Ex.  8.     Similarly  obtain  the  primitive  of  the  equation 


in  the  form 

-  7A'2  -  3}  +  Be  ~  x  V6  {(^2  +  3a?)  ^6  +  7#2  +  3}. 

(Math.  Trip.,  Part  n,  1895.) 
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POINCARE'S  DEVELOPMENT  OF  LAPLACE'S  DEFINITE-INTEGRAL 

SOLUTION. 

101.  Several  instances,  both  general  and  particular,  have 
occurred  in  the  preceding  investigations  in  which  formal  solutions, 
expressed  as  power-series,  have  been  obtained  for  linear  differen- 
tial equations  and  have  been  rejected  because  the  power-series 
diverged.  These  instances  have  occurred,  either  directly,  in 
association  with  an  original  equation,  or  indirectly,  in  association 
with  a  subsidiary  equation,  when  an  attempt  was  made  to  obtain 
regular  integrals  of  an  equation,  some  at  least  of  whose  integrals 
were  not  regular;  and  they  have  arisen  when  an  attempt  has 
been  made  to  obtain  normal  integrals  of  an  equation,  which  is  of 
the  requisite  form  but  the  coefficients  of  which  do  not  satisfy  the 
latent  appropriate  conditions. 

In  such  instances,  the  expressions  obtained  for  formal  solutions 
do  not  possess  functional  significance.  But  Poincare  has  shewn 
that  it  is  possible  to  assign  a  different  kind  of  significance  to  such 
solutions  in  a  number  of  cases.  In  particular,  there  is  a  theorem*, 
due  to  Laplace,  according  to  which  a  solution  of  the  given  differ- 
ential equation  with  rational  coefficients  can  be  obtained  in  the 
form  of  a  definite  integral ;  this  solution  has  been  associated f  by 
Poincare  with  the  preceding  results  in  §  100  relating  to  normal 
integrals.  For  this  purpose,  let 


w=jetzTdt, 


where  the  contour  of  the  integral  (taken  to  be  independent  of  z) 
will  subsequently  be  settled,  and  T  is  a  function  of  t  the  form  of 
which  is  to  be  obtained.  If  this  is  to  be  a  solution  of  our  equation, 
we  must  have 


or,  if 

C/o  =  a0  tn  +  a,  tn~l  +  ...+«„ 


Uk  =  k0tn 

*  See  my  Treatise  on  Differential  Equations,  §  140. 

t  In  the  memoirs  quoted  in  the  footnote  on  p.  314.  The  following  exposition 
is  based  partly  upon  these  memoirs,  partly  upon  Picard's  Cours  d' 'Analyse,  t.  in, 
ch.  xiv. 
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the  necessary  condition  is 

+  ...  +  Uk)  etzTdt  =  0. 


01. 


Let 

Vr  =  *-*  TUk.r  -  z'-*  I  (TUk.r}  +  ...+(-  1)-1  ~ 
forr=l,  2,  ...,  k.     Then 


for  each  of  the  k  values  of  r  ;  and  the  value  of  [etz  Vr]  depends 
upon  the  contour  of  the  definite  integral.  Using  this  result,  the 
above  condition  becomes 


which  will  be  satisfied,  if  T  be  a  solution  of  the  equation 

TUk  -  1  (TU^)  +  ...  +  (-  1)*  ^  (TU.)  =  0, 
and  if  the  contour  of  the  integral  be  such  that 


The  equation  for  T  is 


dt 


so  that  its  singularities  are  the  roots  of  U0  =  0,  that  is,  are  the 
points  B-i,  0Z,  ••-,  &n,  and  possibly  infinity.  Writing  the  equation 
in  the  form 

d*T         d*->T         d»-*T 

dt*  4  ^~dtF^  H  r*~d^~* 

b  c 

the  value  of  Pt  when  t  is  infinite  is  --  °  ,  that  of  P2  is  —  ,  and  so 

a0  «o 

k 

on.     Further,  the  quantity   2  Vr  involves  derivatives  of  T  up  to 

r=l 

order  k  —  1  inclusive. 

This  equation  for  T  has  its  integrals  regular  in  the  vicinity  of 
each  of  its  singularities  01}  02,  ...,  0n:  their  actual  form  will  be 
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considered  later.  Let  ^Pg  denote  the  most  general  integral  of  the 
equation  for  T  in  the  vicinity  of  6g\  then,  assuming  that  the 
conditions  connected  with  the  limits  of  the  definite  integral  can 
be  satisfied,  we  have  an  integral  of  the  original  differential 
equation  in  the  form 

wg  =  jetlsVgdt, 

and  this  result  is  true  for  s=l,  2,  ...,  n.  Now  M'g  is  certainly 
significant,  because  it  is  a  linear  combination  of  k  regular  integrals 
of  the  equation  for  T ;  hence  we  have  a  system  of  n  integrals  of 
the  original  differential  equation. 

102.  This  system  of  n  significant  integrals  can  be  transformed 
into  the  system  of  n  normal  integrals,  when  the  latter  exist. 
They  can  be  associated  with  the  formal  expression  of  the  n 
normal  integrals,  when  the  latter  are  illusory. 

A  preliminary  proposition,  relating  to  the  given  differential 
equation,  must  first  be  established*.  In  the  first  place,  let  it  be 
assumed  that  all  the  constants  in  the  equation  for  T  are  real,  and 
that  T  and  t  are  restricted  to  real  values.  That  equation  can  be 
replaced  by  the  system 

W    r 

dt~  2l' 

M\_T 
dt  ~l2' 


When  we  substitute 

Tr  =  ®re~M,  (r  =  0,  1,  . . .,  k  -  1), 

with  the  conventions  that  T0=T  and  ©0  =  ©,  the  modified  system 

£-xe+e,, 


dt 


It  is  due  to  Liapounoff  (1892);  see  Picard,  Cours  d' Analyse,  t.  in,  p.  363,  note. 
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Hence 


+  ©,©.,  +  .  .  .  + 


Take  a  real  quantity  t0,  smaller  than  the  least  real  root  of  UQ=  0 
as  t  ranges  along  the  axis  of  real  quantities  between  —  oo  and  £fl 
all  the  quantities  Plf  P2,  ...,  Pk  remain  finite.  Hence,  by  taking 
a  sufficiently  large  value  of  A,  the  quadratic  form  on  the  right- 
hand  side  can  be  made  positive  for  that  range  of  values  of  t ;  anc 
therefore,  as  t  increases  from  —  oo  to  t0,  the  quantity 


steadily  increases  in  value.     Consequently,  when  t  decreases  from 
t0  to  —  oo  ,  the  quantity 


steadily  decreases  in  value.     As  t0  is  not  a  singularity  of  th 
equation,  the  values  of  ©,  ®lt  ...,  ©^  for  any  integral  that  exis 
at  t0  are  finite  there  ;  their  initial  values  are  finite,  and  therefore 
each  of  the  quantities  |®|,  |®i|,  ...,   |©fc_i|  remains  finite   and 
decreases  steadily,  as  t  decreases  from  t0  to  —  oo  .     Hence   the 
quantities 


all  remain  finite  within  that  range,  that  is,  no  one  of  them  can 
become  infinite,  for  a  value  of  A,  sufficiently  large*  to  make  the 
quadratic  form  positive. 

Next,  suppose  that  the  constants  are  complex,  so  that  T,  T1}  ... 
can  have  complex  values  ;  but  let  t  still  be  real.     Then  we  write 


-^sts,  see  Williamson's  Differential  Calculus,  3rd  ed.,  p.  408.     In 
the  value  of  Pj  Conditions  are : 

X>0, 

on.     Further,  the  qu  ^2-|>0, 

j      /      i  •     i     •  X(X2-4)>0, 

order  k  —  1  inclusive. 

This  equation  for  T  hat. , 

1    .  \  greater  than  the  greatest  positive  value  which 

each  Of  its  Singularities   0lt   62  inequality  vanish. 
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for  all  values  of  r,  where  <f>r  and  ^r  are  real ;   the  system  of 
equations  takes  the  form 


-4- 


-  ...  -p^  -  qk<f> 


7,  jTlT*— i        XITW *        fT*— 

where    <£„=<£,    ^r0  =  ^,   and   Ps=pg  +  'iqs-      We    now    have    2A; 
equations;   on  substituting 

they  give  the  modified  set 

d<&r  (Wr 


' 
"  =  -  (p,  - 


Hence 

r=l  r=l 

Jfc-2 

:  X  2  (4>r2  +  ^r2)  +  (X  -  j9,)  (^Vj  +  ^VO  +  bilinear  terms. 

r=l 

As  before,  by  choosing  a  sufficiently  large  value  of  X,  the  right- 
hand  side  can  be  made  always  positive.  Then,  by  taking  a  value 
t0  smaller  than  the  least  real  root  of  U0  =  0,  and  by  making  t 
decrease  from  t0  to  —  oo ,  so  that  all  the  quantities  p  and  q  are 
finite,  it  follows  that,  for  such  a  variation  of  t, 


r=l  r=l 

,  steadily  decreases,  and  therefore  that  each  of  the  magnitudes 


i  remains  finite  within  the  range  from  t0  to  —  oo  .     Hence  each  of 
I  the  quantities 

2V,   T^,  ...,   2^-1^' 
p.  iv.  21 


322  LIAPOUNOFF'S  [105 

remains  finite  within  the  range  of  t  from  t0  to  —  oo ,  for  a  value 
of  X  sufficiently  large  to  make  the  quadratic  form  positive. 

Lastly,  let  the  constants  be  complex,  so  that  T,  T1} ...  can  have 
complex  values ;  and  now  let  t  be  complex  in  such  a  way  that,  ii 
the  variation  from  t0  towards  —  oo ,  where 

t  =  t0  +  re", 

a.  remains  unaltered.     The  independent  variable  now  is  T,  a  res 
quantity,  varying  from  0  to  —  oo  ;   and  the  preceding  argument 
applies.     A  finite  number  X  can  be  found  such  that  each  of  the 
quantities 

TeKr    T  e*T  T_  e^T 

remains  finite  within  the  range  of  t.     But 


hence  a  finite  quantity  V  can  be  chosen,  so  that  each  of  the 
quantities 


remains  finite  within  the  range  of  t  from  tQ  towards  —  oo  . 
In  the  first  and  the  second  cases,  let 

fJi  —  \  +  (T, 

where  a-  is  any  real  positive  quantity  that  is  not  infinitesimal  ;  and 
in  the  third  case,  let 

fjL  =  V  +  a-e-", 

where  or  is  any  real  positive  quantity  that  is  not  infinitesimal. 

Then,  because 

e<*-w     and     g^-W 

in  the  respective  cases  tend  to  zero,  as  t  becomes  infinite  in  its 
assigned  range,  it  follows  that  a  quantity  //.  of  finite  modulus  can 
be  obtained,  such  that 


all  become  zero  when  t  becomes  infinite  in  its  assigned  range. 

This  is  true,  a  fortiori,  when  p,  is  replaced  by  another  quantity 
of  the  same  argument  and  greater  modulus. 
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It  also  is  true  when  any  one  (or  any  number)  of  the  quantities 
T  should  happen  to  be  multiplied  by  a  polynomial  in  t.  For  all 
that  is  necessary  is  to  take  a  value  /*+/?,  where  p  has  the  same 
argument  as  /*  ;  then 


where  P  is  a  polynomial  in  t,  is  zero  in  the  limit,  when  t  is  infinite 
in  its  assigned  range.  Thus  a  quantity  //,  can  be  chosen  so  that 

TPe*t    T^e",  ...,   T^P^e*, 

where  P,  P1}  ...,  Pt_x  are  polynomials,  all  become  zero  when  t 
becomes  infinite  in  its  assigned  range  from  t0>  which  is  not  a 
singularity  of  the  equation,  to  —  oo  . 

103.  This  result  is  now  to  be  applied  to  the  equation  which 
determines  T.  Let  t  =  6r  be  any  one  of  the  roots  of  U0  —  0,  and 
consider  a  fundamental  system  of  integrals  in  that  vicinity.  If 


P  = 


V, 

F0 

dt 


-i, 


t=er 


the  indicial  equation  for  0r  is 


Suppose  that  p  is  not  an  integer.  The  integrals  which  belong  to 
|the  exponents  0,  1,  ...,  k—  2  are  holomorphic  functions  of  t  —  8r 
in  the  vicinity  of  6r  (Ex.  12,  §  40);  and  the  integer  which  belongs 
to  p  is  of  the  form 


where  P  is  a  holomorphic  function  of  its  argument. 

The  contour  of  integration  has  yet  to  be  settled.  In  con- 
nection with  the  value  Or,  we  draw  a  straight  line  from  that  point 
towards  —  oo ,  either  parallel  to  the  axis  of  real  quantities  by 
preference,  or  not  deviating  far  from  that  parallel,  choosing  the 
direction  so  that  the  line  does  not  pass  through,  or  infinitesimally 
near,  any  of  the  other  roots  of  (70  =  0 ;  and  we  draw  a  circle  with 
9r  as  centre,  of  such  a  radius  that  no  one  of  those  other  roots  lies 
within'or  upon  the  circumference.  The  path  of  t  is  made  to  be 
1)  in  the  line  from  —  oo  towards  0r,  as  far  as  the  circumference  of 

21—2 
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the  circle,  (ii)  then  the  complete  circumference  of  the  circle, 
described  positively,  (iii)  then  in  the  line  from  the  circumference 
back  towards  —  oo  .  So  far  as  concerns  the  conditions  imposec 
upon  T  by  the  relation 

[W]-o 

at  the  limits,  we  have  only  to  take  the  values  at  the  two  extremi- 
ties t  =  —  GO  .  Now  Vr  is  a  linear  function  of  T,  Tly  ...,  Tk^,  the 
coefficients  of  these  quantities  in  that  linear  function  being  poly- 
nomials in  z  and  t  ;  hence,  taking  z  as  equal  to  the  quantity  /*  of 
the  preceding  investigation,  or  as  equal  to  any  other  quantity  of 
the  same  argument  as  p,  and  with  a  greater  modulus,  we  have 


at  each  of  the  two  infinities  for  t;  and  so  the  conditions  at  the 
limits  are  satisfied. 

In  these  circumstances,  the  complete  primitive  of  the  equation 
for  T  is 


where  Q  is  a  holomorphic  function  of  t  —  Br>  involving  n  —  1 
arbitrary  constants  linearly.  The  corresponding  integral  of  the 
original  equation  then  arises  in  the  form 


\etzTdt, 

taken  round  the  chosen  contour. 

104.  We  proceed  to  discuss  this  integral  for  large  values 
of  \z\.  Let  a  be  the  radius  of  the  circle  in  the  contour,  so  that 
the  series  P  and  Q  converge  for  values  of  t  such  that  t  —  6r  <a. 
For  simplicity  of  statement,  we  shall  assume*  that  the  duplicated 
rectilinear  part  of  the  contour  passes  parallel  to  the  axis  of  real 
quantities  from  t  =  0r  —  a  to  £  =  — oc.  From  the  nature  of  the 
integral  T,  we  know  that  a  finite  positive  quantity  X  exists,  such 
that  the  value  of 


*  The  alternative  would  be  merely  to  take 

t  =  6r+t"eai, 
with  a  suitable  constant  value  of  a,  and  then  make  if'  vary  from  -  a  to  -  oo  . 
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remains  finite,  as  t  decreases  from  Br  —  a  to  —  oo .     Let  8  denote 
the  maximum  value  within  this  range  ;  then 


for  all  the  values  of  t,  and  then 

rer-a  r0r-a 

etgTdt<8          e(z- 

J    —  00  J    —CD 

<  *  [^-Tr"B. 

L^-xj.oo 

Let  z  have  the  same  argument*  as  X,  and  have  a  modulus  greater 
than  X  ,  that  is,  with  the  present  hypothesis,  let  z  be  positive ; 
then  the  part  corresponding  to  the  lower  limit  is  zero,  and  we 
have 

a  etzTdt< 


f*r-i 

J    -00 


z-\ 


for  values  of  z  that  have  the  same  argument  as  X  and  have  a 
modulus  greater  than  X  ;  and  8  is  a  finite  quantity. 

Similarly,  if,  after  t  has  described  the  circle,  8'  denote  the 
maximum  value  of  eMT  for  0r  —  a>t>  —  cc,  then  the  second 
description  of  the  linear  part  of  the  contour  gives  an  integral, 
such  that 


z-\ 
for  similar  values  of  z ;  and  8'  is  a  finite  quantity. 

If,  then,  these  two  parts  of  the  integral  be  denoted  by  /'  and 
/'"  respectively,  we  have 


z  —  X 


where  a  is  a  positive  quantity  ;  hence  for  any  constant  quantity  q, 
however  large,  we  have 

Limit  (z^e-^I'}  =  0, 


when  z  tends  to  an  infinitely  large  positive  value.     Similarly,  in 
the  same  circumstances,  we  have 


Limit 

*  This  form  of  statement  is  suited  also  for  the  variation  of  t  indicated  in  the 
preceding  note. 
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Now  consider  the  integral  round  the  circular  part  of  the 
contour.  As  Q  (t  —  8r)  is  a  holomorphic  function  over  the  whole 
of  the  circle,  we  have 


taken  round  the  circle ;  and  therefore  the  portion  of  the  integra 
/  etz  T  dt  contributed  by  this  part  is  I",  where 


• 


on  taking  A  =  1.  The  function  P  is  holomorphic  everywhere 
within  and  on  the  circumference,  so  that  we  may  take 

P(t-0r)  =  cQ  +  c1(t-0r)  +  ...  +  cm(t-  6r)m  +  Rm , 

where  \Rm\  can  be  made  as  small  as  we  please  by  sufficiently 
increasing  ra ;  for  if  g  be  the  radius  of  convergence  of  P  (t  —  6r), 
so  that  g  >  a,  and  if  M  denote  the  greatest  value  of  \P  (t  —  6r)\ 
within  or  on  the  circumference  of  a  circle  of  radius  c,  where 


then* 


and 


g  >  c  >  a, 

M 


\Rm\  <  M 


\t-er 


i- 


t-er' 


for  values  of  t  such  that 


\t- 


The  value  of  the  integral  taken  round  the  circumference  can 
be  obtained  as  follows.  Draw  an  infinitesimal  circle  with  0r  as 
centre,  and  make  a  section  in  the  plane  from  the  circumference  of 
this  circle  to  that  of  the  outer  circle  of  radius  a  along  the  lines 
direction  in  which  t  decreases  towards  —  oo  .  The  subject  of  inte- 
gration is  holomorphic  over  the  area  of  this  slit  ring  :  and  there- 
fore the  integral  taken  round  the  complete  boundary  is  zero.  Let 


T.  F.,  §  22. 
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J'  denote  the  value  along  the  upper  side  of  the  slit,  J"  the  value 
along  the  lower  side,  K  the  value  round  the  small  circle  which  is 
described  negatively  ;  so  that 


=  \er   (t  -  0ry  <t*p  (t  -  0r)  dt, 

J  9r-a 

=  [9r~ae-^P  (t  -  0ry  etzP  (t  -  0r)  dt 

Jer 


and,  if  the  real  part  of  p  be  greater  than  —  1,  then* 
JT-0. 

Hence,  beginning  at  the  point  on  the  outer  circumference  which 
is  on  the  lower  edge  of  the  slit,  we  have 


that  is. 

I"  =  (e-»«p 

Let  u  denote  the  integral 

u  =  !  '     (t-  0ry  etzdt, 

J  Or  -a 

and  consider  the  value  of  u  for  large  values  of  z.     Let 

t  -  er  =  -  T  =  re™  ; 


then 

u  = 


fa 

z6r  I    rKe~Zrdr. 

J  o 

Taking  real  positive  values  of  z,  write 

rz  =  y, 

so  that,  as  z  is  to  have  very  large  values,  the  upper  limit  for  u 
with  the  new  variable  is  effectively  +  oo  ;  thus 

,« 

u  —  e-*i*+z6rz-(K+i)  I    y^e~vdy 
Jo 

=  (-  1)"  e*'  z~(K+v  r  (K  +  1). 
*  T.  F.,  §  24. 
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Also,  if  v  denote  the  integral 

r   (t-er 

J  0r-a 


[104. 


then 


Further, 


e~ZTRm  dr 


.'  0 


r00 

\Jo 


,« 

>      yf  e~v  Rm  dy. 
JQ 

a\m+i    i     r3 

-}       -  - 
c  /        i  _  ^v  o 
c 

(/7\m  1 

2) 


which,  when  the  real  part  of  p  +  1  is  positive,  can  be  made  les 
than  any  assigned  finite  quantity  as  m  increases  without  limit, 
because  a  <  c. 

Using  these  results,  we  have 

rer      (  m  1 

j'=       \z  Ca(t  -  ery  +  Rm\  (t  -  ery>e**dt 

J  Or-a    U  =  0  J 

=  (-  l)o  e*9'  z-^  S  (-  l)«*-ac0  r  (p  +  a  +  1), 

0  =  0 

'when  m  is  made  as  large  as  we  please,  and  the  real  part  of  p  is 
greater  than  —  1.  Hence  /"  is  a  constant  multiple  of  this 
quantity. 

105.     If  now  wr  denote  the  integral  of  the  original  equation, 
we  have 

wr=  !etzTdt 

=  /'  +  /"  +  /"', 
so  that 


For  very  large  values  of  z,  the  first  term  on  the  right-hand  side 
tends  to  the  value  zero  ;  so  also  does  the  second  term.  The  thirc 
is  a  constant  multiple  of 


(p  +  a  +  1). 
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Hence,  dropping  the  constant  factor,  we  have 

wr  =  e^a-r-1  2  (-  l)a*~aca  r  (p  +  OL  +  1), 

a=0 

for  very  large  values  of  z.  If  the  coefficients,  of  which  ca  r(p+a+l) 
is  the  type,  constitute  a  converging  series,  then  this  expression 
has  a  functional  significance.  If  they  constitute  a  diverging 
series,  the  result  is  illusory  from  the  functional  point  of  view. 

Now  we  have 

~U± 

J  \J  Q 

M 

and  therefore  the  preceding  integral,  when  it  exists,  is  of  the 
form 

00 

wr  =  tfOrz"*  2  (-  l)*z-aca  T  (a  -  o>). 

a  =  0 

When  the  series  converges,  this  expression  agrees  with  the  form 
in  §  100,  which  is 

where  <f>r  is  a  holomorphic  function  of  z~l  for  large  values  of  z. 

It  thus  appears  that,  when  Laplace's  solution  of  the  equation, 
originally  obtained  as  a  definite  integral,  can  be  expressed  ex- 
plicitly as  a  function  of  £,  which  is  valid  for  large  values  of  z,  it* 
becomes  a  normal  integral  of  the  equation. 

This  normal  integral  has  arisen  through  the  consideration  of 
the  root  9r  of  the  equation  U0  =  0.  When  the  corresponding  con- 
ditions are  satisfied  for  any  other  root  of  that  equation,  there  is  a 
normal  integral  associated  with  that  root.  Hence,  when  n  normal 
integrals  exist,  they  can  be  associated  with  the  roots  of  the 
equation  U0  =  0,  which  comprise  all  the  finite  singularities  of  the 
equation  in  T. 

Note.  It  has  been  assumed  that  p  is  not  an  integer.  When 
p  is  an  integer,  logarithms  may  enter  into  the  expression  of  the 
primitive  of  the  equation  for  T,  and  they  must  enter  if  p  has  any 
one  of  the  values  0,  1,  ...,  k  —  2.  There  is  a  corresponding  inves- 
tigation, which  leads  from  the  definite  integral  to  the  explicit 
expression  as  a  normal  integral.  When  the  normal  integral  exists, 
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it  can  always  be  obtained  by  the  process  in  §  100.  If  logarithms 
enter  into  the  expression  of  ePu,  they  enter  into  the  expression  of 
u  in  the  usual  mode  of  constructing  the  regular  integrals  of  the 
equation  satisfied  by  u. 

Ex.  1.  The  preceding  method  of  obtaining  the  normal  integral  gives  a 
test  as  to  the  convergence  of  the  series  in  its  expression.  If  the  infinite 
series 

2  (-I)a3acar(p  +  a  +  l) 

a=0 

converges,  which  must  be  the  case  if  the  expression  for  the  developed  definite 
integral  is  not  to  prove  illusory,  its  radius  of  convergence  r  is  given  by  the 

relation* 

i 
1 


But,  from  Stirling's  theorem  for  the  approximation  to  the  value  of  T(n), 
when  n  is  infinitely  large,  we  have 

i 


hence 

i 

Lim|ca|a=0. 
Thus  the  series 


must  converge  over  the  whole  of  the  £-plane  ;  and  therefore  the  integral  Tr  is 
of  the  form 


where  <J>  (t)  is  holomorphic  over  the  whole  plane  :  a  result  due  to  Poincare". 

Ex.  2.     Prove  that,  if  the  condition  in  Ex.  1  is  satisfied,  a  normal  integral 
certainly  exists.  (Poincare.) 

Ex.  3.     Consider  Bessel's  equation 

x2  ID"  +  xvf  +  (x2  —  n?)  w  =  0, 

for  large  values  of  \x\.  The  integrals  in  the  vicinity  of  x=ao  may  be 
normal  —  they  are  not  regular  —  and,  if  normal,  must  be  of  grade  unity. 
Accordingly,  let 

w=e0xu  ; 
then  the  equation  for  u  is 

x*u  "  +(x+  20X2)  u'  +  {x2  (  I  +  fl2)  +  ex  -  n2}  u  =  0. 
We  take 

02  +  1=0, 

*  T.  F.,  §  26. 
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and  then  seek  for  a  regular  integral  (if  any)  of  the  equation 

x  V  +  (x  +  2&?2)  u'  +  (6x  -  nz)  u  =  0. 

If  an  integral,  regular  in  the  vicinity  of  x  =  oo  ,  can  exist,  it  is  of  the  form 

u=  2  cmaf~m. 

m=0 

Substituting,  and  making  the  coefficients  in  the  resulting  equation  vanish, 
we  have 

and,  for  all  values  of  m, 

cm{(p-m)2- 
The  former  gives 

and  the  latter  then  gives 


Hence,  taking  c0=l,  and  d  =  i,  a  formal  solution  of  the  original  equation  is 

Wi= 


m=o  m 

and  taking  0=  —i,  c0  =  l,  another  formal  solution  is 


If  2n  is  an  odd  integer,  positive  or  negative,  both  series  terminate  ;  and  the 
formal  solutions  constitute  two  normal  integrals  of  the  equation.  It  is  not 
difficult  to  obtain  an  expression  given  by  Lommel*  for  Jn,  in  a  form  that 
is  the  equivalent  of 

ir*Jn  =  i-n-1wl  +  in  +  1u>2. 

If  2n  is  not  an  odd  integer,  both  series  diverge  ;  and  the  formal  solutions  are 
then  illusory  as  functional  solutions. 

When  Laplace's  method  of  solution  is  adopted,  so  as  to  give  an  integral  of 
the  form 


the  equation  for  T  is 

that  is, 

(*2+l)  T"  +  3tT'  +  (\.  -7i2)  T=0. 
On  writing 

t  =  i—  2iv, 

where  v  is  a  new  independent  variable,  the  equation  for  T  is 


Math.  Ann.,  t.  iv  (1871),  p.    115. 
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This  is  the  differential  equation  of  a  hypergeometric  function,  whose  (Gaussian) 
elements  are  given  by 


The  contour  of  the  integral  consists  of  (i)  a  circle  round  i  as  centre  with 
radius  less  than  2  (so  as  to  exclude  —  i,  the  other  finite  singularity  of  the 
equation  in  T),  and  then  (ii)  a  duplicated  line  from  a  point  in  the  circum- 
ference passing  in  the  direction  of  a  diameter  continued  towards  —  oo  .  The 
argument  of  t  and  the  argument  of  x  must  be  such  that  the  real  part  of  xt 
is  negative.  In  order  to  construct  the  integral,  we  need  the  complete  primi- 
tive of  the  ^-equation  in  the  vicinity  of  y  =  0:  it  is 


T=AF(a,  /3,  y,  v)+Bv-F(a-y+l,fi-y+l,  2-y,  *), 

where  A  and  B  are  arbitrary  constants.  The  part  multiplying  A,  being  a 
holomorphic  function,  merely  contributes  a  zero  term  to  w  ;  and  we  need 
therefore  substitute  only  the  other  part.  Manifestly,  we  may  write  B=\. 
Now 

F(a-y  +  l,  /3-y+l,  2-y,  v}  =  F(a-^  0-fc,  $,  v) 

=   2  cmvm, 
m=0 

where 


But 

(a  +  p)  (/3  +p)  \=p*  +  2p  +  1  -  n2  =  (p  +  1  )2  -  »2  ; 
also 


so  that 

)2-^}{(|)2-n2}...{(m-^-^} 


Taking  this  value  of  cm,  we  substitute 

T=v~*  2  cmvm 

m=0 

in  the  definite  integral.     In  the  preceding  notation,  we  have 

6r=i,    p=-i,     o>=-(p  +  l)=—  |, 

n(w-o-r)  =  n(m  +  ^); 
so  that,  when  the  solution 

(v~^  2  cmvm)dt, 


where  t=i-2iv,   is   expanded   into   explicit   form,   it   becomes  a  constant 
multiple  of 


H 
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But 


so  that,  after  substituting  for  cm  and  rejecting  the  constant  factor  n(  —  £), 
the  integral  becomes  a  constant  multiple  of 


which  agrees  formally  with  the  expression  earlier  obtained. 

The  corresponding  integral,  associated  with  the  primitive  of  the  T-equation 
in  the  vicinity  of  t=  —  i  as  a  singularity,  can  be  similarly  deduced*. 

Ex.  4.     Shew  that  the  equation 

xy"  +  (av  x  +  bj  y'  +  (azx  +  62)  y  =  0, 
where  a^  -  4«2  is  not  zero,  can  be  transformed  to 


Assuming  X1}  X2,  X^Xg  not  to  be  integers,  prove  that  the  latter  equation  is 
satisfied  by 

w=  t(t  -  i)A)  (t  +  i^e^dt, 

for  an  appropriate  contour  independent  of  x  ;  and  deduce  the  normal  series 
which  formally  satisfy  the  equation.  (Horn.) 

DOUBLE-LOOP  INTEGRALS. 

106.  Before  proceeding  further  with  the  investigation  in 
§§  101  —  105,  which  is  concerned  partly  with  the  precise  determ- 
ination of  a  definite  integral  satisfying  the  linear  differential 
equation,  we  shall  interrupt  the  argument,  in  order  to  mention 
another  application  of  definite  integrals  to  the  solution  of  certain 
classes  of  linear  equations.  It  is  due  to  Jordanf  and  to  Poch- 
hammerj,  who  appear  to  have  devised  it  independently  of  one 

*  In  connection  with  the  solution  of  BessePs  equation  by  means  of  definite 
integrals,  papers  by  Hankel,  Math.  Ann.,  t.  i  (1869),  pp.  467  —  501;  Weber,  ib., 
t.  xxxvn  (1890),  pp.  404—416;  Macdonald,  Proc.  Land.  Math.  Soc.,  t.  xxix  (1898), 
pp.  110—115,  ib.,  i.  xxx  (1899),  pp.  165—179;  and  the  treatise  by  Graf  u.  Gubler, 
Einleitung  in  die  Theorie  der  Besselschen  Funktionen,  (Bern),  t.  i  (1898),  1.  11  (1900)  ; 
may  be  consulted. 

t  Cours  d'  Analyse,  2e  ed.,  t.  m  (1896),  pp.  240—276;  it  had  appeared  in  the 
earlier  edition  of  this  work. 

J  Math.  Ann.,  t.  xxxv  (1890),  pp.  470—494,  495—526;  ib.,  t.  xxxvn  (1890), 
pp.  500—511. 
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another.  A  brief  sketch  is  all  that  will  be  given  here  :  for  details 
and  for  applications,  reference  may  be  made  to  the  sources  just 
quoted,  and  to  a  memoir  by  Hobson*,  who  gives  an  extensive 
application  of  the  method  to  harmonic  analysis. 

As  indicated  by  Jordan,  the  method  is  most  directly  useful  in 
connection  with  an  equation  of  the  form 


where  Q  (z)  and  zR  (z)  are  polynomials,  one  of  degree  n,  the  other 
of  degree  <:  n  in  z,  R  (z)  also  being  a  polynomial.  For  simplicity, 
we  shall  assume  Q  (z)  to  be  of  degree  n. 

Consider  an  integral 

w  =   T  (t  - 


n-*  dt, 

where  T  is  a  function  of  t  alone  :  this  function  of  t  has  to  be 
determined,  as  well  as  the  path  of  integration.     We  have 

A  W  H-  (-  1)"  (a  +  n  -  1)  (a  +  n  -  2)  .  .  .  (a  +  1) 


Tdt 


-  z)*~l  Q  (0  +  (*  - 


Tdt, 


the  summation  being  possible  because  Q  and  R  are  polynomials 
of  the  specified  degrees.  The  integral  will  be  capable  of  simplifi- 
cation, if  the  integrand  is  a  perfect  differential ;  accordingly, 
we  choose  T  so  that 


which  gives 


Q(*y 

Phil.  Trans.,  1896  (A),  pp.  443—531. 


106.]  INTEGRALS  335 

The  preceding  integral  then  becomes 


fdV, 


where 


Hence  the  original  differential  equation  will  be  satisfied  if 


and  this  will  be  the  case,  if  the  path  of  integration  is  either 

(i)     a  closed  contour  such  that  the  initial  and  the  final  values 
of  V  are  the  same  :  or 

(ii)    a  line,  not  a  closed  contour,  such  that  V  vanishes  at  each 
extremity*. 

Each  such  distinct  path  of  integration  gives  an  integral.  It  is 
proved  by  Jordan  that  there  is  a  path  of  the  first  kind,  for  each 
root  of  Q ;  and  that,  when  there  is  a  multiple  root  of  Q,  paths  of 
the  second  kind  are  to  be  used. 

Again,  restricting  Q  (z)  for  the  sake  of  simplicity,  we  assume 
that  each  of  its  n  zeros  is  simple;  let  them  be  a1}  a2,  ...,  an.  As 
the  polynomial  R  (z)  is  of  degree  less  than  n,  we  have 


Q(t) 
where  ji,  ...,yn  are  constants;  and  then 


V=(t-z)° 


r=l 


To  obtain  the  paths  desired,  take  any  initial  point  in  the  plane  ; 
from  it,  draw  loops  f  round  the  points  a1}  ...,  an,  z,  and  denote 
these  by  Alt  A2,  ...,  An,  Z.  Take  any  determination  of 


*  A  third  possibility  would  arise,  if  the  path  were  a  line  such  that  V  has  the 
same  value  at  its  extremities  :  but  this  case  is  of  very  restricted  occurrence. 
+  T.  F.,  §  90. 
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that  is,  of 
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(t 
r=l 
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which  is  the  subject  of  integration  in  W,  as  an  initial  value  ;  and 
let  the  values  of  W,  for  the  various  loops  AI,  ...,  An,  Z  with  this 
as  the  initial  value,  be  denoted  by  W  (oj),  ...,  W(an),  W  (z) 
respectively. 

An  integral  of  the  original  differential  equation  will  be  ob- 
tained, if  the  path  of  integration  gives  to  V  a  final  value  the 
same  as  its  initial  value.  Such  a  path  can  be  made  up  of 
ArAgAr~1Ag~1,  that  is,  first  the  loop  Ar,  then  the  loop  As>  tht 
the  loop  Ar  reversed,  then  the  loop  Ag  reversed.  Let  W(ar,  a,) 
denote  the  value  of  the  integral  for  this  path;  then  W(ar,  as)  is 
a  solution  of  the  differential  equation.  Taking  the  above  initis 
value  (say  J0)  for  /,  we  have 


W(ar,  a,)  =  W(ar) 


W(ar)  -  W(a.) 
W(at)  ; 


W(ag)  - 
W(ar)  -  (1  - 

for  after  the  description  of  Ar,  the  initial  value  of  /  is 

for  the  description  of  A,\  it  is  e2lri<Vfy8)70  for  the  description  of 

Ar~l,  and  it  is  e8"1'*.  70  for  the  description  of  As~l. 


It  is  clear  that 

W(ar,  as)  =  -W(at,  ar\ 

W  (a.,  ar)  =  {1  -  #*ir}  W  (a,,  at)  +  { 


W(at,  ar) 


and  therefore  all  these  values  of  the  integrals,  for  the  various 
appropriate  paths,  can  be  expressed  linearly  in  terms  of  any  n  of 
the  quantities  W(ar,  as),  in  particular,  in  terms  of 


W(z,al), 


\  ...,   W(z,an). 


Each  such  quantity  is  an  integral  of  the  original  equation  ;  anc 
we  therefore  have  n  integrals  of  that  equation. 

Note.     For  the  special  cases  when  a  or  any  of  the  constants  y  is 
integer  ;  for  the  cases  when  Q  (t}  has  multiple  roots  ;  and  for  the  cases  whe 
R  (t)  is  of  degree  n  —  1,  while  Q  (t)  is  of  degree  less  than  n  —  1  ;  reference  maj 
be  made  to  the  authorities  previously  cited.     As  already  stated,  all  that  is 
given  here  is  merely  a  brief  indication  of  the  method  of  double-loop  int 
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Ex.  1.     Consider  the  equation  of  the  quarter-period  in  elliptic  functions, 
viz. 

'C-i>£«*-i>£+l~oi 

Here  we  have 


thus 


a=  —    , 
«(«)-*-  jj 


_ 

§(0)     «     *-!' 
so  that 

yo  =  $  =  yi> 
and 


. 

Accordingly,  we  have 

W=  /r*(*-l)-*(* 

and  the  path  of  integration  has  to  be  settled. 
We  have 

W  (0)  = 


where  a  marks  the  initial  point  of  the  loops.     Hence 
W(0,  l)»2?T(0)- 

W(0,  2)  =  2Ff(0)- 

o 

and  thus  two  integrals  of  the  equation  are  given  by 

IdW,     f'dW. 

Jo  Jo 

The  comparison  with  the  known  results  is  immediate. 

Ex.  2.     Integrate  in  the  same  way  the  equation 
,   d2w  dw     , 

(1-^^^togj+fcf-p, 

where  a  and  6  are  constants.     (This  is  another  form  of  the  equation 


discussed  by  Hobson  (I.e.)  for  unrestricted  values  of  the  constants  m  and  n.) 
F.  iv.  22 
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Ex.  3.     Prove  that  when  the  equation 


where  h  is  a  constant,  is  subjected  to  the  transformation 


the  transformed  equation  (which  is  of  Fuchsian  type,  §  54)  can,  under  a 
certain  condition,  be  treated  by  the  foregoing  method  :  and  assuming  the 
condition  to  be  satisfied,  obtain  the  integral. 

Ex.  4.     Apply  the  method  to  the  equation 


apply  it  also  to  the  equation  of  the  hypergeometric  series. 

(Jordan  ;  Pochhammer.) 
Ex.  5.     Apply  the  method  to  solve  the  equation 


for  real  values  of  z  such  that  —  1  <z<  1.     Shew  that  the  equation  is  trans 
formed  into  itself  by  the  relations 


and  deduce  the  solution  for  real  values  of  z  such  that  1  <  z  <  oo  . 

(Math.  Trip.,  Part  II,  1900.  ; 


POINCAR^'S  ASYMPTOTIC  REPRESENTATIONS  OF  AN  INTEGRAL. 

107.     After  this  digression,   we  resume  the  consideration 
the  investigations  in  §§  101 — 105. 

In  those  cases  when  the  infinite  series  in  a  normal  integrc 
diverges,  the  normal  integral  has  been  rejected  as  illusory  froi 
the  functional  point  of  view.     There  are,  however,  cases  belonging 
to  a  general  class  which,  while  certainly  illusory  as  functions  of 
the  variable,  are  still  of  considerable  use  in  another  aspect :  they  > 
are  asymptotic  representations  of  the  integral,  to  use  Poincare's 
phrase*. 

A  diverging  series  of  the  form 

,   Cj        Cj  Cn 

°o  H ^  ^  +  •"  +  ~n+  •'•' 

IK        X2  Xn 

*  Acta  Math.,  t.  vni,  p.  296. 
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is  said  to  represent  a  function  J(x)  asymptotically  when,  if  Sn 
denote  the  sum  of  the  first  n  +  1  terms,  the  quantity 


tends  towards  zero  when  x  increases  indefinitely  :  so  that,  when  x 
is  sufficiently  large,  we  have  xn  \J(x)  —  Sn}  <  e,  where  |e  is  a 
small  quantity.  The  error,  committed  in  taking  Sn  as  the  value 
of  J,  is  less  than 


which  is  much  smaller  than 


that  is,  the  error  in  taking  Sn  as  the  value  is  much  smaller  than 
in  taking  $n_i.  (The  definition,  though  stated  only  for  large 
values  of  x,  applies  also  to  the  vicinity  of  any  point  in  the  finite 
part  of  the  plane,  mutatis  mutandis.) 

The  asymptotic  representation  is,  however,  not  effective 
for  all  values  of  the  argument  of  the  independent  variable.  If 
xn  {«/(#)  —  Sn]  tended  uniformly  to  zero  for  all  infinitely  large 
values  of  x,  the  function  J(x)  would  be  holomorphic,  and  the 
series  would  converge  :  the  permissible  values  of  the  argument 
of  the  independent  variable  are  therefore  restricted.  It  is  manifest 
from  the  nature  of  the  case  that,  when  such  a  series  is  an 
asymptotic  representation  of  a  function,  the  series  can  be  used 
for  the  numerical  calculation  of  the  approximate  value  of  the 
function  for  large  values  of  x  with  a  permissible  argument  :  the 
error  at  any  stage  is  much  less  than  the  magnitude  of  the  term 
last  included.  Without  entering  upon  any  discussion,  of  the 
question  why  a  diverging  series,  which  is  functionally  invalid, 
can  yet,  when  it  is  an  asymptotic  representation  of  a  function, 
be  of  utility  for  the  numerical  calculation  of  the  function,  it  is 
proper  to  mention  one  conspicuous  example  of  the  use  of  such 
series,  as  found  in  their  application  to  dynamical  astronomy*. 

The  normal  series,  derived  from  the  solution  of  the  equation 
as  represented  accurately  by  the  definite  integrals,  are  proved  by 
Poincare'  to  give  this  type  of  asymptotic  representation  of  the 

*  In  particular,  see  Poincare,  Mecaniqtte  Celeste,  t.  n. 

22—2 
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solution.     For,  denoting  the  solution  by  w,  and  the  sum  of  the 
first  m  +  1  terms  of  the  series 


by  Sm,  we  have 


Now 


.'  6r-a 

(t  -  0r)m+1 


r  Rm(t- 

I  a.. -i. 


dt. 


jm+i         \t-er 

J.    *™~ 

C 


\U\<1. 


where 

and 

Then,  as  before,  we  have 

zp+l+m  j  Rm  (t  _  Qry<*  (t-6r)  dt 

=   f  — 
-Jcrn4i 

which  is  a  multiple  of 


by  a  quantity  independent  of  z.     When  we  take 

so  that,  as  z  is  to  have  large  values,  the  limits  of  y  effectively  ar« 
0  to  +  oo  ,  the  last  definite  integral  is  a  multiple  of 

1 


\t-ti~ 


This  definite  integral  is  finite.     Denoting  its  value  by  /,  we  have 


where  a  is  a  quantity  independent  of  z,  and  I  is  finite.     Henct 
when  z  is  sufficiently  large,  we  have 
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where  e  is  a  small  quantity  ;  and  so  we  can  say  that  Sm  asym- 
ptotically represents  we~zerzp+l,  or  we  can  say  that  the  normal  series 
is  an  asymptotic  representation  of  the  actual  integral,  the  repre- 
sentation being  valid  (on  the  hypotheses  adopted  earlier)  for  large 
positive  real  values  of  z. 

Note.  For  further  discussion  of  these  asymptotic  expansions 
in  connection  with  linear  differential  equations,  reference  may  be 
made  to  Poincare's  memoir*,  which  initiated  the  idea.  Among 
other  memoirs,  in  which  the  subject  is  developed  and  new  applica- 
tions are  made,  special  mention  should  be  made  of  those-f-  by 
Kneser,  and  those  ||  by  Horn.  Picard's  chapter!  on  the  subject 
may  also  be  consulted  with  advantage  :  and  a  corresponding  dis- 
cussion on  integration  by  definite  integrals  is  given  by  Jordan§. 

Ex.  1.     Shew  that  the  complete  primitive  of  the  differential  equation 


in  the  vicinity  of  #  =  co  ,  can  be  asymptotically  represented  by 


where 


V  I  #1 1 

A  =  OX  +  %  —  log  X, 
(X/ 


and  er0,  /30  are  arbitrary  constants.  (Kneser.) 

Ex.  2.     In  the  differential  equation 


&2  is  an  arbitrary  parameter,  A,  B,  C  are  real  functions  of  x  and  (with  their 
derivatives)  are  holomorphic  when  a  ^  x  ^  b  ;  moreover,  A  and  B  are  positive. 
Prove  that  an  integral  of  the  equation,  determined  by  initial  values  that  are 
independent  of  k,  is  a  holomorphic  transcendental  function  of  k  ;  and  shew 
that,  for  large  values  of  k,  its  asymptotic  expansion  is  of  the  form 


*  / 

where  $0,  <£j,  02,  ...,  w  are  functions  of  x.  (Horn.) 

*  Acta  Math.,  t.  vni  (1886),  pp.  295—344. 

t  Crelle,  t.  cxvi  (1896),  pp.  178—212;  ib.,  t.  cxvn  (1897),  pp.  72—103;  /&., 
t.  cxx  (1899),  pp.  267—275;  Math.  Ann.,  t.  XLIX  (1897),  pp.  383—399. 

||  Math.  Ann.,  t.  XLIX  (1897),  pp.  452—472,  473—496;  ib.,  t.  L  (1898),  pp.  525— 
556;  ib.,  t.  LI  (1899),  pp.  346—368;  ib.,  t.  LII  (1899),  pp.  271—292,  340—362. 

J  Cours  d1  Analyse,  t.  in,  ch.  xiv. 

§  Cours  d1  Analyse,  t.  in,  ch.  n,  §  iv. 
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Ex.  3.     Shew  that  the  equation 


has  a  solution  of  the  form 

1  V  (Am  cos  kx+Bm  sin  &s), 

m=0 

where  Am,  Bm  are  rational  functions  of  k,  and  that  it  has  an  asymptotic 
solution  of  the  form 


+      +  ...  J  sn    r  ; 
and  indicate  the  relation  of  the  solutions  to  one  another.       (Poincare  :  Horn.) 


EQUATIONS  OF  RANK  GREATER  THAN  UNITY  REPLACED  BY 
EQUATIONS  OF  RANK  UNITY. 

108.     When  the  differential  equation 
dnw         dn~*w 


possesses,  in  the  vicinity  of  z  =  oo  ,  normal  integrals  which  are  of 
grade  m,  then,  denoting  the  degree  of  the  polynomial  p0  by  w0 
follows  (as  in  §  85)  that  the  degree  iar  of  the  polynomial  pr  is  sue! 
that 

«rr<«*  +  r(i»  —  1), 

the  sign  of  equality  holding  for  some  at  least  of  the  degrees 
Also,  if  en  be  the  determining  factor  of  any  such  integral,  thei 
fi'  is  the  aggregate  of  the  first  m  terms  in  the  expansion,  ii 
descending  powers  of  z,  of  a  root  of  the  equation 


The  existence  of  the   normal   integral  then  depends  upon  the 
possession  of  regular  integrals  by  the  linear  equation  in  u,  where 


In  the  case  where  in  =  1,  the  method  of  Laplace  certainly  gives 
the  integrals  of  the  differential  equation,  even  when  the  norms 
series  diverge  ;  but  it  is  not  applicable,  when  m  is  greater  thai 
unity.  Poincare,  however,  devised  a  method  by  which  the  givei 
equation  is  associated  with  an  equation  of  grade  unity  :  Laplace's 
method  is  applicable  to  the  new  equation,  so  that  its  primitive  is 
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known  :  and  from  this  primitive,  an  integral  of  the  original 
equation  can  be  obtained  by  means  of  one  quadrature.  The  new 
equation  is  of  order  nm  ;  and  the  investigation  leads  to  an 
expression  for 

1  dw 
w  dz  ' 

which,  when  it  exists,  can  be  obtained  more  directly  by  Cayley's 
process  (§  92). 

Poincare"s  method  is  as  follows.  Let  the  given  equation  be 
supposed  to  possess  n  normal  integrals  of  grade  m,  say,  in  the 
form 

e0-  <•»£(*),   <P^&(z\  ...,  e°»  <*><£„(*); 

let  these  be  denoted  by  /i  (z),  fz(z),  ...  ,  fn  (z). 

2iri 

Let  a.  denote  a  primitive  ?nth  root  of  unity,  say  em  ;  and 
consider,  in  connection  with  any  integral  f(z)  of  the  original 
equation,  a  product 

m-\ 

y  =  n/(a'X>- 
r=0 

Then  y  satisfies  an  equation  of  order  nm,  which  possesses  nm 
normal  integrals 

/.(*)/*(«*)/,((«•*)  .../*(*•*-'*), 

where  a,  b,  c,  ...,  k  are  the  numbers  1,  2,  ...,  n  or  some  of  them, 
any  number  of  repetitions  being  permitted  ;  and  these  normal 
integrals  are  of  grade  m.  Let 

nm  =  N, 
and  let  the  equation  for  y  be 


where,  if  QN  be  of  degree  6  in  z,  then  the  degree  of  QN-r  in 
general  is  equal  to  0  +  r(m—  1),  because  of  the  grade  of  the 
normal  integrals.  Owing  to  the  source  of  the  quantity  y,  which 
clearly  is  not  changed  if  z  be  replaced  by  ZOLS,  s  being  any  integer, 
it  follows  that  the  equation  for  y  must  remain  substantially 
unchanged,  when  this  change  of  variable  is  made  ;  hence 


where  \  is  independent  of  r. 
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Now  let  the  variable  be  changed  from  z  to  x,  where 


[108. 


then,  because 


for  all  values  of  K,  the  coefficients  caK  being  numerical,  the  equation 
for  y  takes  the  form 


where 


N 

v    p 
9=o 


_    V 

-q—    *• 
r=0 


The  degree  of  RN-q  in  2,  as  it  is  determined  by  the  highest  terms 
in  QN_q,  is 

0+q(m-l)  +  (N-q)m-(N-q) 


which   is   independent   of  q;    so   that   the   degree*   of   all   the 
coefficients  R  is  the  same.     Further,  we  have 


r=0 


—  "X 

—  A- 


(N—q)m-N—r 

( 


for  the  power  of  a  is 


r=0 


thus 


Hence  the  equation  is  substantially  unaltered,  when  z  is  replacec 
by  zof  in  the  coefficients  R ;  hence,  multiplying  by  a  power  of 
say  ZK,  where 

K  +  &  +  N(m  - 1)  =  0  (mod  m), 
R  becomes  a  uniform  function  of  x,  when  we  substitute 


-  zm  =  x. 
m 


*  Some  might  have  vanishing  coefficients  in  particular  cases:   the  argument 
deals  with  the  general  case. 
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The  new  equation  is  therefore  an  equation  in  the  independent 
variable  x  such  that  all  its  coefficients  are  uniform.  They  all  are 
of  the  same  degree,  so  that  it  is  of  rank  unity  ;  it  has  normal 
integrals,  and  some  of  its  integrals  may  be  subnormal.  Laplace's 
method  can  be  applied  to  this  equation  ;  and  we  then  have  a 
solution  in  the  form  of  a  definite  integral. 

The  way  in  which  this  definite  integral  is  used,  in  order  to 
bring  us  nearer  a  solution  of  the  original  equation,  is  as  follows. 

Let 

w,  =/OO,  (s  =  0,  1,  ...,  m  -  I), 

and  let 


This  has  to  be  differentiated  N(=nm)  times,  derivatives  of  w0, 
u\,  ...,  wm-l  of  order  n  being  replaced,  whenever  they  occur,  by 
their  values  in  terms  of  derivatives  of  lower  order,  as  given  by 
the  differential  equations  which  they  satisfy;  and,  from  the  N+  1 

dy  dNy 

equations  involving  y,  -—-  ,  ...  ,   -r-jf,  the  N  products 

daw0    dbw1 


where  a,  b,  ,..,  k  each  can  have  the  values  0,  1,  ...,  m  —  1,  are 
eliminated.     The  result  is  the  equation  for  y.     The  N  equations 

dy  dN~ly 

involving  y,   -~  ,   ...,  -5—  ^dr,  can  be  regarded  as  giving  these  N 

products  of  the  type 

daw0    dbwl 


dz«~'  ~~dz*  .....     dzk 

each  in  terms  of  derivatives  of  y  and  the  variables.     Let  two 
such  be 

w0w}  ...  WM_!,  =y, 

dw0 

-faW\   •>•  wm-i>    =$>', 

then 

J^  dw0  _<t> 

w0  dz       y' 

Assuming  y  known,  as  an  integral  of  its  own  equation,  the  value 
of  w0  is  derivable  by  a  quadrature.     If  y,  first  obtained  as  a 
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definite  integral,  can  be  evaluated  into  a  functionally  valid  normal 
integral,  it  is  of  the  form 


The  function  <I>  is  linear  in  y  and  the  derivatives  of  y,  so  that, 
when  we  substitute  the  value  of  y,  we  have 


where  ^  is  free  from  exponentials  :  and  then 


which  can  be  expressed  as  a  series  in  terms  of  z.  The  exponent 
to  which  it  belongs  is  easily  seen  to  be  an  integer,  owing  to  the 
form  of  3> ;  thus 

w0  dz  z         z* 

But  if  y  cannot  be  evaluated  into  a  functionally  valid  normal 
integral,  there  may  be  insuperable  difficulty  in  dealing  with  the 

quantity  — . 

In  instances,  where  the  actual  expression  of  a  normal  integral 
(if  it  exists)  is  desired,  the  process  is  manifestly  cumbrous :  as 
it  does  not  lead  to  explicit  tests  for  the  existence  of  normal 
integrals,  the  simpler  plan  is  to  adopt  the  process  indicated  in 
§§  85 — 88,  which  gives  either  a  normal  integral  or  an  asymptotic 
expression  for  an  integral  in  the  form  of  a  normal  series. 

For  further  consideration  of  Poincare's  method,  reference  may 
be  made  to  his  memoir,  already  quoted,  and  to  a  memoir  by 
Horn*,  who  discusses  in  some  detail  the  case,  when  the  linear 
equation  is  of  the  second  order  and  of  rank  p. 

Ex.  1.     In  the  case  of  an  equation  of  the  second  order  which  is  of  rank 

say 

d^w      .        dw 

shew  that,  if  w--$(x},  and  if  wl=tf)(-x),  which  will  satisfy  the  equation 


*  Acta  Math. ,  t.  xxin  (1900),  pp.  171—201. 
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then  a  variable  y,  where 

y=wwi, 

generally  satisfies  an  equation  of  the  fourth  order,  and  that  —  -3—  is  expressible 
uniquely  in  terms  of  y. 

Tf,  however,  the  invariants  of  the  two  equations  are  equal,  so  that 


shew  that  y  satisfies  an  equation  of  the  third  order,  and  that  -  -=-  is  the  root 

fW  CvX 

of  a  quadratic  equation,  the  coefficients  of  which  are  expressible  in  terms 
of  y.  (Horn.) 

Ex.  2.     Discuss  the  equation 


for  large  values  of  x.  (Poincare*.) 

Ex.  3.     Shew  that,  in  the  vicinity  of  x=  oo  ,  the  equation 


possesses  a  normal  integral  of  the  second  grade,  when  a  is  an  odd  positive 

integer. 

Ex.  4.     Obtain  the  normal  integrals  of  the  equations 
(i)     *y  =  (**  +  f)y, 

(ii)    x2y"  =  2x(l  +  b.v)y+  (#*  -  62^  -  2bx  -  1)  y, 
in  the  vicinity  of  #=oo  . 


CHAPTER  VIII. 

INFINITE  DETERMINANTS,  AND  THEIR  APPLICATION  TO  THE 
SOLUTION  OF  LINEAR  EQUATIONS. 

109.  IN  the  investigations  of  the  present  chapter,  infinite 
determinants  occur.  These  are  not  discussed,  as  a  rule,  in  books 
on  determinants ;  a  brief  exposition  of  their  properties  will  there- 
fore be  given  here,  but  only  to  the  extent  required  for  th( 
purposes  of  this  chapter.  Their  first  occurrence  in  connectioi 
with  linear  differential  equations  is  in  a  memoir*  by  G.  W.  Hill : 
the  convergence  of  Hill's  determinant  was  first  established f  by 
Poincare.  Later,  von  Koch  she  wed  J  that  the  characteristic  method 
in  Hill's  work  is  applicable  to  linear  differential  equations  generally; 
with  this  aim,  he  expounded  the  principal  properties  of  infinite 
determinants!.  The  following  account  is  based  upon  von  Koch's 
memoirs  just  quoted,  and  upon  a  memoir  ||  by  Cazzaniga. 

Let  a  doubly-infinite  aggregate  of  quantities  be  denoted  by 

where  i,  k  acquire  all  integer  values  between  —  oo  and  +00;  th( 
quantities  may  be  real  or  complex,  and  they  may  be  uniform 
functions  of  a  real  or  a  complex  variable.  They  are  set  in  an 

*  First  published  in  1877;  republished  Acta  Math.,  t.  vm  (1886),  pp.  1—36. 

t  Butt,  de  la  Soc.  Math,  de  France,  t.  xiv  (1886),  pp.  77—90. 

J  Acta  Math.,  t.  xv  (1891),  pp.  53—63;  ib.,  t.  xvi  (1892—3),  pp.  217—295. 

§  For  further  discussion  of  their  properties  and  their  applications  to  line 
differential  equations,  see  a  memoir  by  the  same  writer,  Acta  Math.,  t.  xxrv  (1901), 
pp.  89—122. 

li  Annali  di  Matematica,  Ser.  2",  t.  xxvi  (1897),  pp.  143—218.  Other  memoir 
by  Cazzaniga,  dealing  with  the  same  subject,  are  to  be  found  in  that  journa 
Ser.  3%  t.  i  (1898),  pp.  83—94,  Ser.  3»,  t.  n  (1899),  pp.  229—238. 
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array,  so  that  all  the  quantities  with  their  first  suffix  the  same 
occur  in  a  line,  the  values  of  k  increasing  from  left  to  right,  and 
all  the  quantities  with  their  second  suffix  the  same  occur  in  a 
column,  the  values  of  i  increasing  from  top  to  bottom.  We  then 
have  an  infinite  determinant,  which  may  be  represented  in  the 
form 

r     n  i)     QO 

L  ttk*  k)  —  oo 

Construct  the  determinant  Dmtn,  where 

m 


then  if,  as  m  and  n  increase  indefinitely  and  without  limit,  Dm>n 
tends  to  a  unique  definite  value  D,  we  regard  the  infinite  determ- 
inant as  converging  to  the  value  D.  In  all  other  cases,  the 
infinite  determinant  diverges.  To  secure  this  convergence  to  a 
unique  definite  value  D,  it  is  sufficient  that,  when  any  arbitrary 
small  quantity  8  has  been  assigned,  positive  integers  M  and  N  can 
be  found,  such  that 

-Um+p,n+q        -L^m,n    ^  O, 

for  all  values  of  m  greater  than  M ,  for  all  values  of  n  greater  than 
N,  and  for  all  positive  integers  p  and  q. 

The  aggregate  of  all  the  quantities  for  which  i  =  k,  that  is,  of  the 
quantities  ...,  «_!,_!,  a0i0,  °h,u  as  they  occur  in  their  place  in  the 
determinant,  is  called  the  principal  diagonal,  sometimes  briefly 
the  diagonal ;  and  a  constituent  of  reference  in  the  diagonal, 
naturally  chosen  in  the  first  instance  to  be  «„,<»  is  called  the 
origin, 

Let 


then  the  infinite  determinant   converges,    if  the  doubly-infinite 
series 

00        oo 

2  2  \A,,k\ 


—  00     —  00 


converges,  all  values  of  i  and  k  between  —  oo  and  +  oo  occurring  in 
the  summation.     To  prove  this,  let 

i=m  f         k  =  m          ~\  i=m  (         k=m 

pw>n=  n   1+  2  Aitk\,   pm>n=  n   1+  2  1 

-n    (          -n  -n    (          -n 
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m 

k\  —n 


Let  Pm,n  t>e  expanded ;  by  omitting  suitable  terms  and  changing 
the  signs  of  others,  we  obtain  Dm,n-  Hence,  taking  Dmt1i,  making 
all  the  terms  positive,  and  adding  certain  other  positive  terms, 
we  obtain  Pm,n-  Similarly,  we  can  pass  from  Dm+fin+q  to 
Pm+P,n+q-  Now  take  Dm+ptn+q  —  Dm,n',  make  all  the  terms 
positive,  and  add  certain  other  positive  terms,  and  we  have 


*m+p,n+q       -* m,n  j    hence 


,  n+q       "m,  n  \ 


<  p, 


+p,n+q 


m,  n\ 


But,  because  of  the  convergence  of  the  series 

00          00 

2  2  \Aijk\, 

-00-00 

the  product  Pm>n  converges  when  m  and  n  increase  without  limit ; 
hence,  assuming  any  arbitrary  positive  quantity  B,  however  small, 
integers  M  and  N  can  be  determined  such  that 

-*  m+p,n+q        •*  m,n  ^  O} 

for  all  values  of  m  greater  than  M,  for  all  values  of  n  greater  than 
N,  and  for  all  positive  integers  p  and  q.  Consequently,  for  the 
same  integers,  we  have 

I  Um+p,  n+q       -Urn,  n  \  <  O  \ 

and  therefore  the  infinite  determinant  converges. 

Such  a  determinant  is  said*  to  be  of  the  normal  form.  All 
the  determinants  with  which  we  have  to  deal  are  of  this  type. 

Next,  the  origin  may  be  changed  in  the  diagonal  without 
affecting  the  value  of  the  determinant.  All  the  conditions  for 
the  convergence  of  the  determinant  with  the  new  origin  are 
satisfied;  let  its  value  be  D',  and  let  D  be  the  value  with  the 
old  origin.  Then  taking  any  small  positive  quantity  8,  we  can 
determine  integers  M  and  N  such  that 


*  von  Koch,  Acta  Math.,  t.  XTI,  p.  221. 
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for  all  values  of  m  greater  than  M  and  all  values  of  n  greater  than 
N,  the  determinant  D'm),ni  being  the  same  as  Dm<n,  so  that,  if  adt0 
be  the  new  origin,  ml  =  m  —  8,  %  =  n  +  6.  Manifestly,  Dm>n  can 
be  chosen  so  as  to  include  the  new  origin.  Hence 

\D-D'\  =  \D-  Dm,n  -  (U  -  D'm^)\ 
<\D-Dm>n  +\D'-D'mi,ni\ 


so  that,  in  the  limit  when  8  is  made  infinitesimal, 


Similarly,  the  value  of  the  determinant  changes  its  sign  when 
two  lines  are  interchanged,  and  also  when  two  columns  are  inter- 
changed: so  that,  if  two  lines  be  the  same,  or  if  two  columns  be 
the  same,  the  determinant  vanishes.  Further,  if  the  determinant 
be  changed,  so  that  the  lines  (in  their  proper  order)  become 
columns  and  the  columns  (in  their  proper  order)  become  lines, 
the  principal  diagonal  being  unchanged,  the  value  of  the  determ- 
inant remains  unaltered.  If,  in  any  line  in  a  determinant  of 
normal  form,  each  of  the  constituents  be  multiplied  by  any 
quantity  /JL,  the  value  of  the  determinant  is  multiplied  by  p,  ; 
likewise  for  any  column,  and  for  any  number  of  lines  and 
columns,  provided  that  the  product  of  all  the  factors  (when 
unlimited  in  number)  converges. 

Further,  if  all  the  constituents  in  any  line  of  a  converging 
normal  determinant  be  replaced  by  a  set  of  quantities  of  modulus 
not  greater  than  any  assigned  finite  quantity,  the  new  determinant 
converges.  In  the  determinant  D,  let  the  line  a^  (the  constitu- 
ents occurring  for  values  of  k)  be  changed,  so  that  a0ik  is  replaced 
by  £'&,  where 

N  <  A, 

A  being  finite;  and  let  D',  D'm<n  for  the  new  determinant 
correspond  to  D,  Dm>n.  For  comparison  with  D'm>n,  construct 
a  product  Pm>n,  where 


i  having  all  values  from  —  n  to  +m,  except  i  =  0.     Then,  when 
'm>n  is  expanded,  there  occurs  in  POTjn  a  term  corresponding  to 
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every  term  in  D'm>n,  the  latter  having  some  one  factor  xp  that 
does  not  occur  in  Pm,n',  hence 

term  in  D'm>n  ^  A  term  in  Pm,n  • 

Now  some  of  the  terms  in  Z^n  are  negative,  while  all  the  terms 
in  Pm,n  are  positive;  and  terms  arise  in  Pm)M)  the  terms  corre- 
sponding to  which  do  not  occur  in  D'TOiW.  Hence 

A    *m 


Similarly, 


m+p,  n+q 


m,  n 


A  i  p  PI 

•"-  \  •*  m+p,  n+q        •*•  m,  n  \ 


where  S  can  be  chosen  as  small  as  we  please,  because 

00          ("  00 

H     1+  2  \Ai>k] 

-  00        (,  -30 

is  a  converging  product. 

The  result,  which  is  due  to  Poincare,  is  thus  established. 


PROPERTIES  OF  CONVERGING  INFINITE  DETERMINANTS. 

110.     The  development    of  an    infinite   determinant   can 
deduced  from  the  preceding  properties.     We  have 


—  n,  —  n 


—  n,—  n+i 

—  n+i, 


,m 


==  ^  i  (&—  n,—  n^—  n+i,—  n+i  —  ^m, 


,  n  > 


say.     In  this  expanded  form,  let 

aM  =  1  +  Aiti,     ai>k  =  Aitk, 

and  let  every  term  in  the  new  expression  be  changed,  so  as  to 
have  a  positive  sign  and  so  that  each  factor  is  replaced  by  its 
modulus.  The  resulting  expression  is  greater  than  Sm>n  ;  and 
every  term  that  occurs  in  it  is  contained  in  Pm,n,  where 


Pm,n= 


m  ) 

2    Aitk\\. 
-n  ) 
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Also,  Pmtn  contains  other  terms,  all  of  which  are  positive  ;  thus 


Similarly, 


,  n+q  ' 


m,  n  • 


P  P 

-1  m+p,n+q        -*  wi,n> 


for  all  positive  integers  p  and  <?.  But  Pm<n,  with  indefinite 
increase  of  m  and  w,  is  a  converging  product;  hence  2TO>n,  in 
the  same  limiting  circumstances,  converges  absolutely.  Thus  the 
usual  method  of  development  of  a  finite  determinant  holds  in  the 
case  of  an  infinite  converging  determinant  of  the  normal  form,  and 
we  have 

£  =  K*1 

=  2.. .a 


; 

k   — 


the  sum  being  extended  over  all  the  permutations 
•'••>  Pa,  PI,  po,  <?i>  3-2,  ••• 
...,  -2,  -1,  0,  1,  2,  .... 

aiti  =  1  +  Aiiit     ai>k  =  Ai>k,     (i  =}=  k), 
for  all  values  of  i  and  &,  we  at  once  have  the  expansion 


of  the  integers 
Writing 


A  A 

~7»*>          j, 


A*»    A^ 


the  summations  being  for  all  integer  values  from  —  oo  to  +  oo  such 
that 


111.  It  follows  from  the  preceding  expansion  of  a  converging 
determinant  D  of  normal  form  that,  when  a  constituent  a^^  enters 
into  any  term  of  the  expanded  form,  no  other  constituent  from 

I  the  line  i  or  from  the  column  k  enters  into  that  term.  Taking 
the  aggregate  of  terms  (each  with  its  proper  sign)  into  which  af>  k 

i  enters,  their  sum  maybe  denoted  by  ai>ka.itk;  and  the  determinant 
may  be  represented  in  the  form 


i=-oo 


P.    IV. 
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or  in  the  form 


D= 


aitkaitk. 

1=  -  00 


The  quantity  «,-_&  is  called  the  minor  of  a^,  and  sometimes  it  is 
denoted  by 


It  can  be  derived  from  D  by  suppressing  the  line  i  and  the 
column  k,  or,  what  is  the  equivalent  in  value,  by  replacing  a^ 
by  1,  and  every  other  constituent  in  the  line  i  or  in  the  column  k 
or  in  both  by  0,  and  then  multiplying  by  (—  l)l'~*  Manifestly,  we 
have 


It  is  an  immediate  corollary  that 


0  =    2    ajtkaifk, 

k=  -x 


00 

0=    2    aiitaj>t, 

Jc=  -  oo  / 


for  the  right-hand  side  in  the  first  is  equivalent  to  D  with  the 
line  i  replaced  by  the  line  j,  so  that  the  latter  is  duplicated  ;  and 
in  the  second,  the  right-hand  side  is  equivalent  to  D  with  the 
line  j  replaced  by  the  line  i,  so  that  the  latter  is  duplicated. 

More  generally,  if,  in  the  lines 

0.1,  «2»  •••.  «r, 
and  in  the  columns 


we  replace  all  the  terms  by  0,  except  »<,„/},,  «a2,^>  •••,  a«,.,0>->  eacn 
of  which  we  replace  by  1,  and  then  multiply  by 


the  result  is  the  coefficient  of 
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in  D.     It  manifestly  is  a  minor  of  order  r  ;  and  it  is  denoted  by 
/«!,   a,,  ...,    ar\ 

U,  ft,  ...,  ft/' 

Clearly  all  the  minors  of  any  finite  order  are   determinants  of 
normal  form,  converging  absolutely. 

If  D  is  not  zero,  some  at  least  of  the  minors  of  constituents  in 
any  line  must  be  different  from  zero,  and  some  of  the  minors  of 
constituents  in  any  column  also  must  be  different  from  zero. 
Similar  results,  when  D  is  not  zero,  hold  for  the  minors  of  any 
order  r  of  finite  determinants,  which  are  constructed  out  of  r 
selected  lines  and  any  r  columns,  or  out  of  r  selected  columns 
and  any  r  lines. 

Further,  the  minor 


f 
\ 


-r,  -r  +  1,   ...,  0,  1,  ...,  s 
-r,  -r-j-1,  ...,  0,  1,  ...,  a 


tends  to  the  value  unity,  as  r  and  s  increase.     To  prove  this,  let 

Qs,r=n{i  +  2\Ap>q\}, 

where  the  product  is  for  all  the  values  of  p,  and  the  summation 
is  for  all  the  values  of  q,  that  are  excluded  from  the  ranges 

p  =  —  r  to  +  s,     q  =  —  r  to  -f  s. 

Expanding  the  minor,  and  changing  every  term  so  that  its  sign  is 
positive  and  each  factor  in  the  term  is  replaced  by  its  modulus, 
we  have  a  new  expression  every  term  of  which  is  contained  in  the 
expanded  form  of  Qg>r;  and  Qgjr  contains  other  terms.  Further, 
the  expanded  minor  contains  the  term  +  1  as  does  Q8ir,  and  all 
other  terms  involve  the  quantities  A  ;  hence 

f—r,  —  r  +  1,  ..., 


-r,  -r  +  1, 


But  the  product 


converges  ;  and  therefore,  when  any  small  positive  quantity  8  is 
assigned,  integers  —  r  and  s  can  be  determined  such  that 


23—2 
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Taking  these  as  the  integers  defining  the  minor,  we  have 

/—  r,  —  r  +  1,  ...,  s\ 
V-r,  -r  +  1,  ...,  s) 


so  that 


—  r,  —r  +  l,  ...,  s 

—  r,  —r+l,  ...,  s 


Moreover,  as  integers  s',  r  are  chosen,  greater  than  s  and  r  and 
gradually  increasing,  the  quantity 


decreases ;  and  thus  the  minor  tends  to  the  value  unity  as  r  and  s 
increase. 

One  or  two  properties  of  minors  may  be  noted.     We  have 

\ /  *  j  \ 

K,    I/  \l)    KJ 

for  the  changes  from  one  of  these  expressions  to  another  are 
equivalent  to  an  interchange  of  two  lines  or  an  interchange  ol 
two  columns,  each  of  which  changes  the  sign  of  the  determinant 
Similarly  for  minors  of  any  order. 

Again,  expanding  a;|jfc  by  reference  to  constituents  of  a  column, 
we  have 


and  expanding  it  by  reference  to  constituents  of  a  line,  we  have 


* 

"*»-  ?*•*«• 


Similarly, 


Further 


when  q  is  neither  k  nor  /,  because  it  is  a  minor  of  the  first  orde 
with  two  columns  the  same ;  also 


f  "Mill )-«. 
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when  h  is  neither  i  nor  j,  because  it  is  a  minor  of  the  first  order 
with  two  lines  the  same  ;  and 


h  or  q 


=  0, 


where  h  is  neither  i  nor  j,  and  q  is  neither  k  nor  I,  because  it  is  a 
minor  of  the  first  order  with  two  columns  the  same  and  two  lines 
the  same.  Similarly  for  minors  of  higher  order. 

The  similarity  in  properties  between  finite  determinants  and 
converging  infinite  determinants  of  normal  form  is  not  exhausted 
by  the  preceding  set :  in  particular,  infinite  determinants  can  be 
multiplied,  and  determinants  framed  from  minors  of  an  infinite 
determinant  are  connected  with  their  complementary  in  the 
original,  exactly  as  for  finite  determinants.  The  simpler  of  these 
properties  are  contained  in  the  following  examples. 


Ex.  1.    If 

^  =[«»,*]>    #=[&i,*]» 
are  converging  determinants  of  normal  type,  and  if 

£»,*=   2  aitjbk>j, 
for  all  values  of  i  and  k,  then 


i)      *} 
*/-«/' 


is  a  converging  determinant  of  normal  type,  and 

AB=  a 

Ex.  %.     If  o^jt  denote  the  minor  of  aiik  in  the  determinant 

A=  [«!,*]> 


then 


%*, 


t     t  *_ 

*i>  ""2)  ••••>  *r 


with  the  preceding  notation  for  minors  of  order  r. 
Ex.  3.     In  connection  with  the  determinant 
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prove  that 

/*\  A'u  h\  ,   Ai\  /*2>  *  \   i  (12\  j*i  h  \  _  A>  h>  *2\  ^  . 
and,  more  generally,  that 

2(,j(,         7  *       ) =  (/•'/•'/•'         /-J^' 

where,  in  the  typical  term,  kn,  kn  +  l,  ^n  +  2>  •••>  ^n-i  preserve  the  same  cyclical 
order  as  £0,  klt  k%,  ...,  kr. 

In  the  first  of  these,  the  right-hand  side  vanishes  if  k  is  equal  to  ikl  or  £2  ; 
in  the  second,  it  vanishes  if  i  is  equal  to  it  or  iz  ;  in  the  third,  it  vanishes  if 
k0  is  equal  to  any  one  of  the  quantities  £j,  £2,  ...,  kr  ;  and  so  in  other  cases. 

112.  The  infinite  determinants  which  arise  in  the  discussion 
of  linear  differential  equations  have,  as  their  constituents,  functions 
of  a  parameter  p.  The  preceding  results  are  still  valid,  if  the 
condition  that 


is  an  absolutely  converging  series  is  satisfied  ;  in  particular,  the 
determinant  converges  absolutely,  and  its  value  may  be  denoted 
by  D  (p).  The  parameter  may  be  made  to  vary  ;  and  then  it  is 
important  that  the  convergence  of  D(p)  should  be  not  merely 
absolute,  but  also  uniform,  in  order  that  it  may  be  differentiated. 
Suppose  that,  in  any  region  in  the  p-plane,  all  the  functions 
Aij(p)  are  regular  functions  of  p,  such  that  the  series 


converges  uniformly  and  absolutely.  For  all  values  of  p  within 
that  region,  any  small  quantity  8  can  be  assigned,  and  then 
integers  M  and  N  exist,  such  that  for  all  integers  m^M,  and 
integers  —n^.  —  N, 


By  analysis  that  follows  the  earlier  analysis  practically  step  by 
step,  we  then  infer  that,  for  all  integers  m  ^  M,  n  ^  N,  and  for  all 
positive  integers  p  and  q,  and  for  all  values  of  p  within  the  region 
indicated,  we  have 

q(p)—  An,w  (p)\  <  28  J 
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so  that  D(p)  converges  uniformly.      Hence,  within  the  domain 
considered,  D(p)  is  a  regular  analytic  function  of  p. 

The  expansions  of  D  (p)  in  terms  of  its  constituents  have  been 
proved  to  converge  absolutely,  by  comparison  with  the  expansions 
of  Pm,  n,  where 


Pm,n=U 


As  the  series 


-  00     —  30 


converges  uniformly  and  absolutely,  Pm>n  is  a  product  that  con- 
verges uniformly  with  indefinite  increase  of  m  and  n.  The 
corresponding  modifications  in  the  investigation  lead  to  the 
conclusion,  that  the  expanded  form  of  D(p)  converges  uniformly 
as  well  as  absolutely. 

Moreover*,  this  expanded  form  can  be  differentiated,  and  its 
derivatives  are  the  derivatives  of  D  (p).     In  particular,  we  have 


_  _ 

dp  da{>  k   dp 


_ 

dp 

Thus  if  D  vanish  for  a  value  p  of  p,  and  if  all  the  first  minors  of 
D  vanish  for  that  value,  we  have 


^\ 

while  -~   is  not  infinite  ;    the  first  derivative  of  the   uniform 

dp 

function  D  vanishes,  and  therefore  p'  is  at  least  a  double  zero  of 
D,     In  that  case,  we  have 

fc  .  ^sr  vv  daf,fc  dai<k  dajit 

n       T    £*-*  "  -     " 


^T~9.     -   •*""      i,  fc      1     n       T        *-*±4<  "5  5  -     " 

dp*  dp2  dajti    dp     dp 


,       ,     —  ^        -«  —  . 
K,    I]     dp       Op 

Hence,  if  all  the  second  minors  of  D  vanish  for  that  value  of  p, 
we  have 


*  The  proof  is  similar  to  those  given  for  preceding  propositions  ;  see  von  Koch's 
memoir,  Acta  Math.,  t.  xvi,  p.  243. 
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and  so  p  is  at  least  a  triple  zero  of  D.  And  generally,  if  all 
minors  of  all  orders  up  to  r  —  1  inclusive  vanish,  but  not  all 
minors  of  order  r,  when  p  —  p',  then  p  is  a  root  of  D  in  multiplicity 
r ;  and  D  is  then  said  to  be  of  characteristic  r.  The  quantity  r 
cannot  increase  indefinitely,  for  we  have  seen  that  minors  of 
sufficiently  high  order  tend  to  the  value  unity,  so  that  the  general 
vanishing  of  all  minors  of  the  same  order  is  possible  only  for  finite 
orders. 

But  it  need  hardly  be  pointed  out  that  the  converses  of  these 
results  are  not  necessarily  true:  thus  p=p  might  be  a  double 
root  of  D,  while  not  all  the  first  minors  of  D  would  vanish. 

113.  The  purpose,  for  which  infinite  determinants  are  to  be 
used  in  this  place,  is  in  connection  with  the  solution  of  an  un- 
limited number  of  equations,  linear  in  an  unlimited  number  of 
constants.  Let 


and  suppose  that  the  infinite  determinant  D,  where 

00 


converges  uniformly ;    it   is   required   to  find    the    ratios    of   the 
quantities  x  to  one  another  which  satisfy  the  equations 

Ui  =  0,  (i  =  —  oo  to  -f  oo  ), 

the  quantities  x  being  themselves  finite,  so  that  we  have 

|«fc|<  JT, 
where  X  is  finite. 

We  know  that 


converges  absolutely  ;  its  value  is  D  when  j  =  k,  and  is  0  when  j 
is  different  from  k.     Moreover,  the  series  Sa^  is  an  absolutely 

converging  series,  and  hence  for  values  of  x  considered,  we  have 

utefl 
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where    U  is  finite.     Hence,  by  one  of  the  propositions  already 
established,  the  quantity  8,  defined  by  the  equation 


also  converges  absolutely,  so  that 


for  all  the  other  terms  give  a  zero  coefficient  for  x.  Hence,  if 
m  =  0  for  all  values  of  i,  and  if  we  are  to  have  values  of  xk  different 
from  zero,  then 

D  =  0, 

which  is  a  necessary  condition.  We  shall  assume  this  condition 
to  be  satisfied. 

If  some  at  least  of  the  first  minors  are  different  from  zero, 
then  the  equation 


shews  that  any  one  of  the  quantities  u,  which  it  contains,  is  then 
linearly  expressible  in  terms  of  the  others,  and  so  the  correspond- 
ing equation  u  =  0  is  not  an  independent  equation.  Let  u0  then 
be  omitted  on  this  ground  ;  we  have 


i    q 

where  on  each  side  the  summation  is  for  all  values  of  i  except 
i  =  0.     The  coefficient  of  xq  on  the  right-hand  side  is 


This  is  zero,  if  q  is  different  from  both  k  and  I  ;  it  is 
if  q  =  I  ;  and  it  is 


—        ?         '       \  n       -        « 

Tit    iiai'l~    "a°.*' 

i    v*» 


*»    ° 
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if  q  =  k.     Thus 

2  (  *'  °' 

But  all  the  quantities  Ui  vanish  ;  hence 

_1_  _       f\ 

We  thus  have 


for  all  values  of  I  ;   and  £  is  any  finite  quantity,  for  only  the 
ratios  of  the  quantities  x  are  determinate. 

Similarly,  if  D  be  of  characteristic  r,  so  that  the  minors  of 
lowest  order  which  do  not  all  vanish  are  of  order  r,  let 


,  A,...,  & 
be  such  a  minor  different  from  zero.     We  then  have 


?  O  /O          /Q  /Q     '   MW» 

'!>  •••>    Pn—\i    Pn>    Pn+i)   •••!    Pr 

Hi,  ...,     ffn_i,      ?™>     «n+i>  •••>     ' 
m  q    \pi .   •  •  •  i    Pn— i  >    Pw  >    Pn+l  >   •  •  •  >    Pr 

Thus  the  coefficient  of  xq  is 

6         R      R  8  )  am'9' 

Pn— ii    Pn»    Pn+i»  •••>    Pr/ 

When  g  is  equal  to  any  one  of  the  integers  Rlt  /32,  ...,  /3r>  this 
coefficient  is  equal  to  a  minor  of  order  2 —  1  and  so  vanishes. 
When  q  is  not  equal  to  any  one  of  those  integers,  the  coefficient 
is  equal  to  a  determinant  with  two  columns  the  same,  and  it  is 
therefore  evanescent.  Hence 

8  =  0, 
and  therefore 

um, 

where,  on  the  right-hand  side,  m  must  not  be  equal  to  any  one  of 
the  integers  Oj,  ...,  ar.  It  thus  appears  that  there  are  r  relations 
among  the  quantities  u]  and  that,  in  particular,  each  of  the 
quantities  wa|,  uaa,  ...,  uar  is  linearly  expressible  in  terms  of  the 
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remaining  quantities  u.     Accordingly,  we  assume  these  r  quanti- 
ties u  omitted  from  consideration. 

Denoting  by  a  any  integer  other  than  «],  ...,  ar,  and  by  /3  any 
integer  other  than  /3lt  ...,  /9r,  we  have 

a,   a,,..., 

°~        /s  /?         o^i 

Pi     Pi.    •••>     Pr' 


a    \>         l 


Xfi- 

, ,     «2  ,    .  .  .  ,    (tf 


in  the  same  way  as  for  the  simpler  case  ;  hence,  as  all  the  quanti- 
ties w0  vanish,  we  have 


_ 
'        ««1\#U  A>  ••••  AI-D  ^    i  Ai+i.  •••!  ^r/ 

so  that  all  the  quantities  x^  are  linearly  expressible  in  terms  of  r 
such  quantities. 

For  further  properties  of  infinite  determinants,  reference  may 
be  made  to  the  memoirs  quoted  at  the  beginning  of  §  109. 


APPLICATION  TO  DIFFERENTIAL  EQUATIONS. 
114.     When  the  differential  equation  is  given  in  the  form 

h  Qi h  •  •  •  +  Qn-i  —j h  Qn  W  =  0, 

the  substitution 

1  c 

W=we    n  ' 

leads  to  an  equation  of  order  n  in  w,  which  is  devoid  of  the  term 
involving      n-i  .   The  coefficients  of  the  new  equation  are  linearly 

(JLZ 

expressible  in  terms  of  Q2,  Q3,  ...,  Qn-i,  Qn,  and  the  expressions 
;  involve  derivatives  of  Ql  up  to  order  n  —  1  inclusive  and  integral 
powers  of  Qj.     We  may  therefore  take  the  differential  equation  in 
the  form 

dnw      „  dn~2w  dw 
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We  assume  that,  in  the  vicinity  of  z  =  0,  it  possesses  no  synectic 
integral,  no  regular  integral,  no  normal  integral,  and  no  subnormal 
integral.  The  point  z  =  0  is  then  a  singularity  of  the  coefficients ; 
and,  if  it  be  only  an  accidental  singularity  (of  order  higher  than  s 
for  Ps,  in  the  case  of  some  value  or  values  of  s),  the  conditions  for 
the  existence  of  a  normal  integral  or  a  subnormal  integral  are 
not  satisfied.  We  assume  the  coefficients  P  still  to  be  uniform 
functions  of  z,  and  we  shall  suppose  that  their  singularities  are 
isolated  points.  Let  an  annulus,  given  by 

R<\z\<R, 

be  such  that  its  area  is  free  from  singularities,  no  assumption 
being  made  as  to  the  behaviour  of  the  coefficients  P  within  the 
circle  of  radius  R;  then  it  is  known*  that  each  such  coefficient 
can  be  expanded  in  a  Laurent  series 

Pr=2cr>^,  (r  =  2,  3,  ...,  n), 

•  -oc 

which  converges  uniformly  and  unconditionally  within  the  annulus. 
Without  loss  of  generality,  it  may  be  assumed  that 

R  <  I  <  R : 

for,  otherwise,  we  should  take  a  new  variable  Z  =  z(RR'^,  and 
the  limiting  radii  R  and  R'  of  the  annulus  for  Z  then  satisfy 
the  conditions 

R  <  1  <  R. 

Further,  owing  to  the  character  of  the  convergence  of  Pr,  we 
have 

dPr      « 


d  (  dPr\      « 

Z  -j-  \Z  — r—     =  Z  Cr  uM  2M> 

dz\    dz  )     -*, 

and  so  on ;  all  these  series  converge  uniformly  and  unconditionally 
within  the  annulus.     Hence  also 


,M^ 

r.  F.,  §  28. 
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similarly  converges  within  the  annulus,  where  R  (p)  is  any  poly- 
nomial in  yu.;  and  therefore,  taking  the  circle  \z  =  1,  every  point 
of  which  lies  within  the  annulus,  the  series 


converges. 

115.    From  the  general  investigations  in  Chapter  n,  it  follows 
that  the  equation  certainly  possesses  an  integral  of  the  form 


where  p  is  any  one  of  the  values  of  ~  —  .  log  w,  the  quantity  o> 

being  a  root  of  the  fundamental  equation  associated  with  an 
irreducible  (but  otherwise  simple)  closed  circuit  in  the  annulus  ; 
and  the  quantity  <£  is  a  uniform  function  of  z.  As  the  integral  is 
not  regular,  the  number  of  negative  powers  of  z  in  <£  is  unlimited  ; 
and  so  we  may  write 

00 

y  =  2  amzo+m. 

—  00 

In  order  to  have  an  adequate  expression  of  the  integral,  the 
quantity  p  must  be  obtained;  the  value  of  am-4-«0,  for  m=  +  1, 
+  2,  ...,  +  30  ,  must  be  constructed  ;  and  the  resulting  series  must 
converge  for  values  of  z  within  the  annulus. 

We  first  consider  the  formal  construction  of  the  expression  for 
the  integral.     Let 


'r.ii  =  (p  +  P)  •  •  •  (p  +  P'  ~  n  +  3)  c2)?._ 

..(p  +  /x 

...  +  (p 


and  write 

00 

Gm  (p)  =<j>(p  +  m)  am  +  2'  Cm<  M  aM, 


-  00 


where,  in  the  last  summation,  the  values  of  //,  are  from  —  oo  to 
+  oo  ,  with  fji  =  m  excepted.     Then  we  have 

P(y)-S  <? 
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so  that  y  is  an  integral  of  the  differential  equation  if 


[115. 


for  all  values  of  m  from  —  oo  to  +00,  there  being  no  assumption 
that  the  negative  infinity  is  the  same  numerically  as  the  positive 
infinity.  Let 

s~* 


n 

^ 


for  all  values  of  //,  other  than  fj,  =  m;  and  introduce  a  quantity 
mm  with  the  convention 


then 


p}  2 


where  the  summation  now  is  for  all  values  of  //,.    We  then  require 
the  infinite  determinant 


1           ,      ^-2,-],      ^-2,0,      ^-2,1'      ^-2,2,     ••• 
...,      ^f-.^-2,                1        .      "^-1,0,      ^-1,1.      ^-1,2.     ••• 

::  £:  ;  1:  :  t  :  *,  :  *r  ;  ::: 

i- 

the  necessary  and  sufficient  condition  of  the  convergence  of  which 
is  the  convergence  of  the  double  series 


for  all  values  of  m  and  p  between  —  oo  and  +  oo  except  m  =  p. 

116.     In  order  to  establish  the  convergence,  we  first  transform 
the  expression  of  Cm>li.     Let 

then  we  may  take 

(p  +  fjb)  (p  +  IM  —  1) . . .  (p  4-  fj,  —  p  +  1) 

m  —X  —  1) ...  (p 

p, !  (p  +  m)P-*  +  ap>2  (p  +  my~2  +  . . .  +  a 


p>pt 
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where  otpir  is  a  polynomial  in  X  of  degree  r.    Using  this  for  all  the 
terras  in  Cm<lt,  we  have 

Cm,  »  =  A,  (X)  (p  -f-  m)"-2  +  A3  (X)  (p  +  ra)«-3  +  . . .  +  An  (X), 
where 

Ar  (X)  =  Ot7i_2)r  C2,  A— 2  +  0£n— 3,r— 1  £3,  A-a  +  •  •  •  +  Cr>x— r- 

Accordingly,  we  have 


^  x*    i                    v*  %r        ^TM>.  M- 

1 

m  n          '                m  p  9  (P  +  m) 

^vv<   (p  +  m)n~2  .  .    .          v^,   (p+m)n-3 

^mT    <t>(p  +  in)     ^               «7    0(p  + 
...  +  22 

m  A 

Now  the  series 

T  |^(x)cr>,| 

A=  -oo 

m) 

0'0» 

+  w) 

converges  for  every  value  2,  3,   ...,  n  of  r,  where  R(\)  is  any 
polynomial  in  X.     Hence 


every  term  of  which  (for  the  various  values  of  p)  converges,  because 
aM_p>g_p+2  is  a  polynomial  in  X  of  degree  s—p  +  2,  and  therefore 
the  whole  of  the  right-hand  side  is  a  converging  series.  Accord- 
ingly, we  may  write 


T 

A=  -oo 


and  then  each  of  the  quantities  |  Hg   is  finite. 
We  thus  have 


...+ 


</>(p  +  m) 

2 


^  (p  -h  m) 


Assuming  p  to  be  any  quantity,  different  from  any  of  the  roots  of 
any  of  the  equations 
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each  of  which  is  of  degree  n,  we  know  that  all  the  series 

s  (p 


converge  absolutely,  for  the  values  *=  2,  3,  ...,  n.  Moreover,  the 
sum  of  each  such  series  is  a  function  of  p  :  and  then,  if  p  varies  in 
a  region  no  point  of  which  is  at  an  infinitesimal  distance  from  any 
of  the  roots  of  </>  (p  -f  m),  the  convergence  of  the  series  is  uniform. 

Accordingly,  the  double  series 


converges  uniformly  and  unconditionally  ;  and  therefore  the  infinite 
determinant  ft(p)  converges  uniformly  and  unconditionally,  pro- 
vided p  does  not  approach  infinitesimally  near  any  root  of  any  of 
the  equations  <f>  (p  +  m)  =  0.  Clearly,  O  (p)  is  a  uniform  function 
of  p,  for  such  values  of  p. 

Further,  we  have 


and  therefore 

l)=  ^m+i.M+i  (p) 


so  that 

Construct  the  infinite  determinant  O  (p  +  1),  and  then  replace 
each  constituent  tym,p(p  +  1)  by  ^rm+i >M+i (p) ;  the  result  is  to  give 
the  modification  of  II  (p),  which  arises  by  moving  each  column  one 
place  to  the  right  and  by  depressing  each  row  one  place,  in  other 
words,  by  taking  ^^(p)  in  the  diagonal  as  the  origin  instead  of 
^r0  0  (p).  But  such  a  change  makes  no  difference  in  a  determinant 
which  converges  absolutely  ;  we  therefore  have 


or  the  infinite  determinant  H  is  a  periodic  function  of  p. 

Lastly,  by  making  p  infinitely  large  in  such  a  manner,  that  it 
does  not  approach  infinitesimally  near  any  of  the  roots  of  any  of 
the  equations 
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(which  roots  for  different  values  of  m  differ  only  by  real  integers, 
so  that  if  we  take  p  =  u  +  iv,  where  u  and  v  are  real,  it  will  be 
sufficient  to  take  v  large),  we  reduce  to  zero  every  constituent 
that  lies  off  the  diagonal  of  U  (p).  As  every  constituent  in  the 
diagonal  is  unity,  and  every  constituent  off  the  diagonal  is  zero,  it 
follows  (from  the  law  of  expansion  of  an  absolutely  converging 
determinant)  that 


provided  p  tends  to  its  infinite  value  in  the  manner  indicated. 


MODIFICATION  OF  THE  INFINITE  DETERMINANT  U  (p). 

117.  It  is  convenient  also  to  consider  another  infinite  determ- 
inant associated  with  £1  (p).  The  equation  Gm  (p)  =  0  was  taken 
in  the  form 


and  the  infinite  determinant  £l(p)  was  composed  of  the  constituents 
•\lrm  )ft.  If  an  infinite  determinant  were  composed  of  constituents 
<f>(m  +  p)^rm,iJi,  then  the  row  determined  by  the  integer  would 
have  a  common  factor  <f>  (m  4-  p)  ;  and  thus  there  would  be  an 
infinitude  of  factors,  the  product  of  which  either  should  converge 
or  should  be  made  to  converge.  Let  plt  p2,  ...,  pn  be  the  roots  of 
0  (p)  =  0,  so  that 

<£  (p)  =  (p  ~Pi}  (P  ~  Pa)  •••  (P  ~  pn), 
and  therefore 


m  \  m 


To  change  this  into  a  form  suitable  for  an  infinite  converging 
product,  we  multiply  by 


. 
Ji       (  n\  —  _  a  m  a  m  am 

">m  \p)  —  mn  e  •  V  .....  »  , 

with  the  convention 

h0(P)  =  l. 

As  hm(p)  remains  finite  and  is  not  zero  for  finite  values  of  p,  we 
may  replace  the  equation  Gm  (p)  =  0  by 
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Now  let 
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=  n 


m 


[117. 


for  all  values  of  in  except  ra  =  0,  and 

n 

%o,<>  =  n  (P  -  P<r)  • 

<r=l 

also  let 

X™,*(P)  =  km  (p)  <j>(m+p)  ^rn./i  =  km  (p)  CXM- 

Then  the  equations  between  the  constants  a  have  the  form 


In   association   with   these   equations,   we   consider   the   infinite 
determinant 

m] 


oo 

-ooj 


'»       Xo,—  2     >       Xo,—  1     J       %0,0     >       %0,1      )       %0,2 


%2,0 


Taking  the  diagonal  to  be  ...,  x^,-*,  x*i,-i»  Xo.o,  %i,i, 
require  to  establish,  (i),  the  convergence  of  the  series 


„  ...,  we 


summed  for  all  values  of  m  and  p,  except  m  =  /j,,  from  —  oo  to  +  oo , 
and  (ii),  the  convergence  of  the  series 


in  order  to  know  that  the  infinite  determinant  D  (p)  converges. 
We  consider  first  the  double  series  SSm.     Let 


=       e 
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The  quantities  plt  p2>  . ..,  pn  are  finite  ;  hence,  so  long  as  p  remains 
within  a  finite  region  that  does  not  lie  at  infinity,  there  is  a  finite 
quantity  K  which  is  larger  than  any  value  of  |&.m(p)|  for  values  of 
p  within  that  region.  Hence,  as 

Xm,  n  =  hm  (p)  Cm<  p. 


we  have 

Ym  J  <  K 


m" 

when  in  is  not  zero.     When  m  is  zero,  we  have 


Proceeding  exactly  as  with  the  series  SS^m >M  in  §  116,  summing 
for  all  values  of  m  other  than  zero,  and  for  all  values  of  p  other 
than  m  =  /z,  we  have 


every  term  of  which  is  finite,  and  therefore 


is  finite.     Also 

2|(70iM|<  i 

V- 

which  is  finite,  so  that 

S|<U 

ponverges.     Hence  the  double  series 


ummed  for  all  values  of  m  and  /JL  between  —  oo  and  +  oo  except 
n  —  p,  converges.  Moreover,  all  the  series,  which  occur  in  the 
superior  limits  in  the  inequalities,  converge  uniformly  within  the 
egion  of  p  considered  ;  hence  the  double  series  converges  uni- 
ormly. 

The  establishment  of  the  convergence  of  the  series 


24—2 
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is  simple.     We  know,  by  Weierstrass's  theorem*,  that  the  series 


converges  uniformly  and  unconditionally  ;  so  that,  if 

"m,m  ==  %m,m       -"-> 

the  infinite  product 

5  (1  +  0m,m) 

-  oo 

converges  uniformly  and  unconditionally  ;  and  therefore  f 


converges.     But 

hence  2  \6m,m\  converges  uniformly,  that  is,  the  series 

2<***-i) 

—  CO 

converges  uniformly  and  unconditionally. 

The  convergence  can  also  be  established  as  follows.     Let 


P-P0 
e        m 


and  choose  a  finite  positive  integer  JD,  such  that,  for  values  of  p  under  con- 
sideration, we  have 

where  p'  is  any  one  of  quantities  pl5  p2, ...,  pn.     The  sum  of  the  terms 

p 

-v 

is  finite,  and  may  be  omitted  without  affecting  the  convergence :  and  we  con- 
sider the  sum  of  the  remaining  terms,  for  which  we  have 

We  have 

where 

m  _  _\(fl~ P°02  I  1  (jPj 
1      m2     "*"*  ' 

*  T.  F.,  §  50. 
t  T.  F.,  §  49. 
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IP- PC 


1- 


Now  for  all  the  values  of  m  under  consideration 


Ip-P< 


>  -, 
^  j.  — 


and  therefore 

so  that  we  may  take 

where 
Hence 


T9\< 


.  -, 
^>  i  — 


p  +  l  |p-p<r 


Now  2  /i<r  (p  -  p<r)2  is  finite  for  all  the  values  of  p  under  consideration,  and 

cr=l 

it  is  finite  for  all  values  of  m  if  /x<r  involves  m ;  let  M  denote  the  greatest  value 
of  its  modulus.     Again,  for  any  quantity  6,  we  have 


so  that 

or  writing 
we  have 


and  therefore 


I  Xm,  m      I  \ 


A, 


~  * 


_ 

m2      2!  m4      3!  m6         ' 


AT3 


1       Nz  (    1  \2     I?3  /     1  \3 
m2"^  2~!  \2^/  +lf!  V  m2/  +>" 


shewing  that  the  series 
converges. 


374  EVALUATION   OF   THE  [117. 

The  infinite  determinant  D(p)  thus  converges  uniformly  and 
unconditionally  for  all  values  of  p  in  the  finite  part  of  its  plane. 
Its  relation  to  fl  (p),  which  converges  similarly  for  values  of  p 
that  are  not  infinitesimally  near  any  of  the  roots  of  any  of  the 
equations  </>  (p  +  m)  =  0,  is  at  once  derivable  from  its  mode  of  con- 
struction from  £t(p).  The  row  of  quantities  xm,n(p)  iQ  D(p)  f°r 
the  same  value  of  m  is  derived  from  the  row  of  quantities  i/rm  >M  in 
ft  (p)  for  that  value  of  m,  through  multiplication  of  the  latter  by 


Hence 

n  hm  ( 

CD 

H  00, 

where 


m  =  <x>    \~  n     (,  0_D\  P~Pv\~\      n 

=  ir     n    i  +  e-M*     .       n(P-P.), 

m=  -  cc  [_<r=l  (\  VH     1  JJo-=l 

and  II'  implies  multiplication  for  all  values  of  m  between  +  oo  and 
—  oc  except  m  =  0.     Also 


and  therefore 


Now  D(p)  has  been  proved  to  be  finite  (that  is,  to  be  not 
infinite)  for  all  finite  values  of  p  ;  and  manifestly,  from  its  form,  it 
is  a  uniform  function  of  p,  so  that  it  is  a  holomorphic  function  of 
p  everywhere  in  the  finite  part  of  the  plane.  Further,  fl(p)  is  a 
uniform  function  of  p ;  and  it  has  been  proved  to  be  not  infinite 
for  values  of  p,  which  are  not  infinitesimally  near  any  one  of  the 
roots  of  any  of  the  equations  <f>(p  +  ni)  =  0,  the  aggregate  of  all 
these  roots  being 

pl  +  m,  p2  +  m,  . . .,  pn  +  m,     (m  =  —  <x>  to  +  oo  ). 


Hence,  owing  to  the  relation 
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it  follows  that  these  roots  are  poles  of  fl  (p).  Take  a  line  in  the 
p-plane  inclined  at  a  finite  angle  to  the  axis  of  real  quantities, 
choosing  the  inclination  so  that  it  does  not  pass  through  any  of 
the  points  pa  +  m  for  all  values  of  <r  and  m  ;  let  it  cut  the  axis  of 
real  quantities  in  a  point  /.  Take  the  point  /+  1  on  that  axis, 
and  through  it  draw  a  line  parallel  to  the  former,  thus  selecting 
an  infinite  strip  in  the  p-plane.  Since 


the  uniform  function  H(p)  undergoes  all  its  variations  in  that 
strip:  and  within  the  strip,  we  have 

Lira  O  (p)  =  1. 

p=oo 

Owing  to  the  nature  of  the  poles  of  fl  (p),  the  strip  contains  n  of 
them,  which  may  be  regarded  as  the  irreducible  poles  :  suppose 
that  they  are  plt  p2,  ...,pn.  Within  the  strip,  p  =  oo  is  an  ordinary 
point  of  the  simply-periodic  function  £l(p);  it  follows*  that  the 
number  of  its  irreducible  zeros  is  also  n,  account  of  possible 
multiplicity  being  taken  ;  let  these  be  p/,  p/,  ...,  pn'.  Hence 

ft  (  )  =  A  sin  i(P  ~  fr'J  •"•}  sin  KP  ~  ftO  wl-"  sin  KP  ~  P»  )  ^1 
sin  {(p  -pi)ir]  sin  {(p-  p3)ir}  ...  sin  {(p  -  pn  )  IT]  ' 

taking  account  of  the  holomorphic  character  of  D(p)  for  finite 
values  of  p,  and  of  the  relation 


Here,  A   is   independent   of  p.     To   determine  A,  we   use   the 

property 

Lim  H  (p)  =  1, 

p=  GO 

which  holds  for 

p  =  u  +  iv, 

in  the  limit  when  v  is  infinite,   whether  positive   or   negative. 
Taking  v  positive  and  infinite,  we  have 


and  taking  v  negative  and  infinite,  we  have 


T.  F.,  §  113. 
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Hence  Sp/  —  ^pa  is  an  integer  ;  if  it  is  not  zero,  we  can  make  it 
zero  by  substituting,  for  the  quantities  p,  values  congruent  with 
them.  Assuming  this  done,  we  have 


so  that 

^  ,  }  =  sin  {(p  -  p/)  TT|  .  .  .  sin  {(p  -  pn')  TT| 

sin  {(p  -  p,  )  TT}  .  .  .  sin  {(p  -  Pn  )  TT}  ' 
and  therefore 


Moreover,  the  quantities  plt  p2,  •  ••>  Pn  are  the  roots  of  <p(p)  =  0,  so 
that 


hence 


118.     Next,  we  consider  the  expression 


we  proceed  to  prove  that  this  series  converges  for  all  values  of  z 
within  the  annulus.  It  manifestly  arises  from  D  (p),  on  replacing 
Xo,k  in  D(p)  by  zk  ;  we  shall  therefore  assume  that  Y  is  transformed 
into  this  modified  shape  of  D(p).  When  the  determinant  is  in 
this  shape,  we  multiply  the  column  associated  with  m  by  z~m,  and 
the  row  associated  with  m  by  zm  ;  these  operations,  combined,  do 
not  change  Xm,m,  and  they  do  not  alter  the  value  of  the  determ- 
inant. Let  this  combined  pair  of  operations  be  carried  out  for 
all  the  values  of  m  from  —  oo  to  +  oo  ;  the  result  is  to  give  a 
determinant,  which  is  equal  to  Y  and  has 


for  its  constituent  in  the  same  place  that  %p,q  occupies  in  D(p). 
Hence,  as  for  D(p),  so  Y  converges  uniformly  and  uncondition- 
ally for  values  of  p  within  the  p-region  selected,  and  uniformly 
and  unconditionally  for  values  of  z  within  the  annulus,  if  the 
doubly-infinite  series 


, 
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converges  uniformly  and  unconditionally   within   those   regions, 
and  if 


converges  uniformly  and  unconditionally. 

The  latter  condition  is  known  to  be  satisfied,  owing  to  the 
convergence  of  D  (p).  It  remains  therefore  to  consider  the  con- 
vergence of  the  double  series. 

With  the  notation  of  §§  115  —  117,  we  have 

Xm,^™-*  =  hm  (p)  Cm^z* 

=  hm  (p)  [(p  +  77i)»-2  A,  (\)  z*+(p  +  m)n-*  A2  (\)  z*  -f  .  .  .  +  An(\}  **]. 
Now 

Ar  (\)  &  =  orn_2)r  c2)  A_o  ZK  +  an_3>  r_x  c3i  A-s  ZK  +  .  .  .  +  cr<  x_r  z\ 

Owing  to  the  definition  of  the  coefficients  in  the  original  differen- 
tial equation,  the  series 


converges  uniformly  and  unconditionally,  for  values  of  z  within  the 
annulus 

R<\z\<R; 

and  therefore  the  series 


converges   uniformly   and   unconditionally    for   the   same    range. 
Denoting  this  by  Jr,  we  have 


and  |  Jr\  is  not  infinite  for  any  of  the  values  of  z. 
Again,  as  (§  117) 

%0,M  =  ^0,M» 

and 


when  m  is  not  zero,  we  have 

ri 
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Proceeding  with  the  double  series  ^^^m<llzm~ii,  exactly  as  with 
the  double  series  S%mi^,  omitting  for  the  present  the  terms  corre- 
sponding to  m  =  0,  and  remembering  that  the  summation  is  for  all 
values  of  m  other  than  ra  =  //.,  we  have 


\P 


every  group  of  terms  in  which  is  finite,  so  that 


is  finite.     Also,  taking  account  of  the  terms  omitted  for  the  value 
m  =  0,  we  have 


which  is  finite,  so  that 
converges.     Hence 


summed  for  all  values  of  m  and  /*  between  —  oo  and  +  oo  except 
m  =  p,  converges  unconditionally.  Moreover,  all  the  series  which 
occur  in  the  superior  limits  in  the  inequalities  converge  uniformly, 
both  for  the  values  of  z  considered  and  the  retained  range  of  p  ; 
hence  the  double  series  converges  uniformly  and  unconditionally. 
The  proposition  is  therefore  established  for 


A  similar  investigation  shews  that  the  series 


for  any  value  of  r,  the  numbers  a  and  /3  being  any  whatever, 
converges  uniformly  and  unconditionally  for  values  of  z  within 
the  anriulus,  and  for  values  of  p  in  the  range  that  has  been 
retained. 
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CONSTRUCTION  OF  IRREGULAR  INTEGRALS. 

119.  These  results  may  now  be  used,  by  a  generalisation  of 
the  method  of  Frobenius  in  Chapter  ill,  to  construct  expressions 
for  the  integrals  of  the  equation 

dnw 


Writing 

00 

y=^amzp+m, 

—  00 

and  adopting  the  notation  of  §  115,  we  have 
P(y)=^Gm(p)z^-  - 

—  00 

=  Gi  0)  z*+i-n, 
if  Gm(p)  =  0, 

for  all  values  of  m  between  —  oo  and  +  oo  ,  except  m  =i.     The  last 
equations  are  equivalent  to 

hm(p)Gm(p)  =  Q, 
that  is,  to 

00 

2  x™,nan  =  u™  =  Q> 

-oo 

for  all  the  values  0,  +1,  +2,  ...  of  m,  except  m  =  i.     Let 

00 

Gt(p)=  2  %t>aM=Wf. 

—  00 

We  have 

«=oo    /^\ 

2     ,  }ut  =  akD(p), 

-00     \«/ 

that  is, 

/  i\ 

(    }ui  =  akD(p\ 

\K/ 

for  all  the  values  of  k.     Hence,  writing 


we  have 
and 
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Thus  the  quantity  y,  where 


satisfies  the  equation 

P(y)=Az»+i-nD(p). 

The  determinant  D  (p)  is  of  normal  form  ;  the  series  for  y  con- 
verges uniformly  and  unconditionally,  alike  for  values  of  z  within 
the  annulus  R  <  \z\  <  R',  and  for  values  of  p  within  the  finite 
region  contemplated. 

120.  Let  p  =  p  be  an  irreducible  simple  root  of  D(p)  =  0. 
Then  the  first  minors  of  constituents  in  any  line  cannot  vanish 
simultaneously  for  p  =  p  \  for 


5~  —          *,      i     > 

Op  -  oo  Op 

and  the  left-hand  side  does  not  vanish  for  p  =  p'.   Selecting  minors 
of  constituents  in  the  line  i,  we  have 


and 


that  is,  ^  is  an  integral  of  the  equation. 

Similarly  for  any  other  irreducible  simple  root  of  D  (p)  =  0. 

121.  Next,  let  p  =  p'  be  an  irreducible  multiple  root  of 
D  (p)  =  0  of  multiplicity  cr. 

Firstly,  suppose  that  some  of  the  first  minors  of  D  (p)  do  not 
vanish  for  p  =  p'  ;  let  some  of  these  non-vanishing  minors  be 
minors  of  constituents  in  the  line  i.  Then,  in  the  vicinity  of 
p  =  p',  we  have 


as  a  quantity  satisfying  the  equation 

P  (y)  =  Az>+™  (p  -  p'Y  R(p-  p'), 


where  R  (p  —  p'}  does  not  vanish  when  p  =  p.     It  therefore  follows 
that 
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so  that,  if  ft  <  cr  —  1,  we  have 


and  therefore 


is  an  integral  of   the   equation.     Hence,   corresponding   to   the 
irreducible  root  p'  of  multiplicity  cr,  there  are  integrals 


/  -  V 

»-  * 

i=  2  U-Q)    *"+*  + 2/o  log  2=771  +  2/0  log 
2  =  2  [^  Q]  *>+*  +  277,  log  z  +  T/O  (log  ,)• 


=  772  4-  277!  log  z  4-  2/o  (log  2)2, 

(<r-l)(<r_2) 


12  ff 

...  +  (a  -  1)  77!  (log  *)--'  +  y0  (log  ^~1, 

when,  in  each  of  these  expressions  on  the  right-hand  side,  we  take 
P  =  p'. 

122.  Next,  still  taking  p  =  p'  to  be  an  irreducible  root  of 
D  (p)  —  Q  of  multiplicity  cr,  suppose  that,  of  the  minors  of  successive 
orders,  those  of  order  r  are  the  first  set  which  do  not  all  vanish 
for  p  =  p.  Let  the  lowest  multiplicity  of  p'  for  first  minors  be  cr1, 
for  second  minors  be  <r2,  and  so  on  up  to  minors  of  order  r  —  1,  the 
lowest  multiplicity  for  which  is  denoted  by  <rr_l.  Then,  owing  to 
the  composition  of  D  in  relation  to  first  minors,  to  the  composition 
of  first  minors  in  relation  to  second  minors,  and  so  on,  we  have 

cr  >  o-j  >  cra  >  . . .  >  ov-j. 

There  are  two  ways  of  proceeding,  according  as  r  <  cr,  or  r  =  cr. 
First,  let  r  <  cr.     With  the  preceding  notation,  we  have 

00    /i\ 
y  =  A  2  (!W 

-00     VY 

and 
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After  the  explanations  given  in  the  construction  of  these  expres- 
sions, we  know  that  p  =  p'  is  a  root  of  multiplicity  <rl  for  some 
of  the  minors  in  the  expression  for  y.  As  before,  in  §  121,  the 
quantities 

dy           d*—1  y 

y>  dp'  ""  dp~*^' 

when  in  each  of  these  we  take  p  =  p',  are  such  that 

'*%}      =  0, 


for  X  =  0,  1,  ...,  a-  —  1.     But  owing  to  the  fact  that  p  =  p  is  a  root 

fi\ 
of  all  the  minors  (  ,1  of  multiplicity  o-lf  all  the  quantities 

\K/ 

dy  a*.-*y 

y>    dp'        '    dp**-1 

vanish  when  p  =  p'.     Hence  the  non-evanescent  integrals  which 
survive  are 


dp*'  dp*>+1  '  '"'   dp*'1  ' 
when  p  =  p'.     They  have  the  form 


,,,  log  « 


and  so  on  :  their  number  being 


Next,  p  =  p'  is  a  root  of  least  multiplicity  o-j  for  some  of  the 
minors  of  the  constituents  of  any  line  t:  and  there  must  be  at 
least  two  such  minors.  For 
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if  p  =  p    is  a  root  of  multiplicity  o-^  +  1  for  all  the  minors  but 

(i  \ 
,    ,  then,  as  it  is  of  multiplicity  ^^+1  for  D  (p),  it  would  be  of 
K  I 

(  i\ 
multiplicity  crl  +  1  for  (  7  1  .     Similarly  for  any  other  line.     Once 

\K/ 

more  substituting 

y=2  amz<>+m 
in  P  (y},  we  have 


—  00 


=  Gi  (p)  z<>+i-n  +  Gj  (p)  z>>+J-n, 
provided  Gp  (p)  =  0, 

for  all  integer  values  of  p  from  —  oo  to  +00  except  p  =  i,  p=j- 
The  last  equations  are  equivalent  to 

hp(P)Gp(p)=0, 
that  is,  to 

fi=00 

2   Xp,nan  =  Q> 

—  00 

for  all  integer  values  of  p  except  i  and  j. 
Consider  quantities  a6  of  the  form 


for  all  values  of  0,  the  quantities  A  and  B  being  arbitrary.     With 
these  expressions  for  a,6,  we  have 


Each  of  the  sums  on  the  right-hand  sides  vanishes,  when  ^>  is  not 
equal  to  either  i  or  j  :  and  thus  the  preceding  expressions  satisfy 
the  equations 

hp(P)Gp(p)  =  0, 

for  all  integer  values  of  p  except  i  and  j.     Further, 
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and,  similarly, 


Using  these  values,  we  have 


m/ 
as  the  expression  for  y  ;  and  it  satisfies  the  relation 

P  (y)  =  ^ 


j(p)  ( 

As  the  right-hand  side  of  the  last  equation  has  p  =  p  as  a  root  of 
multiplicity  a-1}  the  quantities  hi(p)  and  hj(p)  having  no  zero  for 
finite  values  of  p,  it  follows  that 


for  X  =  0,  1,  ...,  o-j  —  1.     Therefore  all  the  quantities 


when  p  =  p',  satisfy  the  equation  P  (w)  -  0.  Owing  to  the  form  of 
y  above  obtained,  which  has  p  =  p'  as  a  root  of  multiplicity  <72  ,  all 
the  quantities 

dy  9^-ty 

y'   dp''   '"'  d^=i 

vanish  when  p  =  p'.     Therefore  the  surviving  integrals  are 


=  ^2,2  +  (o-2  +  1)  yo  x  log  «, 


and  so  on  :  their  number  being 
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Similarly  for  the  next  sub-group.     With  the  same  notation  as 
before,  we  have 


P  (y)  =  Gi  (p)  z>+™  +  Gj  (p)  *P+~  +  Gh  (p)  *"**-« 
provided 

0,<tf-o, 

for  all  values  of  p,  other  than  i,  j,  h,  from  —  oo  to  oo  .    The  analogy 
of  the  preceding  case  suggests 

i,  j,  h  \      n  f  i.  j,  h\      ~  {  i.  i.  h 
'Jj'      )  +  B('J'  'J' 

,  1,  ml         \k,  6,  m 

for  all  values  of  0,  where  A,  B,  C  are  any  quantities.     With  these 
expressions  for  ag,  we  have 

A$(i>>  j,  h\  »  I  i,  j,  h 

'J  j' 


Each  of  the  three  sums  on  the  right-hand  side  vanishes,  when  p  is 
not  equal  to  either  i  orj  or  h:  so  that  the  preceding  expressions 
for  a<j  satisfy  the  equation 

GP(P)  =  0, 

for  all  values  of  p  other  than  i  or  j  or  h.     Further, 


h.  i 


Thus 


where  3>(z,  p)  is  a  linear  combination  of  minors  of  the  second 
order;  and 

0=00 

y=  2  agz^6, 

-00 

the  coefficients  ae  being  linear  combinations  of  minors  of  the 
third  order. 

F.  iv.  25 
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As  3>(z,  p)  has  p  =  p   as  a  root  of  multiplicity  <ra,  it  follows 
that 


for  \  =  0,  1,  ...,  <ra  -  1 ;  so  that  all  the  quantities 

dy  d*~*y 

y'   dp'   '••'   d^-1' 

when  p  =  p',  satisfy  the  equation  P  (w)  —  0.  Owing  to  the  form  of 
the  coefficients  ae  in  y,  each  of  which  has  p  =  p'  as  a  root  of 
multiplicity  cr3,  all  the  quantities 

dy  d*~ly 

y>   dp'        '  dp*-1' 

vanish  when  p  =  p' ;  and  we  therefore  are  left  with  the  integrals 


ys>1  log  z, 


and  so  on :  their  number  being 

O"2  —  <Tg. 

Proceeding  in  this  manner,  we  obtain  successive  sub-groups  c 
integrals;  the  total  number  in  the  whole  group  is 

—  °a)  +  (aa  ~~  O"s)  +  •  • .  +  (0>— 2  ~  °V— i)  +  °"r-i 


which  is  the  multiplicity  of  p  =  p'  as  a  root  of  D  (p)  =  0. 

123.     Two  cases,  both  limiting,  call  for  special  mention. 

It  is  manifest  that,  if  a  —  crl>  1,  the  first  sub-group  contain 
integrals  whose  expressions  involve  logarithms;  likewise  for  the 
second   sub-group,  if  o-j  —  <r2  >  1 ;   and  so  on.     If,  then,  all  the 
integrals  belonging  to  the  multiple  root  p  =  p'  of  D  (p)  =  0  are 
be  free  from  logarithms,  we  must  have 

<r  —  0*1  =  1,    o-j  — 0-3=1,    .... 
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and  therefore 

o-  =  r, 

which  thus  is  a  limiting  case  of  the  preceding  investigation. 

An  intimation  was  given  that,  when  r  =  <r,  a  different  method 
of  proceeding  is  possible.  As  a  matter  of  fact,  the  property  of  the 
infinite  system  of  linear  relations,  established  in  §  113,  leads  at 
once  to  the  result.  Let 

,  02,  ...,  ctr 


be  one  of  the  non-  vanishing  minors  of  order  r  belonging  to  _D  (p)  ; 
then 


jmd  the  quantities  «Mi,  aM2,  ...,  aMr  are  bound  by  no  relations,  so 
pat  they  are  arbitrary  constants.  The  integral  determined  by 
these  coefficients  is 


It  manifestly  is  a  linear  combination,  with  arbitrary  coefficients 
*Mi,  ...,  aMr,  of  r  integrals  which  are,  in  fact,  the  group  of  integrals 
ibove  indicated. 

The  other  limiting  case  occurs  when  r  =  1  :  all  the  a-  integrals 
belong  to  a  single  sub-group.  In  that  case,  there  exists  at  least 
;>ne  minor  of  the  first  order  which  does  not  vanish  when  p  =  p  : 
he  condition  is  both  necessary  and  sufficient. 

124.  We  thus  have  a  set  of  a-  integrals,  belonging  to  an 
rreducible  root  p  of  D(p)  =  Q  which  is  of  multiplicity  o-. 
Similarly  for  any  other  irreducible  root  of  D  (p)  =  0  ;  hence,  when 
,11  the  irreducible  roots  are  taken,  we  have  a  system  of  n  integrals. 
Ve  proceed  to  prove  that  this  system  of  integrals  is  fundamental. 

For,  in  the  first  place,  it  follows  (from  the  lemma  in  §  27)  that 
he  integrals  in  any  sub-group  are  linearly  independent,  on 
ccount  of  the  powers  of  log  z  which  they  contain. 

Next,  there  can  be  no  relation  of  the  form 

.  +  Cryfil  =  0, 

25—2 
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with  non-vanishing  coefficients  C.  If  such  an  one  could  exist,  tl 
coefficient  of  every  power  of  z  in  the  aggregate  expression  on  tl 
left-hand  side  must  vanish.  Writing 

i,  j,   h,  ...  =j9,,  jfe,  p3,  ...,  pr} 
k,  I,  m,  ...  =qlt   q2,  qa,  ...,  qr j  ' 
we  have 


where 

+  ... 


+  A 


and  the  quantities  Ag<l,  Ag<z,  ...,  ASiS  are  at  our  disposal.     Let 
these  last  be  chosen  so  that 

Then  the  coefficient  of  zf'+it  in  yg<l  is  zero  if  t<  s,  and  it  is  different 
from  zero  if  t  =  s:  let  it  be  denoted  by  [j/g.i]^ . 

The  above  relation   being  supposed  to  hold,  select  the  co- 
efficients of  zf'+Q1,  2P>+^,  ...,  z^'+Vr  in  turn.    As  they  vanish,  we  have 

from  the  coefficient  of  z?>Jr^ ;  every  term  vanishes  except  the  first, 
and  [yi,i]9l  is  not  zero ;  hence 


The  vanishing  of  the  coefficient  of  zp'+&  then  gives 
£2  [y»A  +  0,  [y3,i]?3  +  ...  +  Cr  [yr,^  =  0 ; 


every  term  after  the  first  vanishes,  and  [y2,i]?a  does  not  vanish; 
hence 


And  so  on  ;  every  one  of  the  coefficients  C  vanishes  ;  and  thus 
relation  of  the  form 

tfiy,,,  +  tf.yv  +  ...  +  Cryrtl  =  0 
can  exist. 
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Next,  there  can  be  no  linear  relation  among  the  a  members  of 
a  group.     For,  in  any  expression 


the  coefficient  of  the  highest  power  of  log  z  is  of  the  form 


and  this  can  vanish,  only  if  the  coefficients  CSit  are  evanescent; 
hence  ^CSjtySit  can  vanish,  only  if  the  coefficients  GSit  are  evan- 
i  escent. 

Lastly,  there  can  be  no  linear  relation  among  the  members  of 
|  different  groups.  For  let  Y(p,  z),  Y(p",  z},,..  denote  the  most 
j  general  integrals  of  the  groups  belonging  to  the  irreducible  roots 
p,  p",  .  .  .  respectively,  of  D  (p)  =  0.  Let  z  describe  a  contour 
i  enclosing  the  origin  ;  then  Y  (p,  z}  acquires  a  factor  e™?',  Y(p",  z) 
\  acquires  a  factor  e2jrip",  and  so  on.  Thus,  if  there  were  a  relation 


then 

ae2™?'  Y(p,  z}  +  Pfp*"  Y(p",  *)  +  ...=  0  ; 


and  similarly,  after  K  descriptions  of  the  contour, 

a^ripv  Y(p,  z)  +  $e™*"*Y(p">  z)  +  .  .  .  =  0, 

for  as  many  values  of  the  integer  K  as  we  please.  Now  p',  p",  ... 
are  the  irreducible  roots  of  D  (p)  =  0  ;  no  two  of  them  are  equal, 
and  no  two  can  differ  by  an  integer.  Hence  the  preceding  rela- 
tions can  be  satisfied,  only  if 

a  =  0,   /3  =  0,  ...; 

in  other  words,  no  linear  relation  among  the  n  integrals  can  exist. 
They  therefore  form  a  fundamental  system. 


THE  EQUATION  D(p)  =  Q  is  THE  FUNDAMENTAL  EQUATION  OF 
THE  SINGULARITY. 

125.  Consider  the  effect  which  the  description  of  a  closed 
contour,  round  the  origin  and  lying  wholly  in  the  annulus, 
exercises  upon  this  fundamental  system.  Let 
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and  let  y'  denote,  at  the  completion  of  the  contour,  the  value  of 
the  integral  which  initially  is  y.     We  have 


I 


n  (log  z 


and  so  on.     Hence  the  fundamental  equation  (Chap,  u)  is  ®  = 
where 

@=    ff-e,       0    ,        0    ,  ...,       0    ,  ... 

«31     ,  Q32     ,      &  —  Q,     ...,  0       ,  ... 

o  ,     o  ,     o  ,  ...,  d'-e,     o  ,  o,  ...,     o  ,  ... 
,    e«  ,  ff-e,  o,  ....     o  ,  ... 

....,     o   ,  .0  ,o,  ...,  ff'-e,  ... 

0  0,0,.          'v,,    ,  B"  - 


=(e'-ey(ff'-ey'..., 

where  <r'  is  the  number  of  integrals  in  the  group  belonging 
root  p  of  D  (p)  =  0  of  multiplicity  a-' ;  <r"  is  the  number 
group  belonging  to  the  root  p" ;  and  so  on. 

Now  it  was  proved  that 


to  the 
in  the 


But 


sin  (p  - 


"          <7=1 


=      e 


if 
Hence 
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Also  (§  117) 

^pa'  =  $n(n-l), 
so  that 


g.'  _  e  -  \n  (n  -  1)  iri  _ 

and  therefore 


As  the  quantity  e~npwl  has  no  zero  for  finite  values  of  p,  it  thus 
appears  that,  so  far  as  roots  are  concerned,  D(p)=Q  and  ©  =  0  are 
effectively  the  same  equation,  when  the  relation  between  p  and  6 
is  taken  into  account.  Also,  so  far  as  roots  are  concerned,  n  (p)  =  0 
is  effectively  the  same  as  D  (p)  =  0  ;  hence  any  one  of  the  three 
equations 

e  =  o, 


e  used  for  the  determination   of   0    and    the    associated 
quantity  p. 

It  is  known  that  ©  =  0  is  an  equation  remaining  invariantive 
for  all  modifications  of  the  fundamental  system  :  and,  for  the  form 
of  equation  adopted  in  §  114,  the  term  in  ©  independent  of  6  is 
equal  to  unity  (§  14).  This  property  in  the  present  case  is  verified 
by  means  of  the  values  of  the  quantities  0',  0",  .  .  .  ;  for 

(_  fff  (_  e"Y"  ...  =  (-!)"  e2"'2**'  =  (-  If  en<«  -  1)«  =  (_  i)». 

The  remaining  coefficients  in  ©  are  known  (§  14)  to  be  the  in- 
variants of  the  equation,  whatever  fundamental  system  be  chosen. 

Replacing  @  by  fl  (p)  for  purposes  of  this  discussion,  we  have 

n  xv  =  sin  {(p  -  Pl')  TT|  .  .  .  sin  {(p  -  pn')  TT} 

sin  {(p-p^Tr]  ...  sin  {(p  -pn)-7r}' 
Now 

BJnlfr-jvV}       -(pr_p/)  0-0,' 

BinKp-pr)*-}  0-0rf 

where 

0r  =  g^'Pr,       #/ 

so  that,  as 

S/9r  =  2/ 

and  therefore 


n  er=  n  0;  =  e»*  »»<«-»  =  i, 

r=i  r=l 
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we  have 

0,  ^_(e-oS)(e-K)...(0-W 
-- 


0"-...  +  (-])"' 

Hence,  when  Ii(/o)  is  expanded  in  descending  powers  of  6,  the 
term  in  6°  is  unity  ;  and  when  it  is  expanded  in  ascending  powers 
of  6,  the  term  in  6°  is  likewise  unity. 

When  the  quantities  0lt  #2,  ...,  6n  are  unequal,  then  £l(p)  can 
be  expressed  in  the  form 


On  account  of  the  character  of  fl  (p),  when  expanded  in  ascending 
powers  of  0,  we  have 

2  M9'  =  0, 

so  that  there  are  n—  1  independent  quantities  M9t  and  these  are 
equivalent  to  the  n—  I  invariants.  The  equation  may  also  be 
expressed  in  the  form 


where 

JC' 

and  therefore 

2  ^=0. 

tr  =  l 

Corresponding  expansions  occur  in  the  case  when  equalities 
occur  among  the  quantities  />1(  p2,  ...,  pn. 

126.  The  integrals,  which  have  been  obtained,  are  valid  within 
the  annulus  represented  by  R^.\z\^R'\  the  inner  circle  may 
enclose  any  number  of  singularities  of  the  equation,  and  the  outer 
circle  may  exclude  any  number  of  other  singularities  of  the  equa- 
tion. But  care  must  be  exercised  in  particular  cases.  If  for 
instance,  the  only  singularity  within  the  inner  circle  is  the  origin 
and  the  integrals  are  regular  in  the  vicinity  of  the  origin,  then  in 
the  expression  of  any  integral,  such  as 
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there  can  be  only  a  finite  number  of  terms  with  negative  values 
of  m  :  the  method,  which  is  based  upon  the  supposed  existence  of 
an  unlimited  number  of  such  terms,  is  no  longer  applicable.  If 
the  only  singularity  outside  the  outer  circle  is  z  =  oo  ,  and  if  the 
integrals  are  regular  in  the  vicinity  of  z  =  oo  ,  then  in  the  expres- 
sion of  any  integral,  such  as 


there  can  be  only  a  finite  number  of  terms  with  positive  values  of 
m:  the  method  again  ceases  to  be  applicable. 

In  such  cases,  the  best  procedure  is  to  construct  a  fundamental 
system  which  shall  include  the  regular  integrals  :  this  is  the 
customary  procedure  for,  e.g.,  Bessel's  equation,  the  integrals  of 
which  have  2=  oc  for  an  essential  singularity  and  are  regular  near 
z  =  0.  The  method,  which  uses  infinite  determinants,  is  best 
reserved  for  equations  which  have  their  integrals  non-regular  in 
the  vicinity  of  every  singularity  :  it  is  nugatory  when  applied  to 
Bessel's  equation. 

Ex.  1.     Consider  the  equation 


It  is  clear  that  the  point  2  =  0  is  an  essential  singularity,  there  being  no 
integral  regular  in  its  vicinity,  when  a  is  different  from  0:  and  that  2=00  is 
likewise  an  essential  singularity,  when  y  is  different  from  0.  We  shall  assume 
that  both  a  and  y  are  non-vanishing  quantities. 

Let 


the  equation  becomes 

a,      b 


With  the  notation  of  the  preceding  paragraphs,  we  have 


,  ,      -     - 

so  that 

£r,r  =  0>       Cr,r  +  l  =  a>       @r,r-l  =  a> 

CV,/x  =  0>  when  /i<r  —  1,  and  when  p>  r+1 


also 


.  a  .  a 

T""'  T  ~  1  Wv    I  „   J_  ~\    '  '    T>  T  +  1 


r,*i=0>  when  /i<r-  1,  and  when 
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Hence  the  value  of  Q  (p)  is 


[126. 


o       a 

I         a 

Oo               no 

On 

a         I 

a 

'    '                 rfi 

a 

1 

a            o           oo 

.  ..,  u,       u     , 

Of) 

000    ! 
00 

a 

<p(p)   ' 
i           a           oo 

Oft 

On 

0           i           a       o 

The  general  investigation  shews  that,  when  pl  and  p2  are  unequal  (which 
will  be  assumed), 

Q  (p)  =  1  +  J/jTT  COt  (p  —  pj)  JT  +  -3/27T  COt  (p  -  p2)  JT, 

with  the  condition 


that  is,  we  have 

0  (p)  =  1  +  TT  ^[cot  {(p  -  px)  TT}  -  cot  {(p  -  p2)  TT}], 
where  J^  is  independent  of  p. 

Taking  the  determinantal  form  for  Q  (p),  and  expanding  according  to  the 
law  established  in  §  110,  we  have 


where  odd  powers  of  a  do  not  occur  because  the  combinations  which  they 
multiply  all  vanish.     Also 


= 

J/4=    2      2 


MR=-   222 


and  so  on.     Hence  we  have 


and  Nft  is  the  coefficient  of  -  (that  is,  the  residue  of  p  =  pi)  in  M^. 
P-PI 

To  find  ^2,  we  notice  that  the  only  terms  in  Mz,  which  have  p=p!  for  a 
pole,  are  those  given  by  m  =  0,  m=  -  1,  these  being 
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Now 

<p(p)=(p-pi)(p-p2); 

hence 


Pi-p2 

1  1  -1 


Pl~P2 

Again,  writing 

we  have 

^4  =  22^ 

Consider 


it  contains  the  terms 


n=-x    |<*>(p+n)J   ' 

which  do  not  occur  in  M^ ;  it  contains  terms 

1 


2  2 


+  m)  <|>  (p +  m  + 1) ' 
which  do  not  occur  in  M^  •  and  it  contains  the  terms 


p>m+l 

twice  over,  once  in  the  form 

and  once  in  the  form 

22 
Hence 

>  1          "J  2        n=oo     (•         l          ^  2 

so  that 

1          12  n=oo     (         1          12 

MM        '     '      ~ 


{n= 
2 
- 


The  first  term  on  the  right-hand  side  is 

—  1JI/2 

=  £  N<?  7T2  [cot  (p  -pi)ir-  cot  (p  -  pg)  7J-]2 ; 
the  residue  of  this  function  for  p=p]  is 

=  —  N^  IT  COt  (pj  —  p2)  7T 

—  JT  cot  {(pj  —  p2)  JT} 

1662"[l  -  46)       * 
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In  the  second  term  on  the  right-hand  side,  the  residue  for  p  =  pt  can  arise  only 
for  the  values  n=0,  n=  —  1 ;  thus  it  is 


*%»»- 1) 

,  (l  +  2Pl-2p2)(2  +  Pl-p2) 
(P1-P2)3(1+P1-P2)3 
1-66  +  462 


863(l-46)(Pl-p2)' 
after  reduction.     Similarly,  from  the  third  term,  the  residue  is 

__  3-86  __  1-86 

862  (3  +  46)  (pi  _  pz)      862  (1  _  46)  (pi  _  ft)  • 

Hence 

B-  cot  {(ft  -/>,)«•}  3-86-5262-H663 

1  4~         1662(l-46)  863(3  +  46)(l-46)(p1-p2)' 
after  reduction. 

Other  coefficients  could  be  calculated  in  a  similar  manner  :  but  it  is  clear 
that  even  N6  would  involve  considerable  numerical  calculations,  and  it  is 
difficult  to  see  how  the  general  term  could  thus  be  obtained.  But  the 
method  of  approximation  may  be  effective  in  particular  applications.  Thus, 
in  Hill's  discussion*  of  the  motion  of  the  lunar  perigee,  the  convergence  is 
very  rapid  ;  and  comparatively  few  terms  need  be  taken  in  order  to  obtain 
an  approximation  of  advanced  accuracy.  When  this  is  the  case,  the  values 
of  p'  for  the  integrals  are  given  by 

Q(p)  =  0, 
that  is, 

cos  2pjr  =  —  cos  {(P!  —  p2)  TT}  —  27r  M  sin  {(pt  —  p2)  IT}  ; 

and  two  irreducible  values  of  p'  chosen  are  to  be  such  that 


The  expressions  for  the  integrals  are  to  be  obtained.     Denoting  still  by  p 
either  of  the  quantities  p/  and  p2',  the  relations  between  the  coefficients  are 


and  considering  in  particular  the  row  0,  we  know  that  the  constants  a  are 
proportional  to  the  minors  of  the  constituents  in  that  row  in  the  determinant 
Q  (p).  Thus 


for  all  positive  and  negative  values  of  K  :  so  that,  if  we  take 

a0=l, 
*  See  the  memoir  already  quoted  in  §  109. 
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we  have 


0 

= 


and  our  solution  is 

=    2 


for  the  effective  expression  of  which  it  is  sufficient  to  find  the  first  minors,  as 
the  series  is  known  to  converge  within  the  annulus. 

In  order  to  obtain  Q  from  a  (p),  we  replace  ^L^,  -^L,  ^ 


by  zeros  ;   it  will  therefore  be  necessary  to  do  this  in  the  expanded  form. 
We  thus  have 


where 

,,,          ,,,  , 
a2  M(  .  o  =  a*Jr,  + 


Similarly  for  M<ht  from  J/"4;  and  so  on. 

In  order  to  obtain  (        )  from  Q  (p),  we  replace  -r-—  in  the  - 1  column 
\-L/  <P(P) 

by  unity ;   the  quantities  1  and  -T~. — .  in  that  column  by  zeros ;  and  the 

$(p-2) 

quantities  1  and     -- --.  in  the  0  line  by  zero.     We  then  easily  find 


where 


and  similarly  for  the  others. 
In  the  same  way,  we  have 


where 


and  so  for  the  others. 
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Lastly,  for  negative  values  of  p  less  than   - 1  and  for  positive  values 
greater  than  +1,  we  have 

'0> 

<Pi 

where 


(p) 


and  so  for  the  others. 

After  the  remarks  made  in  relation  to  the  formal  development  of  Q  (p), 
it  is  manifest  that  these  expressions  for  the  integrals  are  mainly  useful  for 
approximate  numerical  expansions  :  they  cannot  at  present  be  held  to 
constitute  a  complete  formulation  of  the  integrals. 

Ex.  2.  In  his  classical  memoir,  already  quoted,  Hill  considers  the 
equation 


the  coefficients  alt  «2,  ...  being  considerably  smaller  than  a0.  The  memoir 
will  well  repay  perusal,  both  for  the  analysis  (account  being  taken  of  the 
lacuna  as  to  convergence  supplied  by  Poincare),  and  for  the  numerical 
approximations. 

It  will  be  noticed  that  the  effectiveness  of  the  method  is  largely  influenced 
by  the  data  as  to  the  smallness  of  alt  a2,  ...,  when  compared  with  a0. 

Ex.  3.     Discuss  the  equation  in  Ex.  1,  when  &=•£,  so  that  />1=p2- 
Ex.  4.     Given  an  infinite  system  of  differential  equations  of  the  form 

dx         °° 

~3f=    2   «7n,n^n,  (m  =  l,  2,  ...,  CO  ), 

at       n=i 

where  the  coefficients  «,„,„  are  regular  functions  of  t  within  a  region  \t\^R, 
such  that  |am>n|  <SmAn  in  this  region,  where  Sm,  An  (for  m,  w  =  l,  ...,  00  )  are 
such  that  the  series  S1Al  +  S2A2  +  ...  +  SnAn+...  converges.  Shew  that,  if  a 
set  of  constants  clt  e2,  ...  be  chosen,  so  that  the  series 


converges  absolutely,  then  a  system  of  integrals  of  the  equations  is  uniquely 
determined  by  the  condition  that  xm=cm,  when  t  =  0,  for  all  values  of  m. 

(von  Koch.) 


OTHER  MODES  OF  CONSTRUCTING  THE  FUNDAMENTAL  EQUATION 
FOR  IRREGULAR  INTEGRALS. 

127.  The  preceding  method,  so  far  as  it  is  completed,  leads 
to  the  determination  of  the  fundamental  equation  for  a  closed 
circuit  round  the  origin,  the  circuit  lying  entirely  in  the  annulus ; 


127.]  THE   FUNDAMENTAL   EQUATION  399 

and  it  leads  also  to  the  determination  of  the  integrals.  Other 
methods  have  been  proposed  by  Fuchs*,  Hamburger^,  PoincareJ, 
and  Mittag-Leffler§,  some  of  them  referring  solely  to  the  con- 
struction of  the  fundamental  equation.  But  all  of  them  seem  less 
direct  than  the  preceding  method,  due  to  Hill  and  von  Koch ;  and 
they  are  not  less  devoid  of  difficulties  in  the  construction  of  the 
complete  formal  expression  of  the  integrals. 

Ex.  1.     A  modification  of  Hamburger's  method,  applied  to  the  equation 

tfy  ^  (a  -i- 1  _, 


already  discussed  in  Ex.  1,  §  126,  may  give  some  indication  of  his  process. 
Changing  the  variable  from  x  to  t,  where 


x=e 
we  have  the  equation  in  the  form 

or  writing 

ye        - 
the  equation  1 1  for  Y  is 

where 

Let  x  describe  a  circle  round  the  origin,  say  of  radius  unity;  then  on  the 
completion  of  the  circle,  t  has  increased  its  value  by  2rr. 

Let  y=f(x\  y=g(x~)  be  two  linearly  independent  integrals  ;  and  when  x 
describes  its  circle,  let  these  become  [/(#)],  \g  (#)],  respectively,  so  that 
we  have 


0(#)]  =  «2i/00 
The  fundamental  equation  for  the  circuit  is 

11  — «   .     a,0  =0, 


*  Crelle,  t.  LXXV  (1873),  pp.  177—223. 

t  Crelle,  t.  LXXXIII  (1877),  pp.  185 — 209.  In  connection  with  this  memoir, 
reference  should  be  made  to  two  papers  by  Giinther,  Crelle,  t.  cvi  (1890),  pp.  330 — 
336,  ib.,  t.  cvn  (1891),  pp.  298—318. 

J  Acta  Math.,  t.  iv  (1884),  pp.  201 — 312.  In  connection  with  this  memoir, 
reference  should  be  made  to  Vogt,  Ann.  de  I'Ec.  Norm.,  Ser.  3",  t.  vi  (1889),  Suppl., 
pp.  3—71. 

§  Acta  Math.,  t.  xv  (1891),  pp.  1—32. 

||  In  this  form,  it  is  a  special  case  of  Hill's  equation :  see  Ex.  2,  §  126. 
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that  is,  by  Poincare's  theorem  (§  14), 

<oz-(an+a^)ta  +  l=Q, 

so  that  an  +  a22  is  the  one  invariant  for  the  circuit. 
Let 

then 


The  fundamental  equation  is  independent  of  the  choice  of  the  linearly 
independent  system,  and  it  is  unchanged  when  any  particular  selection  is 
made.  Accordingly,  let  the  integrals  be  chosen  so  that 

F(t)  =  l,     F'(t)=0,     0(0  =  0,     &"(<)  =  !, 
when  t  =  0  ;   then,  using  the  foregoing  equations,  we  have 

/7(2rr)=-au,      6!'(2»r)=-a22; 
and  therefore 


which  accordingly  gives  the  value  of  the  invariant,  when  the  values  of  F(2  rr) 
and  G'  (2»r)  are  known. 

To  obtain  these,  let 


so  that  u  increases  from  0  to  1,  as  t  increases  from  0  to  2?r.     The  equation 
becomes 


and  this  remains  unaltered  when  we  change  u  into  1  -  u.  Two  linearly 
independent  integrals,  constituting  a  fundamental  system  in  the  vicinity 
of  u  =  0,  are  given  by 


==       anu»,     F2=  2  c 

n=0  n=0 


where  «0=1,  c0=l  ;  also  an  is  the  value  of  bn  when  p  =  0,  and  cn  is  the  value 
of  bn  when  p=|,  the  quantities  bn  being  given  by  the  equations 


and,  for  values  of  n  ^  3, 


Similarly,  a  fundamental  system  in  the  vicinity  of  u  =  \  is  given  by 


^=   2  oB(l~M)">     Z?,=   2 
n=0  n=0 
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The  integral  f(t),  defined  by  the  initial  conditions 

^(0  =  1,   F'(t)=o, 

when  t—0,  is  given  by 


The  integral  G(t\  denned  by  the  initial  conditions 

G(t)=0,     #'(0  =  1» 
when  t  =  0,  is  given  by 

0(0  =  4F2. 

To  obtain  expressions  for  F(2ir),  G'  (Sir),  consider  values  of  u,  which 
lie  in  the  vicinity  of  u  =  \  and  are  less  than  1.  By  the  ordinary  theory  of 
linear  euations  we  have 


linear  equations,  we  have 


First,  let  «=£,  so  that  \  —  u=\\  then  we  have 

F(if)  =  AF(v)  +  \BQ(ir\      G  (TT)  =  4CF  (IT)  +  DG  (rr). 

Next,  differentiate  with  regard  to  u,  and  then  take  u=\,  1  —  u  =  \;  we  have 
F'(rr)=-AF'(ir)-%BG'(ir),      G'  («•)=  -4CF'  (ir)  -  DG'  (IT). 

Moreover, 

F(t}  G'  (t}-F'  (*)  (7(0=  constant 

=  1, 

by  taking  the  initial  values;  hence 


These  relations  give 

%B=-'2F(7r)F'(7r),     4C=2G  (IT)  G'  (ir). 

Now 

so  that 
and 


so  that 
Hence 


(?'  (TT)  +  2^'  (»r)  G  (TT). 
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Now,  when  t  is  TT,  the  value  of  u  is  ^,  so  that 


Jf"(«0-  i; 

n=0  z 


*•«=•- 

n=0 

and  therefore 


»  » 

2»  9»>  +  l  « 

n=0  *     m=0       *  n=0 


o 

~ 


«         «  om+n+l  ' 

n=0  m=0          • 

which  is  the  invariant  of  the  fundamental  equation.  This  gives  a  formal 
expression,  the  only  operations  required  being  in  the  direct  construction 
of  an  and  cm,  and  no  one  of  these  operations  is  inverse  ;  hut  the  result 
is  less  suited  to  numerical  approximation  than  is  the  method  of  infinite 
determinants  in  the  case  when  a  is  small. 

We  shall  return  later  (§§  137  —  139)  to  a  different  discussion  of  this 
equation. 

Ex.  2.     Apply  the  preceding  method  to  Hill's  equation 
1  <Pw 


in  the  case  when  ctj,  a%, ...  are  not  small  compared  with  a0. 

Ex.  3.     Discuss,  in  the  same  manner  as  in  Ex.  1,  the  equation 

ds? 

In  particular,  obtain  expressions  for  the  invariants  of  the  fundamental  equa- 
tion for  2=0. 


CHAPTER  IX. 

EQUATIONS  WITH  UNIFORM  PERIODIC  COEFFICIENTS. 

128.  ALL  the  equations  which  hitherto  have  been  considered 
have  had  uniform  functions  of  the  variable  for  the  coefficients  of 
the  derivatives ;  and  the  only  particular  class  of  uniform  functions, 
that  has  been  specially  adopted  with  a  view  to  detailed  discussion 
of  the  properties  of  the  equation,  is  constituted  by  those  which 
are  rational.  Many  of  the  properties,  however,  which  have  been 
established  in  the  preceding  chapters,  hold  for  uniform  functions 
whose  form,  in  the  vicinity  of  a  singularity,  is  similar  to  that  of 
a  rational  function  when  expressed  as  a  power-series  in  such  a 
vicinity.  Among  the  classes  of  uniform  functions,  other  than 
rational  functions,  there  are  two  characterised  by  a  set  of  specific 
properties :  viz.  simply-periodic  functions,  and  doubly-periodic 
functions ;  and  accordingly,  it  seems  desirable  to  consider  equa- 
tions having  coefficients  of  this  type.  The  present  chapter  will 
be  devoted  to  the  discussion  of  equations  the  coefficients  in  which 
are  uniform  periodic  functions. 


EQUATIONS  WITH  SIMPLY-PERIODIC  COEFFICIENTS. 

We  begin  with  the  case  in  which  the  coefficients  have  only  a 
single  period  ;  and  we  take  the  equation  in  the  form 

dmw 


phere  p1}  ...,  pm  are  uniform  functions  of  z,  are  periodic  in  o>, 
md  have  no  essential  singularity  for  finite  values  of  z.     Let  a 
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fundamental  system  of  integrals  in  the  domain  of  any  point  be 
denoted  by 

/,(*),   /,(*),  ...,  /„(*), 

which  therefore  are  linearly  independent.    A  change  of  z  into  z  -4-  o> 
leaves  the  differential  equation  unaltered  :  hence 


are  integrals  of  the  equation.  That  they  are  linearly  independent, 
and  therefore  constitute  a  fundamental  system  (it  may  be  in  a 
new  domain),  is  easily  seen;  for 


satisfies  the  equation  for  all  values  of  z,  and  by  making  z  pas. 
from  any  position  Z+a>  to  Z  without  meeting  any  singularity,  th 
integral  changes  from  ^crfr(Z  +  o>)  to  2cr/r(Z).  If,  then,  values 
of  c  could  be  found  such  that  the  equation 


is  satisfied  identically  (and  not  merely  for  special  zeros  of  th 
function  on  the  left-hand  side),  then  we  should  have 


also  identically.  The  latter  is  impossible,  because  the  integr 
fi(z),  ...,  fm(z)  constitute  a  fundamental  system;  and  therefore 
the  former  is  impossible.  Thus  f^  (z  +  <o),  . . .,  fm  (z  +  &>)  constitute 
a  fundamental  system. 

Suppose  now  that  the  domain,  in  which  the  original  funda- 
mental system  exists,  and  the   domain,  in  which   the   deduced 
fundamental  system  exists,  have  some  region  in  common  that 
is   not   infinitesimal ;    and   consider    the    integrals    within    thi 
common  region.     As  f±(z  +  &>),...,  fm(z  +  &>)  are  integrals,  am 
asf1(z),  ...,  fm(z)  are  a  fundamental  system,  we  have  equatio 
of  the  form 


fm  (z  +  o>)  =  amj/!  (z)  +  . . .  +  ammfm  (z) . 

where  the  coefficients  a  are  constants ;  their  determinant  is  n( 
zero,  because  the  set  of  integrals  on  the  left-hand  side  constitute 
a  fundamental  system. 
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Consider  any  other  integral  in  this  region :  it  is  of  the  form 

F(Z)  =  ACj/i  (z)  +  *a/a  0)  +  . . .  +  Kmfm  (z), 

where  KI}  KZ,  ...,  Km  are  constants;  and  so 

mm  m 

F(Z  +  O))  =  2  anKr/i  (Z)  +  2  a^Kr/2  (z)  +  . . .  +  S  O>rmKr  fm  0). 


r=l  r=l  r=l 

In  order  that  F  (z)  may  be  characterised  by  the  property 
F(z+a>)=eF(z), 

where  9  is  some  constant,  the  coefficients  K  must  be  chosen  so 
that 

n 

2  ttrpKr  =  0Kp,  (p  =  1,2,   ...,  m), 

r=l 

a  set  of  n  equations  linear  and  homogeneous  in  the  coefficients  K,  ; 
and  therefore  9  must  satisfy  the  equation 


A  (9)  =  an-9, 


=  0, 


n 

an  equation  involving  the  coefficients  a,  and  so  apparently  depend- 
ing upon  the  choice  of  the  fundamental  system  f1}  ...,  fm. 

But,  as  with  the  corresponding  equation  for  a  set  of  integrals 
near  a  singularity  (§  14),  we  prove  that  this  equation  is  independent 
of  the  choice  of  the  fundamental  system,  so  that  the  coefficients 
of  the  powers  of  9  are  invariants.  The  proof  follows  the  lines 
of  Hamburger's  proof  for  the  earlier  proposition.  Let  another 
fundamental  system  gl(z),  ...,  gm(z),  existing  in  the  region  under 
consideration,  be  such  that 

gr  (z  +  (0)  =  bn g1  (z)  +  ...  +  brmgm (z),     (r  =  1,  . . .,  m), 

the  determinant  of  the  coefficients  b  being  different  from  zero. 
The  equation,  to  be  satisfied  by  the  multiplier  9  of  F(z\  is 

1=    6U-  9,       bl2    ,  ...,       blm       =0. 
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As  the  integrals  /  are  a  fundamental  system  in  the  region,  ii 
which  the  integrals  g  exist,  we  have 

gs(z)=cnfl(z)  +  ...+csmfm(z),      (s=l,  ...,  m), 

where  the  determinant  of  the  coefficients  CM,  say  G,  is  not  zero. 
Thus,  as 


we  have 


=  Cnfi 


m      TH  m      m 

2    2  &r8Wt  (2)  =  2    2  Cntttf /((<*)• 

*=1   <  =  1  8=1   £=1 


+  O>), 


This  homogeneous  linear  relation  among  the  linearly  independent 
integrals f  must  be  an  identity;  and  therefore 


say.     Then 


CB(0)  = 


brsCst  =  2 

8  =  1 


Cgi  V ,      CL&         C22  V,     ... 


so  that,  as  C  is  not  zero,  we  have 


and  the  equation  is  invariantive.     We  therefore  call  it  the  funda- 
mental equation  for  the  period  to. 

Let  A  (z)  denote  the  determinant 


zm-*  '  dzm~l  '             dzm~l 

dfi  of*                  dfrn 

dz     '  dz                    dz 

fi      >  f*     >  •••»       /m 


then,  as  in  §  9,  we  have 
Hence 


Pl  (x)  dx 


A  (z  +  ca)  =  A  (z0 


[z+<» 

Pl(x)dx 

)eJ  *. 
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where  we  may  assume  the  integration  to  take  place  along  a  path 
that  does  not  approach  infinitesimal  ly  near  the  singularities  of  plt 
if  any.  Now,  as  pl  is  a  uniform  function,  simply-periodic  in  &>,  it 
is  known*  that  p±  is  expressible  in  the  form 


within  such  a  region  as  encloses  the  path  of  integration ;  and  the 
series  is  a  converging  series.     But 


f 

J  z 


^  dx  =  0, 


if  the  integer  a  is  distinct  from  zero ;  hence 
A  (z  +  &)) 

'  —  a<aA.a 


But,  substituting  in  A(2+&>)  the  expressions  for  /i(z  +  &>),  ..., 
/m (•£  +  <»)  and  their  derivatives,  in  terms  of  fi(z),  ...,  fm(z)  and 
their  derivatives,  we  have 

A  (z  +  o>) 


which  is  the  non-vanishing  constant  term  in  A  (6) ;  and  thus 

A  (6)  =  e"4"  +  ...+(—  I)ni0"*. 

In  particular,  when  pl  is  zero,  so  that  the  differential  equation 
contains  no  term  in       wt_i-  ,  we  have  ^0  =  0;  and  then 

A(0)=l  +  ...+(-l)mem. 

129.     The  generic  character  of  the  integrals  depends  upon  the 
nature  of  the  roots  of  the  fundamental  equation. 

*  T.  F.,  §  112. 
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If  the  m  roots  of  the  fundamental  equation  are  different  from 
one  another,  and  if  they  are  denoted  by  0ly  #2,  ...,  Om,  then  a 
fundamental  system  of  integrals  exists,  such  that 

Fr(*+»)  =  OrFr(z\  (r  =  l,  ...,m). 

Consider  any  simple  root  6r  of  the  equation  A  (6)  =  0. 
Then  not  all  the  minors  of  A  (6)  of  the  first  order  can  vanish  for 
0=6r',  hence  m  —  1  of  the  equations 


**     d8     ^8  ~~ 


=  I,  2,  ...,  TO), 


determine  ratios  of  the  m  quantities  tc,  and  consequently  determ 
ine  a  function  Fr(z)  having  a  multiplier  6r.  This  holds  for  eac 
of  the  m  different  roots:  and  thus  m  different  functions  F(z)  ar 
determined. 

These  m  functions  are  linearly  independent  of  one  another.    II 
there  were  an  equation 

7i^i  (*)  +  72^2  0)  +  •  •  -  +  VmFm  (z)  =  0, 
which  is  satisfied  identically,  then  also 

7^  (z  +  to)  +  72  J^  (z  +  &))  +  .  .  .  +  j 
that  is, 


Similarly, 

0i27i^  (*)  + 
and  so  on,  up  to 

0i"w7i*fi  (*)  +  ^m 
Now  the  determinant 


(z  +  o>)  =  0, 
Fm  (z)  =  0. 
Fm  (z}  =  0  ; 


(z)  =  0. 


does  not  vanish,  because  the  quantities  9  are  unequal  :  hence 


so  that  the  constants  7  all  vanish.     The  m  functions  F  therefoi 
constitute  a  fundamental  system. 

130.     Next,  let  &  be  a  root  of  A(B)=0  of  multiplicity  p, 
where  fi>I.     The  equations 


/t     ~~  C7 IC- 


•pi 


(P-1,..M 
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are  consistent  with  one  another,  though  not  necessarily  inde- 
pendent of  one  another  :  any  m  —  1  of  them  are  satisfied  by 
ratios  of  the  quantities  K,  which  are  finite  and  may  contain 
arbitrary  elements.  Giving  any  particular  values  to  the  last,  we 
have  an  integral,  say  <&i  (z),  defined  by  means  of  these  quantities  : 
it  is  such  that 


and  it  is  a  linear  combination  ofyj(.z),  ...,  fm(z).  Taking  any  one 
of  the  integrals  which  occur  in  the  expression  of  this  linear  com- 
bination, say  f^  (z),  we  modify  the  fundamental  system  so  as  to 
replace  f1  (z)  by  <E>X  (z).  Let  the  equations  for  the  increase  of  the 
argument  by  <a  in  the  modified  fundamental  system  be 


=  2,  .  .  .,  TO>  J 


/,.  (z  +  0>)  =  Cn4>!  (z)  +  Cnf,  (*)  +  ...+  Crmfm  0), 

then  the  fundamental  equation  is 


0     ,       0     ,  ... 

22          ",  C23         ,      ... 

C32         ,      £33          17,      ... 


=  0, 


which,  owing  to  its  invariantive  character,  is  A  (6}  =  0,  and  therefore 
has  S-  for  a  root  of  multiplicity  /*.     Consequently,  the  equation 


C22-0, 


=  0 


has  ST  for  a  root  of  multiplicity  p  —  1 ;  and  therefore  the  equations 


^7/12^2  T  ^wis^s     '    •  •  •    i   \Cmm       ~)  ^m  —  **> 

are  consistent  with  one  another,  and  any  m  —  2  are  satisfied  by 
ratios  of  the  quantities  K',  which  are  finite  and  may  contain 
arbitrary  elements.  Giving  any  particular  values  to  the  latter, 
and  writing 


we  have 


=  *2'/2  (*)  +  K,'f,  (*)  +  ...+  Km'fm  (Z\ 

<t>2  (z  +  a))  =  X^  (z)  +  ^3>2  (z), 
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where 

m 

"*21  ^~    2*    KT  ^ri  > 
r=2 

so  that  \K  is  a  constant,  which  may  be  zero.  The  quantity  O2 1 
is  an  integral  of  the  differential  equation :  we  use  it  to  replace 
some  one  of  the  integrals  in  its  expression,  say  /2(^),  in  the 
fundamental  system,  so  that  the  latter  then  is  constituted  by 
<&»(*),  <&,(*), /,(*),  ...,fm(z}. 

Proceeding  similarly  from  stage  to  stage,  we  infer  that, 
associated  with  a  root  S-  of  multiplicity  JJL  of  the  fundamental 
equation,  there  exists  a  set  of  //,  integrals  such  that 


0), 
0) 

<*V  (*  +  to)  =  V^  (*)  +  XM23>2  (ar) 
where  the  coefficients  A,  are  constants. 

Similarly,  if  the  roots  of  the  equation  A  (6}  =  0  are  S,,  ..., 
of  multiplicities  fr,  ...,  /u,tt  respectively,  so  that  fj,1  +  ...  +  fj,n  = 
the  fundamental  system  can  be  chosen  so  that  it  arranges  itself  in 
n  sets,  each  set  being  associated  with  one  root  of  the  fundamental 
equation  and  having  properties  of  the  same  nature  as  the  set 
associated  with  the  preceding  root  of  multiplicity 

A  function,  characterised  by  the  property 


is  strictly  periodic,  and  sometimes  it  is  said  to  be  periodic  of  the 
first  kind.     A  function,  characterised  by  the  property 


where  6  is  a  constant  different  from  unity,  is  pseudo-periodic,  anc 
sometimes  it  is  said  to  be  periodic  of  the  second  kind,  6  beimi 
called  its  multiplier.  A  function,  characterised  by  the  property 


F  (z  +  o>)  =  6**+*  F  (z), 

where  X  and  JJL  are  constants,  is  also  pseudo-periodic,  and  some- 
times it  is  said  to  be  periodic  of  the  third  kind. 
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With  these  definitions,  the  preceding  result  can  be  enunciated 
as  follows*  :  — 

A  linear  differential  equation,  the  coefficients  of  which  are 
simply-periodic  in  a  period  co,  possesses  integrals  which  are 
periodic  of  the  second  kind:  and  the  number  of  such  integrals 
is  at  least  as  great  as  the  number  of  distinct  roots  of  the  funda- 
mental equation  for  the  period. 

Ex.  1.     Prove  that,  if  the  equation 

dw 


possesses  an  integral  which  is  periodic  of  the  third  kind  with  a  multiplier 
,  then 


=pz  (z)  -  Aft  (z)  +  A2. 
Hence  integrate  the  equation 


dz^       w2    dz        o>* 

shewing  that  \<a  =  4ir2.  (Craig.) 

Ex.  2.     Shew  that,  if  the  coefficients  in  the  equation 

dw 


have  the  form 

/  \      i  /  \     &\z 


where  0  and  ^  are  periodic  of  the  first  kind,  then  the  equation  certainly 
possesses  one  integral  that  is  periodic  of  the  third  kind.  (Craig.) 

131.     On  the  basis  of  these  properties,  we  can  take  one  step 
towards  the  analytical  expression  of  the  integrals. 

The  integral  4>i  (2)  is  a  periodic  function  of  the  second  kind. 
As  regards  the  integral  3>2  (2),  we  have 

3>2  (z  +  o>)     3>2(*)  ,  ^21 
^(JT  +  OI)      01(^)"h^' 
so  that 


)      \gi  0)2  (z)      \21 

)     ^o,1  ^(^     &*  ' 

*  Floquet,  ^nn.  de  I'Ec.  Norm.,  S6r.  2«,  t.  xn  (1883),  p.  55. 
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so  that  the  function  on  the  right-hand  side  is  a  periodic  function 
of  the  first  kind,  say  ty  (z).     Therefore 


where  $>&  (z)  is  a  constant  multiple  of  4>x  (z),  and  the  constant 
factor  may  be  zero  ;  and  <I>21  (z),  =  i/r  (z)  Oj  (z),  is  a  periodic 
function  of  the  second  kind,  with  the  same  multiplier  as  ^  (z). 

As  regards  the  integral  <1>3  (z),  we  have 
)     3>.(.g)     *«$«(*)  .*« 


Now,  if 

~~  <!>!  (Z)         S 

we  have 

so  that  0  (z}  is  periodic  of  the  first  kind.     Hence 


where  ^>31  (z}  =  6  (z)  ^  (z),  and  therefore  is  a  periodic  function  of 
the  second  kind  with  the  same  multiplier  as  Oj ;  where  ^>32(^)  is  a 
linear  combination  of  3>21  (z)  and  <!>!  (z),  and  thus  is  periodic  of  the 
second  kind  with  the  same  multiplier  as  ^  (z) ;  and  ^  (z)  is  a 
constant  multiple  of  ^  (2),  in  which  the  constant  factor,  viz. 


may  be  zero,  and  certainly  is  zero  if  O^,  (z}  disappears  from  ^2(2) 
owing  to  the  vanishing  of  its  constant  factor. 

Proceeding  in  this  way  stage  by  stage,  we  obtain  expressions 
for  the  integrals  in  succession ;  and  we  find 

where 


<|>rr  (g)  =  y      -j    '*r.r-i"r-i.^-a--  3  ^  ^ 

so  that  it  is  a  constant  multiple  of  *b\(z\  the  constant  fact 
being  capable  of  vanishing ;  and  all  the  functions  &n  (z),  <!>«  (i 
...,  ^rjr-l(z)  are  periodic  functions  of  the  second  kind  with  tl 
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same  multiplier  as  <!>!  (z),  and  are  expressible  as  linear  combina- 
tions of  <E>1}  3>21,  <J>31>  ...,  3>r-i,i-  This  holds  for  the  values  r  =  1, 
2,  ...,/*. 

Similarly  for  any  other  set  of  integrals,  associated  with  any 
multiple  root  of  the  fundamental  equation  of  the  period. 

It  may,  however,  happen  that  some  one  of  the  coefficients 
\,g-i  vanishes,  so  that,  for  all  values  of  r^s,  the  term  in  <!>„.(.£) 
disappears.  The  alternative  result  is  that  a  linear  combination  of 
the  functions  3?a(z),  ^s-l(z),  ...,  &i(z)  can  be  constructed  which  is 
periodic  of  the  second  kind.  This  linear  combination  can  be  used 
to  replace  <&8  (z),  and  thus  may  be  the  initial  member  of  another 
set  of  integrals  in  the  group  associated  with  the  multiplier  S-. 
The  proof  of  this  statement  is  simple.  Assume  that  \s,s-\  vanishes, 
and  that  no  one  of  the  coefficients  \r,r-i  for  values  of  r^.s  vanishes; 
and  construct  the  linear  combination 

KS®S  (z  +  a>)  +  *^.i4>,_i  (z  +  to)  +  ...+  K2<E>2  (z  +  o>), 

choosing  the  coefficients  K  so  that  the  term  in  <J>X  disappears  and 
that  the  remaining  terms  are 

*  {K&  (z)  +  KS_, <£>,_!  0)  +  . . .  +  Kz^2  (z)}. 
To  satisfy  these  conditions,  we  must  have 

0  =  KgA,sl  +  Kf—jA^—i,!  +  ...  +  #4^,41 
0  =  Kg  A.g,j  -|-  Kg—i\g—i^2  +  .  .  .  T  /C4A.42 
0  =  Kgfagy  T  Kg_ i  A.s_li3  +  .  .  .  +  ^4^43, 


—  K 

Transfer  the  terms  in  KS  to  the  left-hand  side :  the  determinant  of 
the  coefficients  K  on  the  remaining  right-hand  side  is 

i  ^8— 1,8— 2^S-2,S— 3  •••    ^,43^32^211 

which  by  the  initial  hypothesis  does  not  vanish.  Some  of  the 
coefficients  \n,  X82,  ...,  X/,ia_2  are  different  from  zero,  for  <!>„  (z) 
is  not  a  periodic  function  of  the  second  kind ;  hence  there  are 
finite  non-zero  values  for  the  ratios  of  f£s-i,  ...,  K2  to  Kt.  When 
these  values  are  inserted,  let 

¥,(*)- *.*,(*) +...  +  **,(*); 

then 
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so  that  ^g(z)  is  periodic  of  the  second  kind,  with  the  common 
multiplier  ^  ;  it  can  replace  3>g  (z)  in  the  fundamental  system,  and 
then  can,  like  <E>j  (z),  be  the  initial  member  of  another  set  within 
the  group  of  the  same  type  as  3>i(z),  ...,  3>s-i(z).  The  statement 
is  thus  proved. 

132.  Any  set,  such  as  <J>a  (z),  ...,  <!>«_!  (z)  in  the  preceding 
group  of  integrals,  whether  s  =  /*  or  be  less  than  p,  can  be  replaced 
by  an  equivalent  set  of  simpler  form. 

Let  the  equation  be  written 

dm~l 


=  (D 
so  that 


Also  let 

P,  =  mDm-i  +  (m-  l)^!)™-2  +  ...  +pm_1 

dP 


-p  _ 

2 

and,  generally,  let 


Let  the  integral  of  the  set  containing  the  highest  power  of  z, 
say  zr~1,  be  expressed  in  the  form 


...4  (r-l)z<l)r_1  +  <f>r 
the  binomial  factors  being  inserted  for  simplicity.     Then,  as 


we  have 


+  (r  -  1)  ««P,  (^)  +  ^(r  -  1)  (r  -  2) 
+  (r  -  1)  {*~P  (^)  +  (r  -  2) 
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which  can  be  satisfied  identically,  only  if 


The  first  of  these  conditions  shews  that 
is  an  integral  of  the  equation.     The  second  shews  that 
is  an  integral ;  the  third  that 
is  an  integral.     And  generally,  if  w  denote 


...  +  (r-  !)#,-,  +  &., 

w  being  an  integral  of  the  equation,  then  each  of  the  quantities 

1     dw       2!(r-3)!  cFw  (p  -  1)  !  (r  -  /*)  !  dr-*w 

'     T^^l"^"       (r  -  1)  !   8~£2  '   •"'   "        (r-1)!         W^'" 

is  an  integral  of  the  equation,  when  £  is  replaced  by  z  after  differ- 
entiation. Accordingly,  the  group  of  r  integrals  in  the  set  are 
linearly  equivalent  to 


3  =  <f>3  + 

4  =  <^>4  -f 


r  +  (r  -  1)  zQ^  +  . . .  +  (r  -  1)  zr~2<j>2  +  zr-l(f>l} 

and  any  linear  combination  of  these  is  an  integral  of  the  differ- 
ential equation  ;  all  the  quantities  <f>  which  occur  in  them  are 
periodic  of  the  second  kind,  having  the  same  multiplier. 

Similarly  for  any  other  set ;  and  thus  the  m  integrals  of  the 
equation  will  be  constituted  by  sets  of  rl}  r2,  ...,  rn  integrals  of  the 
preceding  types,  where  rx  +  r2  +  . . .  4-  rn  =  m,  and  the  system  contains 
n  periodic  functions  of  the  second  kind. 
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GROUP  OF  INTEGRALS  ASSOCIATED  WITH  A  MULTIPLE  ROOT 
OF  THE  FUNDAMENTAL  EQUATION  OF  THE  PERIOD. 

133.  These  results  can  also  be  obtained  by  using  the  proper 
ties  of  the  elementary  divisors  of  the  quantity  A  (0),  when  it  is 
expressed  in  its  determinantal  form.  Let  the  elementary  divisors 
associated  with  the  root  ^  be 


so  that,  as  in  §  15,  the  highest  power  of  6  —  ^  common  to  all  th« 
first  minors  of  A  (0)  is  (0  —  S-)"1,  the  highest  power  common  to  al 
the  second  minors  of  A  (0)  is  (6  —  ^y*2,  and  so  on ;  and  the  minors 
of  order  T  (and  therefore  of  degree  m  —  r  in  the  coefficients)  o 
A  (0)  are  the  earliest  in  successively  increasing  orders  not  tc 
vanish  simultaneously  when  0  =  ^.  As  in  the  earlier  case  dis- 
cussed in  §§  15,  16,  we  have 

Proceeding  on  lines  precisely  similar  to  those  followed  in  § 
for  the  arrangement,  in  sub-groups,  of  the  group  of  integrals 
associated  with  a  multiple  root  of  the  fundamental  equation 
belonging  to  the  singularity,  we  obtain  a  corresponding  result  in 
the  present  case,  as  follows : — 

The  group  of  ^  integrals  associated  with  the  root  S-  of  multipli- 
city fj,,  belonging  to  the  fundamental  equation  for  the  period  (a,  can  be 
arranged  in  r  sub-groups',  where  r  is  the  number  of  elementa 
divisors  of  A  (0)  which  are  powers  of  0  —  *b.     If  the  \  members  o, 
any  one  of  these  sub-groups  be  denoted  by  gl(z),  g^(z),  ..., 
these  integrals  of  the  differential  equation  satisfy  the  characteristic 
equations 

g1  (*  +  &>)  =  S^  (z) 

gz  (z  +  w)  =  S#2  (z)  +  g1  (z) 
g3  (z  +  m)  =  S#3  (z)  +  #2  (z} 


g),  (z  +  co)=  ^rA  (z)  +  #*_!  (. 

Taking  all  these  sub-groups  together,  the  number  of  first  equatic 
which  occur  in  them  is  equal  to  the  number  of  the  sub-grouj. 
that  is,  the  number  of  the  elementary  divisors  of  A  (0)  connec 
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with  6  —  ^r  ;  the  number  of  second  equations  which  occur  is  the  same 
as  the  number  of  those  indices  of  the  elementary  divisors  connected 
with  6  —  ^  that  are  not  less  than  2  ;  the  number  of  third  equations 
is  the  same  as  the  number  of  those  indices  that  are  not  less  than  3  ; 
and  so  on,  the  number  of  equations  in  the  first  sub-group  being 
/»-/"!• 

The  analogy  with  the  Hamburger  sub-groups  in  Chapter  II  is 
complete. 

COROLLARY.  The  total  number  of  integrals  of  the  second  kind, 
defined  as  satisfying  a  relation  of  the  form 

g(z  +  w)  =  0g  0), 

where  6  is  a  constant,  is  the  total  number  of  elementary  divisors  of 
\A  (6)  associated  with  all  the  roots  of  A  (6)  —  0  ;  a  theorem  more 
exact  than  Floquet's  (§  130).  For  the  total  number  of  such 
(integrals,  in  the  group  associated  with  a  multiple  root  of 
IA  (6)  =  0,  is  equal  to  the  number  of  elementary  divisors  of  A  (6) 
associated  with  that  root:  and  the  total  number  of  groups  is 
(equal  to  the  number  of  distinct  roots  of  A  (6)  =  0. 

134.  Some  approach  to  the  analytical  expressions  of  the 
functions,  satisfying  the  equations  characteristic  of  the  sub-group, 
3an  be  made,  as  in  §  23.  Let 

'-=« 

and  introduce  a  difference-symbol  V,  such  that* 

VF(z)  =  F(z+to)-F(z), 
or  any  function  F;  also  let 

x  ~ 


vhere  the  functions  ^,  %2,  ...,  %A  are  periodic  functions  of  z,  with 
,  period  to,  and 

/x-iv      (x-i)i 

V    r    J      rl(\-I-r)l' 

*  For  these  difference-symbols  in  general,  see  a  memoir  by  Casorati,  Ann.  di 
at.,  Ser.  2%  t.  x  (1882),  pp.  10—45. 

F.  iv.  27 
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Then  if  we  take 


for  all  values  of  n,  we  have 

») 

')+*«( 


=  /Ix-n-i  0)  +  S^A-n  (Z), 

holding  for  all  values  of  n.     These  are  the  characteristic  equations 
of  the  sub-group ;  and  we  therefore  can  write 


with  the  above  notations,  for  ?i  =  0,  1,  ...,  X  —  1. 

These  X  integrals  are  a  linearly  independent  set  out  of  the 
fundamental  system ;  the  system  will  remain  fundamental,  i 
(Ji>  9i>  •••>  9*.  are  replaced  by  X  other  functions,  linearly  equivalent 
to  them  arid  linearly  independent  of  one  another.  This  modifica- 
tion can  be  effected  in  the  same  way  as  the  corresponding  modifi- 
cation was  effected  in  §  24,  viz.  by  introducing  a  set  of  functions 
associated  with  G  and  defined  by  the  relations 

0i(*)-5&> 


the  functions  ^  being  periodic  functions  of  z,  with  the  period 
Constructing  the  expressions  VG,  V2G,  ...,  V^1^,  we  find 

VG  =  CiGx-  +  C(rA_  +  ...  +CA-Qt  +  Cx-Cr 


where  the  constants  c  are  non-  vanishing  numbers,  the  exact  values 
of  which  are  not  needed  for  the  present  purpose. 
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It  follows,  from  the  last  of  the  equations,  that  G^  is  a  constant 

z_ 

multiple  of  V*~1G,  and  therefore  that  ^  GI  is  a  constant  multiple 

z_ 

of  gl  (z}  ;  we  replace  gl  (z)  in  the  fundamental  system  by  &"  Gl. 

It  follows,  from  the  last  two  of  the  equations,  that  G2  is  a  linear 

z 

combination  of  VA~2(r  and  V*-1^,  and  therefore  that  ^UG2  is  a 
linear  combination  of  g2  (z}  and  gl  (z).     As  gl  (z)  has  been  replaced 

z 

in  the  fundamental  system,  we  now  replace  g2(z)  by  &"  6r2;  and 
the  system  remains  fundamental. 

And  so  on,  for  the  integrals  in  succession.     Proceeding  thus, 
we  obtain  A,  integrals  of  the  form 


Further,  these  integrals  are  linearly  independent,  and  so  they  are 
linearly  equivalent  to  g^.(z),  g2(z),  ...,  g\  (z).  For  if  any  relation, 
linear  and  homogeneous  among  these  quantities,  were  to  exist 
with  non-vanishing  coefficients,  we  should,  on  substitution  for 
G1}  GI,  ...,  £A  in  terms  of  G,  VG,  V2£,  ...,  V*-1^,  obtain  a  relation, 
linear  and  homogeneous  among  the  quantities  g\(z),  ...,  g\(z) 
with  non-vanishing  coefficients.  Such  a  relation  does  not  exist. 
Accordingly,  the  A,  integrals 


can  be  taken  as  constituting  the  required  sub-group  of  integrals. 

We  now  are  in  a  position  to  enunciate  the  following  result, 
defining  the  group  of  integrals  associated  with  a  multiple  root  S- 
of  the  fundamental  equation  of  the  period  :  — 

When  a  root  S-  of  the  fundamental  equation  A  (0)  —  0  is  of 
multiplicity  /A,  there  is  a  group  of  /j,  integrals  associated  with  that 
root  ;  the  group  can  be  arranged  in  a  number  of  sub-groups,  their 
number  being  equal  to  the  number  of  elementary  divisors  of  A  (6) 
I  which  are  powers  of  ^  —  6  ;  the  number  of  integrals  in  the  first 
sub-group  is  equal  to  the  number  of  those  elementary  divisors  ;  the 
number  in  the  second  sub-group  is  equal  to  the  number  of  the 
exponents  of  those  divisors  which  are  equal  to  or  greater  than  2  ; 
the  number  in  the  third  sub-group  is  equal  to  the  number  of  the 

27—2 
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exponents  of  those  divisors  which  are  equal  to  or  greater  than  3 ; 
and  a  sub-group,  which  contains  \  integrals,  is  equivalent  to  the  \ 
linearly  independent  quantities 


where 


-\ 


for  r  =  l,2,...,\:the  quantities  Xl,  ...,  X*.  are  periodic  functions 
of  z,  but  they  are  not  necessarily  uniform :  £  denotes  —  ,  and 
r-1 


K    J      K  !  (r  —  1  —  «)  !  * 
NOTE.     By  taking  Xn  =  <>>~n<l>n,  f°r  w  =  l,  ...,  \,  and  writing 

the  integrals  become 

z  z  z 

where 


the  functions  0  having  the  same  character  as  the  functions  x. 

135.  There  is  a  theorem  of  the  nature  of  a  converse  to  the 
foregoing  proposition,  which  is  analogous  to  Fuchs's  theorem 
proved  in  §§  25  —  28.  The  theorem,  which  manifestly  is  important 
as  regards  the  reducibility  of  a  given  equation,  is  as  follows  :  — 

If  an  expression  for  a  quantity  u  is  given  in  the  form 


->, 
where  ^  is  a  constant,  all  the  functions  fa,  ...,  <f>n  are  periodic  in  <a, 

& 

and  £  denotes  -  ,  then  u  satisfies  a  homogeneous  linear  differential  i 
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equation  of  order  n,  the  coefficients  of  which  are  uniform  periodic 
functions  of  z,  having  the  period  &>;  moreover, 

du     d*u  dn~*u 


are  integrals  of  the  same  equation  and,  taken  together  with  u,  they 
constitute  a  fundamental  system  for  the  equation  of  order  n. 

The  course  of  the  proof  is  so  similar  to  the  proof  of  the  corre- 
sponding theorem  as  established  in  §§  26  —  28  that  it  need  not  be 
set  out  here*.  It  can  be  divided  into  three  sections  ;  in  the  first, 

du  3n—1w 

it  is  proved    that  ^  ,  .  .  .  ,  •~,^n_l  satisfy  such  an  equation,  if  u 

satisfies  it  ;  in  the  second,  it  is  proved  that  these  must  form  a 
fundamental  system,  for  no  homogeneous  linear  relation  with  non- 
evanescent  coefficients  can  exist  among  them  ;  in  the  third,  it  is 
shewn  that  the  linear  equation,  which  has  these  quantities  for  its 
fundamental  system,  has  uniform  periodic  functions  of  z  with 
period  o>  for  its  coefficients.  The  details  of  the  proof  are  left  to 
the  student. 
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136.  The  further  determination  of  the  analytical  expressions 
of  the  integrals,  on  the  basis  of  the  properties  already  established, 
is  not  possible  in  the  general  case.  Thus  the  functions  ^1}  .  ..,  ^\, 
occurring  in  the  sub-group  specially  considered  in  §  134,  are 
periodic  functions  of  the  second  kind  with  a  multiplier  S-.  If  we 
take  new  functions  z,  ...,  A^,  such  that 


r(X>,  (r  =  l,  ...,  X), 

these  new  functions  are  periodic  of  the  first  kind.  But  further 
properties  of  the  functions  must  be  given  if  there  is  to  be  any 
further  determination  of  their  form. 

When  we  limit  ourselves  to  the  consideration  of  those  equations 
whose  integrals  are  uniform  functions,  (criteria  are  determined 

*  Some  of  the  analysis  of  §  132  is  useful  in  establishing  the  theorem. 
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independently  by  considering  the  integrals  in  the  vicinity  of  the 
singularities),  some  further  progress  can  be  made  ;  but,  of  course, 
the  assumption  that  the  integrals  are  of  this  character  must  be 
justified  by  appropriate  limitations  upon  the  forms  of  the  coeffi- 
cients plt  ...,  pm  in  the  original  differential  equation.  In  such 
cases,  every  quantity  such  as  tyr{z)  is  a  uniform  simply-periodic 
function  of  the  first  kind  ;  it  can  therefore  *  be  expressed  in  the 
form  of  a  Laurent-Fourier  series  such  as 

K  =  ao  2 

2    AKe 

K=—  30 

Such  a  form  of  expression  does  not  lead,  however,  towards  the 
determination  of  the  criteria  for  securing  such  a  result  or  anj 
other  result  of  a  corresponding  kind  for  any  other  assumption.  IE 
particular  examples,  we  adopt  a  different  method  of  practica 
procedure. 

In  order  to  determine  some  of  the  functional  properties  of  the 
integrals,  it  frequently  is  expedient  to  change  the  variable  so  that, 
if  possible,  the  transformed  equation  belongs  to  one  or  other  of 
the  classes  of  equations  considered  in  preceding  chapters. 

Thus  if  the  coefficients^,  ...,pm,  which  are  uniform  periodic 
functions  of  z,  occur  as  rational  functions  of  sin  -  and  cos  - 

CO  0) 

then,  introducing  a  new  variable  t,  where 


t  =  e"  , 

we  obtain  a  linear  equation,  the  coefficients  of  which  are  rational 
functions  of  t  Some  characteristic  properties  of  the  integrals 
of  the  equation  in  the  latter  form  can  be  obtained  by  earlier 
processes  ;  it  may  even  be  possible  to  determine  the  fundamental 
system  of  integrals. 


The  preceding  transformation  is,  however,  not  the  only  on 
that  can  be  used  with  advantage ;   and  it  often  happens  that 
the    special    form    of  a  particular    equation   suggests   a  special 
transformation  which   is  effective.     In  particular,  if  the  coeffi 
cients  in  the  equation  are  alternately  odd  and  even  functio 

*  T.  F.,  §  112. 


: 
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such  that  pi,  p3,  ps,  ...  are  odd,  and  p2,  pt>  p6,  ...  are  even,  then 
we  may  take 

irz  .    TTZ 

t  =  cos  —  ,  or  sin  —  , 
to  w 

as  a  new  independent  variable:  it  is  easy  to  prove  that  the 
transformed  equation  has  uniform  functions  of  t  for  its  coeffi- 
cients. Also,  some  indication  is  occasionally  given  as  to  a  choice 
between  these  two  transformations  ;  for  example,  if  an  irreducible 
pole  of  the  original  equation  is  z  =  0,  we  should  choose 

.      1TZ 

t  =  sin  — 

0) 

as  the  transformation,  and  consider  the  integrals  in  the  vicinity  of 
t  =  0  ;  whereas  the  other  would  be  chosen,  if  an  irreducible  pole  of 
ithe  equation  is  z  =  |&>. 

Another  transformation,  that  sometimes  can  prove  effective,  is 

TTZ 
*  =  tan^; 

any  uniform  function  of  z,  periodic  in  a>,  can  be  expressed  as  a 
uniform  function  of  t  ;  and  the  differential  equation  is  transformed 
into  one  which  has  uniform  functions  of  t  for  its  coefficients. 

Ex,  1.     Consider  the  equation 


cotz+(b+ccot2z)  w=0, 

where  a,  6,  c  are  constants.     Writing 

a;  sin0  z=y, 
we  have  tho  equation 


where 

/3  =  a  +  6, 

As  the  equation  is  periodic  in  TT,  and  as  z=0  is  a  singularity,  we  take  a 
transformation 

t=sinz; 
and  the  equation  is 


The  indicial  equation  for  t=Q  is 


If 
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satisfies  the  equation,  we  have 

so  that 


The  form  of  an,  in  terms  of  an_2,  shews  that  the  series  for  y  converges  for 
values  of  t  <  1.  If  the  two  roots  of  the  indicial  equation  are  px  and  p2,  and 
f(t,  pi),  f(t,  p2)  be  the  two  values  of  y,  the  primitive  of  the  original  equation  is 

w=sin-°2  {.4/(sin2,  px)  +  Bf  (sin  z,  p2)}. 
Ex.  2.     Consider  the  equation 


where  a  is  a  constant.     Taking 

ip. 

we  find  the  transformed  equation  for  z  to  be 


which  is  Legendre's  equation  and  so  its  primitive  is  known. 

Ex.  3.     Obtain  integrals  of  the  equations 

d?w     dw 
(i)    -j-j  -f  -y-  cot  z—  w  cosec2  2=0  ; 

(ii)  -3-5-  +4  -j-  cosec  2z  +  2w  sec2  z=0; 
dz2         dz 

.    d*w      /       2  \dw      / 

(m)    ~T^  +    ^  --  1  )  T-  + 

«22         \Sin  Z  COS  2  /  «2          \ 


^cos2  z     sin  z  cos  zj 
Ex.  4.     One  integral,  f(z\  of  the  equation 

TQ  J 

4(2  — sin  2)  -=-£  +  2  (3  sin  2+ 2  cos  2- 6) -T-  +(5  —  3  cos  2  —  sinz)w=Q 

CtZ  (JLZ 

satisfies  the  relation 

find  the  general  solution.  (Math.  Tripos,  Part  II,  I8i 

Ex.  5.     Shew  that  the  equation 

1  d*w        2 


w  dz*      sin2  2 
has  an  integral 


where  2t  has  an  appropriate  constant  value ;  and  obtain  the  primitive. 

(M.  Elliott 
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Ex.  6.     Obtain  an  integral  of  the  equation 

1  dzw         6 
w  dz2      sin2  z 

where  h  is  a  constant,  in  the  form 

an ' 1'  V 2/  a&  (COt  Zi  +COt  22) 

sin2  z 

where  zl  and  z.z  are  appropriate  determinate  constants:    and  obtain  the 
primitive.  (M.  Elliott.) 

Ex.  7.     Integrate  the  equation 

dz2      \   sin2  z          /     ' 
where  n  is  an  integer,  and  h  is  a  constant.  (M.  Elliott.) 

137.  A  somewhat  different  form  of  the  theory  is  developed 
by  Liapourioff*,  whose  investigation  deals  with  a  more  general 
equation,  given  by 

rl^ii 

(z)  =  0, 


where  //.  is  a  parameter,  and  p  (z)  is  a  uniform  periodic  function  of 
period  w. 

Let/(V)  and  $(z)  be  two  integrals  of  the  differential  equation, 
respectively  determined  by  the  initial  conditions 


Then  we  have  relations  of  the  form 


<f>  (z  +  w) 
and  the  equation  for  determining  the  multipliers  is 


that  is, 

II2  -  (a  +  8)  O  +  1  =  0, 

as  in  §  127,  Ex.  1.     Clearly,  we  have 

/(»)  =  «,    </>»  =  £; 

*  Comptes  Rendus,  t.   cxxin   (1896),   pp.  1248—1252;   ib.,   t.    cxxvm   (1899), 
pp.  910—913,  1085—1088. 
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so  that,  if  we  write 


)  f  *' 

the  equation  is 

n2 
Writing 

p 

and  assuming  that  A*  -  1  does  not  vanish,  we  obtain  two  integrals 
in  the  form 


where  F^  (z),  F2  (z)  are  functions  of  z,  periodic  in  o>  ;  and  thus  the 
complete  primitive  of  the  equation  can  be  obtained.  The  actual 
expressions  for  Fl(z)  and  F2(z)  can  be  constructed  as  in  the 
preceding  sections;  and  the  value  of  p  depends  upon  that  of  A. 

When  p,  =  0,  the  primitive  of  the  original  equation  is 


shewing  that  the  equation  for  determining  the  multipliers  is 

and  then  .4  =  1.     Hence,  when  p.  is  not  zero,  and  when  A   is 
expanded  in  powers  of  p,,  it  is  inferred  that  A  is  of  the  form 


When  Alt  A2,  A3,  ...  are  known,  the  two  values  of  fl,  which 
satisfy  the  equation 


can  be  regarded  as  known,  and  the  primitive  of  the  differential 
equation  can  be  obtained. 

For  the  purpose  of  obtaining  the  value  of  A,  which  is 

^  =  *{/(«)  +  <*>»}> 
where  the  integrals  f(z)  and  </>  (z)  are  denned   by  the  initiz 
conditions,  we  assume  both  f(z)  and  <f>  (z)  expanded  in  powers  of 
p..    Let 

f(z)  =  u0  +  p,Ui  +  P?UZ  +  . . . ; 

then,  in  order  that  it  may  satisfy  the  equation 
dhu 
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we  have 

*X>-n 

dz*  ~ 


—        l 

and  so  on.     From  the  first,  we  have 
u0  =  a0  +  b0z  ; 

from  the  second,  we  have 

/z       Cv 
dy  \   uQ 
)       Jo 

from  the  third,  we  have 

rz       ry 
wa  =  «2  +  b^z  —  I    dy  I   u^  (x)  p  (x)  dx  ; 

Jo       Jo 

and  so  on.     Now 

/(0)  =  1,    /'(<))  =  0; 
accordingly, 


Taking  account  of  the  fact  that  fi  is  parametric,  we  have 

a0  =  1,     as  =  0  for  s  —  1,  2,  .  .  .,     bs  =  0  for  s  =  0,  1,  2,  .  .  .  ; 

and  thus  we  have 

u0  =  1, 

[z       fy 
ul  =  -      dy     p(x)  dx, 

Jo       Jo 

rz       ry 

w2  =  -      dy      M!  (x)p  (x)  dx, 
Jo       Jo 

and  so  on.     The  value  off(z)  is  given  by 


Similarly  for  <f>  (z),  which  is  determined  by  the  conditions 
its  value  is  given  by 
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fs        fy 
vl=  —  I   dy  I   xp  (x) dx, 

Jo       Jo 

rz       fy 

t>2=-      dy     p(x)v1(x)dx, 
J  o      Jo 


and  so  on. 


We   require   the   quantities  /(&>)   and   <£' 
denoted  by 


where 


let   them 


fw       (y 
i  =  ~      dy\   P(X)  dx, 

Jo       Jo 

/•<o 

j  =  —      xp  (x)  dx, 


and  so  for  the  others.     Substituting  the  value  of  A  in  the  form 


we  have 


/•to  fy  Tco 

—  I    dy  I   p  (x)  dx  +  I    xp  (x)  dx 

Jo       Jo  Jo' 

•y  f<a 

p  (x)  dx  +      y 
o  Jo 


But 


integrating  between  the  limits  0  and  w,  we  have 


d  (    [y 

y      P  (°^  dx   =      p  (x)  dx  +  yp  (y) ; 


2 A  j  =  to  I   p(x)  dx. 

Jo 

Next,  we  have 


/•»      TJ/  r«> 

=  —I    rfy      MI  (x)  p  (x)  dx  —  I   p  (x)  V!  (x)  dx. 

J  o       J  o  Jo 

To  transform  these  definite  integrals,  we  write 

IX  p 
Jo 
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so  that 

Ul  (x)  =  -Tdt  ip  (0)  dO  =  -  !X  P  (f)  dt, 

Jo      Jo  Jo 


We  have 


=  -  !XtP  (t)  dt  +  \X  dt  f  P  (0)  dd 

Jo  Jo      Jo 

=  (*dt  r  {P(e)-P(t)\d0. 
Jo      Jo 

dy  T1  (2/)  hP  ^  dy\  =  Ul 


therefore 

I*  Ul  (a?)  p  (as)  dx  =  u,  (y)  P  (y)  +  f  *  P2  (a?)  ^ 

•/o  ^o 

=    V  P(x){P(x)-P(y)}dx; 


and  thus  the  first  integral  in  the  expression  for  2A2  is  equal  to 


<ady\y{P(y)-P(x)}P(x)dx. 
o       Jo 


Similarly,  we  have 

—  \v         \V 
dy  {         Jo 

therefore 

fta  /*<o  f<a  ry 

\    ^  (x)  p  (x)  dx  =  v-i  (to)  O  +  I    yP2  (y)  dy  —  I    dy  I    P  (y)  P  (x)  dx 

Jo  Jo  J  o       J  o 

/*<*)  /*cu  /*!/ 

=  —  H  I    yP  (y)  dy  +  H  I    dy  I    P  (x)  dx 

Jo  J  o       J  o 

+  ^yP*  (y)  dy  -  (°dy  ('  P  (y)  P  (x)  dx. 

Jo  J  o       Jo 

The  first  and  third  terms  on  the  right-hand  side  together  are 


o         o 
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so  that 


o          o 


which  gives  a  transformation  of  the  second  integral  in  2A,, 
Combining  the  results  of  transformation  for  the  two  integrals  i 
2A2  ,  we  have 


2A2  =  \"dy  {'{Sl-P  (y)  +  P  (*))  [P  (y)  -  P  (x)}  dx. 
Jo      Jo 

Similarly,  it  may  be  proved  that  the  value  of  2A3  is 

r 

Jo 


o          o 

and  so  on  :  so  that  the  value  of  A,  and  therefore  the  value  of  P,  is 
known. 

The  investigation  is  continued  by  Liapounoff,  especially  for 
the  purpose  of  discussing  the  values  of  p  which  satisfy  the 
equation 

^L2-l  =  0; 

and  the  results  appear  to  be  of  importance  in  the  discussion  of 
the  stability  of  motion.  The  reader  is  referred  to  the  notes  by 
Liapounoff  already  cited  (p.  425,  note)  ;  other  references  to  more 
detailed  investigations  are  there  given. 

Ex.    1.     Establish   by  induction,  or  otherwise,  the  general  law  for  the 
coefficients  A,  viz. 


/"        fxi  [xn-\ 

dxl         dx2...  I 
o        J  o  Jo 


where 


Ex.  2.     Shew  that,  if  the  periodic  function  p  (x)  always  is  positive,  then 
all  the  coefficients  A  are  positive  ;  and  prove  that 

m\n\ 


Hence  shew  that,  when  p  (x}  is  positive  and  satisfies  the  inequality 

/•« 
Mo>  /    p 

J  o 


then  A2<I,  so  that  |p|  =  l. 
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Ex.  3.     Prove  that,  if  the  periodic  function  p  (x)  be  real  and  odd,  so  that 
the  series  for  A  contains  only  even  powers  of  /*,  then 


/"*«•>  /"*! 

-2        dxA     (Pt- 
Jo         Jo 


=     4 

Jo          Jo          Jo          Jo 

and  so  on  ,  where  Pr  denotes  P  (xr).     Prove  also  that,  if 

/• 
p(x}dx=P, 
a 

/M 
Pdx=0,  and  if 
o 

u2o>  r  p*dx^±, 

Jo 
then  A2<1. 

Ex.  4.     Discuss  the  values  of  /x  which  are  roots  of  the  equation 

A*—  It 

(All  these  results  are  due  to  Liapounoff.) 

DISCUSSION   OF  THE    EQUATION   OF  THE   ELLIPTIC   CYLINDER. 

138.  One  of  the  most  important  equations  of  the  class,  which 
has  been  considered  in  §  137,  is  the  equation 

-j-^-  +  (a  +  c  cos  2z)  w  =  Q, 

commonly  called  the  equation  of  the  elliptic  cylinder;  it  is  of 
frequent  occurrence  in  mathematical  physics  and  astronomical 
dynamics.  It  forms  the  subject  of  many  investigations*.  It  is 
known  (§  55)  to  be  a  transformation  of  the  limiting  form  of  an 
equation  of  Fuchsian  type.  Moreover,  it  has  already  (§  127,  Ex.  1) 
been  partially  discussed  in  connection  with  another  equation  and 
for  another  purpose.  In  this  place,  it  will  be  brought  into  relation 
with  the  preceding  general  theory. 

Let  new  independent  variables  u  or  v  be  introduced,  such 
that 

u  =  cos2  z,     v  =  1  —  u  =  sin2  z. 

*  Heine,  Handbuch  der  Kugelfunctionen,  t.  i,  pp.  404  —  415;  Lindemann,  Math. 
Ann.,  t.  xxii  (1883),  pp.  117  —  123;  Tisserand,  M^canique  Celeste,  t.  in,  ch.  i,  at  the 
end  of  which  other  references  are  given. 
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The  equation  becomes 

u  (1  -  w)  ~  +  i(l  -  2w)  -^  +  l(a  -  c  +  leu)  w=0, 
du2  cm 

when  M  is  the  independent  variable ;  and  it  becomes 

d*w  dw 

v(l-v)  -J-;  -f  1(1  -  20)  -j-  +  J(a  +  c  -  2w)  w  =  0. 

av2  av 

when  v  is  the  independent  variable.     Accordingly,  if 

w=f(u,  c) 
is  an  integral  of  the  equation,  another  integral  is  provided  by 

The  indicial  equation  for  u  =  0  is 
if 


W  =  2,1 

JT 

be  the  integral,  the  scale  of  relation  between  the  coefficients  ap  is 

(p  +  p}  (p  +  p  -  J)  ap  =  {(p  +  p  -  I)2  -  i(a  -  c)}  al>_1  -  icap_2 , 
with  the  relations 


When  p  =  0,  let  ap  =  6  (p,  c) ;  when  p  —  \,  let  ap  =  ^-  (p,  c).    Then 
two  integrals  of  the  equation  are 


j  Cy,       u/j  —    -w    ti         ^j  \P)  C^, 
p=0  p=0 

with  the  convention 

0(0,c)  =  l=*(0,  4 
It  is  clear  that,  when  2;  is  |TT,  so  that  w  is  0, 

I^^O         /-v  rv          tt#/i  n 

,          j—  =  0,        #1=0,         -j—  =  —  1. 

a^  a^ 

Moreover,  as  the  equation  in  w  is  satisfied  by  x0  and  a?x,  we  have 

1  du       °  du      \u  (1  —  u)\l' 
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But  du=  —  2smz  cos  zdz  =  —  2  [u  (1  —  u)}*dz,  so  that 

dxo         dx^  _        „ 
Xl  dz      X°  dz 

When  Z  =  ^TT,  the  left-hand  side  is  equal  to  1  :  hence 

0—1, 

and  therefore,  for  all  values  of  z,  we  have 

dxQ         dx1 

rp     __  _  _   /n     __  _7  —    1 

1  dz      X°  dz  - 
Two  other  integrals  of  the  equation  are  given  by 


p=0  p=0 

ithey  are  such  that,  when  z  is  0,  and  therefore  v  is  0, 

v    -  I          ^°  -  0         77-0         ^  -  1 

y0-l,     ^  -  0,     2/j-O,    -jjj—  I, 
and,  for  all  values  of  z, 

vdy*-.udy«-i 

y°dz      'Jldz~~ 

Now  when  z  is  real,  both  u  and  v  are  real  and  lie  between  0 
!  and  1  ;  and,  in  particular,  when  z  —  £TT,  then  u  =  v—^.  For  such 
i  values,  #0,  Xi,  y0,  2/1,  coexist  ;  and  so  we  have  relations  of  the  form 


where  a,  /3,  7,  8  are  constants.     Hence 

y.  (i)  =  «^o  (I)  +  ^  (i),    -  2/0'  (i 

where 


and  so  for  the  others.     Hence 


Similarly 


p.  iv. 


28 
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and  it  is  easy  to  verify  that 

aS-#y=l. 
Moreover,  we  have 


139.  The  integrals  x0  and  xl  are  valid  in  the  domain  of  u  =  0  ; 
the  integrals  y0  and  y^  are  valid  in  the  domain  of  v  =  0,  that  is,  of 
u=l.  Lindemann*  proceeds,  as  follows,  to  obtain  uniform  inte- 
grals valid  over  the  whole  of  the  finite  part  of  the  plane. 

After  a  small  closed  circuit  of  u  round  its  origin,  x0  returns 
to  its  initial  value  and  xl  changes  its  sign  ;  hence  y0  becomes 
ax0  —  /3#i,  and  yl  becomes  yx0  —  8xl.  After  a  small  closed  circuit 
of  u  round  the  point  1,  the  integral  yQ  returns  to  its  initial  value 
and  yi  changes  its  sign.  Consider  a  quantity  rj,  where 

•n  =  Ay<?  +  By*, 

as  a  function  of  u.  It  remains  unchanged  when  u  moves  round 
the  point  1.  Its  two  values  in  the  vicinity  of  u  =  0  are 

(Ai?  +  By*}  #02  +  (A  (3*  +  B&)  x*  +  2  (Aa/3  +  ByS)  x.x,, 
(Aa?  +  By2)  x*  +  (A$*  +  B&)  x*  -  2  (Aa/3  +  ByS)  x0xlt 

which  are  the  same  if 

Aa/3  +  ByS  =  0  : 

hence  the  function  is  uniform  in  the  vicinity  of  u  =  0  if  this 
condition  is  satisfied,  that  is,  the  function  is  uniform  over  the 
whole  plane. 

The  condition  is  satisfied  if  we  take 

A  =  -yS,     B=a0; 
and  then 

77  =  afiyf 


Moreover,  in  the  region  of  existence  common  to  y0,  ylt  x0,  xl}  w€ 
have 


Hence  defining  the  function  77  in  the  domain  of  z  =  0  by  its  value 
in  terms  of  y0  and  ylt  and  defining  it  in  the  domain  of  z  =  1  by  it 
value  in  terms  of  x0  and  xlt  we  have  a  function 

i}  =  F(u)  =  .F(cos'-  z)  =  3>  (z), 
*  Math.  Ann.,  t.  xxn  (1883),  pp.  117—123. 
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say,  which  is  regular  in  the  vicinity  of  u  =  0,  regular  in  the  vicinity 
of  u  =  1,  and  therefore  is  regular  over  the  whole  finite  part  of  the 
2-plane.  Now  let 


then 


=  -  2 
Also 

rj>*( 

and  therefore 


7,  dz  ~      <$>(z) 

<&'(*) 

~ 


and  therefore 


where 


These  integrals  of  the  original  differential  equation  are  valid  over 
the  whole  of  the  finite  part  of  the  plane.  Accordingly,  we  may 
itake  two  integrals 

-*'* 


ias  integrals,  which  are  valid  over  the  plane  and  have  2=00  for 
ibheir  sole  essential  singularity.  We  now  proceed  to  shew  that 
they  are  uniform  over  the  plane. 

Substituting  in  the  original  differential  equation,  we  have 

(a  +  c  cos  2*)  3>2  -  i<fc'2  +  |4><I>"  +  M*  =  0 ; 

28—2 
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so  that,  as  M  in  general  is  not  zero,  any  root  of  4>  =  0  is  a  simple 
root.  Let  k  denote  such  a  root :  then 

M -¥&(*)' 

Now  let  z  describe  a  simple  closed  contour,  including  k  and  no 
other  root  of  <X>  =  0,  and  passing  through  no  root  of  <I>  =  0.  Then, 
at  the  end  of  the  contour,  {<!>  (z)]l  has  changed  its  sign.  As  for 
the  exponential  factors  in  G  (z)  and  Gl  (z),  they  are  multiplied  by 


respectively,  the  integral  being  taken  round  the   contour,  that , 
is,  they  are  multiplied  by 

liri 

±  W(k)  ,, ... 
•        >V(k) 

t 

that  is,  by  —  1.  Thus  G  (z)  and  Gl  (z}  are  unaffected  by  the 
contour ;  they  are  therefore  uniform  in  the  vicinity.  Moreover, 
in  the  immediate  vicinity  of  k,  we  have 


so  that 

G(z)  = 


so  that  A;  is  a  simple  root  for  one  of  the  integrals  and  it  is  not  a  • 
root  for  the  other.  Similarly,  in  the  vicinity  of  any  other  root  of 
<£  =  0 ;  hence  G  and  Gl  are  uniform  over  the  whole  plane. 

Now  take  any  path  from  z  to  z  +  TT,  for  TT  is  the  period  for 
the  original  equation.     We  have 

3>(z)  =  F(cos2z), 
where  F  is  uniform  ;  hence 

<£  (z  +  TT)  =  4>  (z),     {<&  (z  +  TT)}*  =  (—  l)r  {<!>  (z)}^, 

where  r  is  0  or  1,  depending  upon  the  path  from  0  to  TT.     The 
effect  upon  the  exponential  factor  of  G  (z}  is  to  multiply  it  by 

'-*!**& 

e      )•    *(2). 
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We  know  that  3>(z)  is  regular  over  the  whole  plane,  that  it  is 
periodic  in  TT,  and  that  it  has  only  simple  roots ;  hence,  taking  a 
path  between  z  and  Z  +  TT,  that  nowhere  is  near  a  root,  we  can 

expand    ,  ,  -.   in  the  form 


•--    ,    r 4-1    v>n^        « 

$(*)  -00 

valid  everywhere  in  the  range  of  integration.     Then 

-MI^W) 
e  =e        s   ; 

and,  consequently,  if 

then 

n  /  _  i      \ 
Lr  ( *  ~r  7T) 

Similarly 


i  Hence  G  and  Gl  are  the  two  periodic  functions  of  the  second  kind, 
which  are  integrals  of  the  original  equation*  ;  and  they  have  been 
proved  to  be  uniform  functions,  regular  everywhere  in  the  finite 
part  of  the  plane. 

Ex.     Shew  that  the  equation 


has  two  particular  integrals  the  product  of  which  is  a  single-valued  trans- 
•  cendental  function  F(z)  ;  and  shew  that  the  integrals  are 


exp 
F 


-    --    - 
{z  (1  -  z)}*  F  (2)J 

i  where  C  is  a  determinate  constant.     In  what  circumstances  are  these  two 
l  particular  integrals  coincident  1  (Math.  Tripos,  Part  n,  1898.) 

140.     The  multipliers  a  and  —  are   thus   the   roots   of  the 

/* 
equation 

n2  -  /n  +  1  =  o, 

*  This  inclusion  of  Lindemann's  special  result  within  the  general  theory  is  due 
to  Stieltjes,  Astr.  Nachr.,  t.  cix  (1884),  pp.  147,  148. 


438  INVARIANT   OF  THE    EQUATION  [140. 

where  the  invariant  /  of  the  period  o>  is 


Another  expression    for   this   invariant,  consequently  leading  to  i 
another    mode  of  obtaining  these  multipliers,  has  already  been 
given  in  Ex.  1,  §  127.     Both  processes  are  dependent  upon  the 
determination  of  simple  special  solutions  of  the  original  differential 
equation. 

Another  method  of  proceeding  is  as  follows.     Let 

fjt,  =  e7*11, 
so  that 

oih(z+ir)  —  ..aihz  • 

V  A*C/  - 

so  that,  if 

then,  as  G  (z}  is  a  uniform  function  of  z,  regular  over  the  whole 
plane,  ®  (z}  is  a  uniform  periodic  function  of  the  first  kind,  regular 
over  the  whole  plane ;  and  TT  is  the  period.  Hence  we  have 


and  therefore 


Now  in  the  vicinity  of  z  =  0,  the  integral  y0  is  even  and  yl  is  odd  : 
hence  G  (z)  contains  both  odd  and  even  parts.  The  form  of  the 
differential  equation  shews  that,  if  f(z)  is  an  integral,  then/(—  z) 
also  is  an  integral  ;  hence,  as  G  (z)  exists  over  the  finite  part  of 
the  plane,  G  (—z)  also  is  an  integral.  Hence,  taking 

=  %  [G(z)+G(-z)}  cos  a  +  \i  {G  (z)  -G(-  z)}  sin  a 

W—  oo 

=   2  KH  cos  {(2n  +  h)z+  a], 


-co 


where  a  is  an  arbitrary  constant,  it  follows  that  H(z}  is  an  inte£ 
of  the  original  equation,  which  exists  for  all  finite  values  of  z. 
Substituting  in  the  differential  equation,  and  noting  that 

cos  2z  cos  {(2n  +  h}  z  +  a} 

=  £  cos  {(2n  -  2  +  h)  z  +  a]  +  \  cos  {(2w  +  2  +  h)  z  +  a], 
we  have 

2  [{a  -  (2n  +  h)2}  icn  +  ^c  («„_!  +  *n+1)]  cos  {(2n  +  h)  z  +  a}  = 
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as  an  equation  which  must  be  identically  satisfied ;  hence 

{a  -  (2n  +  A)2}  Kn  +  ^c  (*„_!  +  Kn+1)  =  0, 
for  all  values  of  n  from  —  <x>  to  +  oo  . 

The  mode  of  dealing  with  this  infinite  set  of  equations  by 
means  of  infinite  determinants  has  been  indicated  in  a  preceding 
chapter,  and  much  of  the  analysis  of  the  first  example  in  §  126 
is  directly  applicable  here :  so  we  shall  not  further  discuss  this 
mode  of  obtaining  h  and  the  ratios  of  the  coefficients  K.  There  is, 
however,  another  method  of  obtaining  these  quantities :  it  is  due 
to  Lindstedt*  and  is  specially  adapted  to  the  differential  equation 
under  consideration,  for  purposes  of  approximation  when  c  is  con- 
veniently small.  Writing 

«M=2(2n  +  A)2-2a, 
we  have 


j   •     f 


/» 

Owing  to  the  form  of  --  for  increasing  values  of  r,  it  is  easy  to 
ar 

prove  that  this  infinite  continued  fraction  converges,  for  all  values 
of  n.     We  therefore  have 

c      c2     c2 


*o       1-1-1-" 
Similarly 

c           c2  c- 


C£_ n   a_nOL_n_i   Q— n— \Q--n— 


i  ** — n — 2  i    •     /* 

- — — ...  ad  inf., 


/c_n+1      1  -       1  -  1  — 

Mem.  de  VAcad.  St  Petersbourg,  t.  xxxi  (1883),  No.  4. 
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which  is  a  converging  continued  fraction  ;  and,  in  particular, 


«_4_    0_i     g-^-g    g-2«-3  ,    .      „ 

K0  1  -          1   -  1  - 

But,  from  the  fundamental  difference-equation, 
*i_+_*_i_     h?-a  _aQ 

KQ  C  C     ' 

therefore 

c2     c2  c2        c2          c 


ftp  fl— i  Q— !  a_2  tt— 2QC— 3 

—  —  TI       •—   —    ~ 

a  transcendental  equation  to  determine  h,  which  of  course  is 
equivalent  to  the  corresponding  equation  arising  out  of  the 
vanishing  of  the  infinite  determinant  D  (p). 

V) 

Denoting  the  first  continued  fraction  by  -  and  the  second  by 

/ 
*7 ,  so  that  these  values  may  be  regarded  as  convergents  of  infinite 

order,  we  easily  find 


r.2  r         oo 

paiJl|i-j2 


00  00 

2     2 

r=2  s=r 


oo  oo  oo  /<2  x.2  />2 

•22      2  I  ... 

oo          /»2  oo  QO  «2  /»2 

V  i     V         V 

oo          oo  oo  g2  x.2  g2 

r=l  «=r+2  <=«4 


the  values  of  p'  and  </  are  derivable  from  the  expressions  in  p 
and  <?  respectively,  by  changing  «M  into  a_M  (for  all  values  of  /*) 
wherever  aM  occurs. 

The  equation  manifestly  lends  itself  easily  to  successive  aj 
proximations.     Thus,  if  we  neglect  c4  and  higher  powers,  we  havt 

^ I 


which,  to  this  order  of  approximation,  gives 


1  —  a 
The  calculation  of  the  coefficients  can  similarly  be  effected. 
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Ex.  1.     Prove  that,  up  to  sixth  powers  of  c  inclusive, 

-i  JL^        c2  c4       15a2-35«+8 

+ 16  aT(l  -  a)      1024  a2  (1  -  a)3  (4  -  a) 

c6      105a5-  1155a*  +  3815a3-4705a2  +  1652a-288 


16384  «3(l-a)&(4-a)2(9-a) 

(In  astronomical  applications,  a  is  usually  not  an  integer,  and  c  is  small  com- 
pared with  a.)  (Poincare,  Tisserand.) 

Ex.  2.     Taking  «c0=l,  arid  writing 

hz  +  a  =  Z, 
prove  that,  up  to  c3  inclusive, 


( 


(Jc)2  f  cos(2r+4g)         cos  (Z-  4g)  1 
T! 


'          Of          1  /I      i      -A    /C\     i      -A  /O     i      _A      I 


where  q*=a.  (Poincare",  Tisserand.) 

Ex.  3.  In  the  investigation  of  §  138,  the  quantity  M  is  supposed  to  be 
different  from  zero.  When  M  is  zero,  the  integrals  Q  (z)  and  Cfl  (z)  are 
effectively  the  same ;  and  neither  of  them  is  uniform,  so  that  the  remainder 
of  the  investigation  does  not  apply. 

Discuss  the  case  when  M=0.  (Heine.) 


EQUATIONS  WITH  UNIFORM  DOUBLY-PERIODIC  COEFFICIENTS. 

141.  We  proceed  now  to  the  consideration  of  linear  equations, 
the  coefficients  in  which  are  uniform  doubly-periodic  functions  of 
the  independent  variable.  Let  the  equation  be 

dmw 


where  p1}  ...,  pm  are  uniform  functions  of  z,  which  have  no 
essential  singularity  in  the  finite  part  of  the  plane  and  are 
doubly-periodic  in  periods  &>  and  &>',  such  that  the  ratio  of  &>'  to  a> 
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is  not  purely  real.     A  fundamental  system  of  integrals  exists  in 
the  domain  of  any  finite  value  of  z,  and  may  be  denoted  by 

/,(*),  /,(*),  ...,/«(*), 
which  accordingly  are  linearly  independent  of  one  another. 

The  differential  equation  is  unaltered  when  z  +  ft)  is  writtei 
for  z :   hence 

//*     i          \        •/*    / -.     i          \  J?      /  \ 

,(?  +  <*>),   Jz(Z  +  0>),    •••,   Jm(Z+Q>) 

are  integrals  of  the  equation  and,  as  in  §  128,  they  constitute 
a  fundamental  system  of  integrals.  Similarly,  as  the  differentia 
equation  is  unaltered  when  z  +  a/  is  written  for  z, 


constitute  a  fundamental  system  of  integrals.  Choosing  therefore 
a  region  common  to  the  domains  of  these  three  fundamental 
systems  (a  choice  that  always  can  be  made  because  the  singu- 
larities of  the  integrals  are  isolated  points,  finite  in  number 
within  any  limited  portion  of  the  plane),  we  have  relations  of  the 
form 

fi   (z  +  &  )  =  Oil  fi  (z)  +  •  •  •  +  Oim  fm  (z) 


...+  ammfm(z)  . 

...+  blm  fm  ( 


fm  (z  +  w')  =  bmlfl  (*)  +  ...+  bmmfm  (z)  , 

valid  within  the  region  chosen.  The  coefficients  a  are  constant, 
and  their  determinant  is  not  zero  ;  the  coefficients  6  also  are 
constant,  and  their  determinant  also  is  not  zero.  The  two  sets 
of  relations  may  be  represented  in  the  form 


where  S  and  S'  denote  the  linear  substitutions  in  the  relations. 

The   coefficients   in    the    two   substitutions   are  not  entire 
independent  of  one  another.     We  manifestly  have 

fr{(z  +  0>)+  0>'}  =fr  {(Z  +  ft)')  +  ft)}, 

for  all  values  of  r.     The  symbolic  expression  of  this  property  is 
/{(,  +  «)  +  »'}  =  S'f(z  +  ft)  )  =  S'Sf(z), 
f{(z  +  to')  +  w  }  =  Sf(z  +  «')  =  SS'f(z), 
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so  that 

88'=8'8, 

or  the  linear  substitutions  are  interchangeable.  The  explicit 
expression  of  relations  between  the  constants  is  obtainable  from 
the  equation 

bnfi  (*  +  <»)  4-  &«/a  (z  +  0>)+...+  &rm/m  (z  +  «) 
=  fr  (Z  +  CO  +  to') 

=  Onfi  (z  +  <o')  +  an/a  (z  +  to')  +  . . .  +  Ormfm  (z  +  &>'). 
by  substituting  for  the  functions  f(z  +  o>)  in  the  left-hand  side 
and  the  functions  f(z  +  to')  in  the  right-hand  side.  The  result 
must  be  an  identity,  for  otherwise  there  would  be  a  linear  relation 
between  the  members  of  the  fundamental  system  fi(z),  ...,fm(z); 
hence,  comparing  the  coefficients  of  fa  (z)  on  the  two  sides  after 
substitution,  we  have 

bnals  +  6r2aM  4-  . . .  +  ^rm^m*  =  «n&is  +  «r2&2*  +  •  •  •  +  «rwi^wi« 

==  crs, 

say.  This  holds  for  the  ra2  equations  that  arise  from  the  values 
r,  s=  1,  ...,  m.  Of  the  m2  equations,  only  m?  —  m  are  independent 
of  one  another,  a  statement  the  verification  of  which  (alike  in 
general,  and  for  the  special  values  m  =  2,  m  =  3)  is  left  to  the 
reader:  it  can  also  be  inferred  from  some  equations  which  will 
be  obtained  immediately.  The  number  of  the  relations  is  less 
important,  than  their  existence  and  their  form,  for  the  establish- 
ment of  Picard's  theorem  relating  to  integrals  with  the  character- 
istic property  of  doubly-periodic  functions  of  the  second  kind. 

Consider  a  linear  combination  of  the  members  of  the  funda- 
mental system  in  the  form 

F(e)  =  \lfl(z)  +  \2/2(*)  +  ...  +  \mfrn  («), 

where  \  will  be  taken  as  equal  to  unity  when  it  is  not  bound  to 
be  zero;  and  let  the  constants  X2,  ...,  \m  be  chosen  so  that,  if 
possible,  the  relation 


is  satisfied,  6  being  some  constant.     To  this  end,  we  must  have 

A»2    C/  ==  A»j  $12     "T"  ^2  ^22     ~T~  A^g  '/.;•>     ~j~  •  •  •  "T" 


2m  4-  Xj&3TO  4-  ... 
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and  therefore 
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[141. 


=  0, 


the  equation  satisfied  by  0. 

As  in  the  case  of  the  single  period  in  §  128,  it  may  be  provec 
that  this  equation  is  independent  of  the  original  choice  of  the 
fundamental  system  of  integrals  fi(z),  ...,  fm(z).     The  coefficient 
of  the  various  powers  of  0  are  therefore  invariants,  and  the  equs 
tion  is  called  the  fundamental  equation  for  the  period  co. 


Now  let 


X.J&21 


f*"m  — 


+  X803m  +  ...  + 


Multiply  the  earlier  equations,  which  define  the  quantities  X,  and 
lead  to  the  equation  £1(0)  =  0,  by  blr,  b^,  ...,  bmr  respectively,  and 
add:  then 


i  blr 


bmr) 
amr) 


.  .  .  +  bmmamr) 

=        Xj  alr  &  +  azrfJv  +  «3r  ^3  +  •  •  •  +  Omr  /J,m. 

This  holds  for  all  values  of  r  ;  and  thus  we  have 


/y 


n         t-n  -U 

ni   1*22     T    ^/  «*32     T  •  •  •  T    /y 


"37  0  —  A,a  alm  +  -,- 


-57 
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When  these  are  compared  with  the  earlier  equations,  we  have 
uniquely 


for  all  values  of  r;  and  therefore  the  same  values  of  \2,  ...,  \m, 
that  enable  the  equations  'connected  with  the  period  <w  to  be 
satisfied,  lead  to  the  equations 


A,o  C7    = 


~r 


')  =  Vi  (z  +  *>') 
=  ff  [\,f,  (z)  +  \2/2  (z)  +  .  .  .  +  Xmyw  (z)} 


Hence 
F(z 


on  using  the  preceding  equations.  Moreover,  this  multiplier  & 
satisfies  the  equation 

—  fl'h  h  —  0 

i        •/  i  v<r\        »  •  •  -i  "mi  —  Wi 


Vi 


,     .  . . ,     Omm        17 


This  equation,  like  H  (6)  =  0,  is  independent  of  the  initial  choice 
of  the  fundamental  system  of  integrals  /i(X),  ...,  fm(z),  the  proof 
being  similar  to  that  in  §  128.  The  coefficients  of  the  various 
powers  of  &  are  therefore  invariants;  and  the  equation  is  called 
the  fundamental  equation  for  the  period  w. 

The  term  independent  of  6  in  fl  (0),  and  the  term  independent 
of  6'  in  O'  (9'),  can  be  obtained  simply.  Let  A  (z)  denote  the 
determinant 


^m~1/i     dm~lfi 

*m~  J  m 

dzm~l)     dzm~1' 

d^~l 

df,          df3 
dz           dz 

dfrn 

dz 

f             f 

l\     >      Ji      >  •••> 

fm 
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then,  as  in  §  9,  we  have 

A(*)  =  A«) 
Hence 

/z+ 

-v-      -          x  ,-.,-*• 

so  that 


r* 

I    Pi(x)dx 

ZJ  Za 


and  similarly 

A  (z  +  w') 


where  we  manifestly  may  assume  that  the  path  of  integration 
does  not  approach  infinitesimally  near  the  singularities  of  p^ 
Now  pl  is  a  uniform  doubly-periodic  function  with  no  essential 
singularity  in  the  finite  part  of  the  plane;  if,  therefore,  a^,  ...,  an 
denote  its  irreducible  poles,  and  if  %(z)  denote  the  usual  Weier- 
strassian  function  in  the  same  periods  eo  and  o>'  as^,  we  have* 


r=l  r=l 

~        d?S(z-ar) 

+          Cr~~ 


with  the  condition 
Now 


/  \j  ,    v     i    i 

p1  (as)  dx=Ca>+  2  Ar  log 

r=l 


r=l 


r=l 


=  C(a  +  2t  Ar  [ITT  +  770)  +  2r)  (z  — *"ar)}  +  S 

r=l  r=l 

»  n 

=  Go)  —  2rj  S  -4rar  +  2?;  X  Br=  D, 

r=l  r=l 

*  T.  F.,  §  129. 
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say ;  and  similarly 

f  "  pl  O)  dx  =  Cfo'  -  2r)'  |  Arar  +  2*;'  |  Br  =  D', 

Jz  r=l  r=l 


say.  But,  substituting  in  A  (z  +  &>)  the  expressions  for  f1  (z  +  &>), 
...,  fm(z  +  <0)  and  their  derivatives  in  terms  offl(z),  ...,  fm(z) 
and  their  derivatives,  we  have 

A  (z  +  o>) 


which  is  the  non-vanishing  constant  term  in  O  (0).     Thus 
and  similarly 

;e.»'+><.  +  (_;i)™0'm 


In  particular,  when  p^  is  zero,  so  that  the  dififerential  equation 

dm 

-= 

ciz 


d~w 
has  no  term  in  -=—  -  —  ,  we  have  D  =  0,  D'  =  0  :  and  then 


INTEGRALS  WHICH  ARE  DOUBLY-PERIODIC  FUNCTIONS  OF  THE 
SECOND  KIND. 

142.  Let  0  be  a  root  of  the  equation  fl  (0)  =  0.  Then  quanti- 
ties \2,  ...,  \w  exist  such  that  the  equations  leading  to  fl(#)  =  0 
are  satisfied ;  and  a  quantity  6'  is  obtained,  when  the  values  of 
X,,  ...,  \m  are  substituted  in  its  expression.  It  thus  follows 
that  there  is  an  integral  F(z)  of  the  differential  equation  such 
that 


where  6  and  6'  are  constants.  Such  a  function  is  called*  doubly- 
|  periodic  of  the  second  kind :  and  therefore  it  follows  that  a  linear 
1  differential  equation,  which  has  uniform  doubly-periodic  functions 
for  its  coefficients,  possesses  an  integral  which  is  a  doubly -periodic 
function  of  the  second  kind :  a  result  first  given  by  Picard. 

*  T.  F.,  §  136. 
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When    6  is   a   simple   root   of  the   equation  £1(0)  =  0,  then  i 
\2,  ...,  \m  are  uniquely  determinate:  and  6'  is  uniquely  determ-  ] 
inate.     When   6   is    a    multiple    root  of  its  equation,  quantities 
Xj,   ...,  \m  exist   satisfying  the  associated   equations   but   they] 
are  not  uniquely  determinate  :  and  assigned  values  of  X2,  ...,\n 
determine  6'.    Similarly  for  &  as  a  root  of  the  equation  H'  (6'}  =  0. 
Combining  these  results,  we  have  the  theorem*  : 

A  linear  differential  equation,  having  doubly  -periodic  functions  ' 
for  its  coefficients,  possesses  at  least  as  many  integrals  which  are  I 
doubly-periodic  functions  of  the  second  kind  as  either  of  the  equa- 
tions fl  (6)  =  0,  O'  (0')  —  0  has  distinct  roots. 

By  using  the  elementary  divisors  of  £1  (6)  =  0,  we  can  obtain 
a  more  exact  estimate  of  the  number  of  integrals  which  are 
periodic  functions  of  the  second  kind,  associated  with  a  multiple 
root. 

Let  6l  be  a  root  of  £1(0)  =  0  of  multiplicity  X1}  and  let  ?ij  be  i 
the  number  of  different  elementary  divisors  of  O  (0)  which  are 
powers  of  6  —  01,  so  that  the  minors  of  fi  (9)  of  order  n^  are  the 
first  in  successively  increasing  order  which  do  not  vanish  simul- 
taneously when  0  =  6l.  Then  (§  133)  the  number  of  integrals, 
which  satisfy  the  equation 


is  precisely  equal  to  n±. 

*  These  equations  appear  to  have  been  considered  first  by  Picard  in  general; 
see  Comptes  Rendus,  t.  xc  (1880),  pp.  128—131,  293—295;  Crelle,  t.  xc  (1880), 
pp.  281—302. 

Their  properties  were  further  developed  by  Floquet,  Comptes  Rendus,  t.  xcvm 
(1884),  pp.  82  —  85,  Ann.  de  VEc.  Norm.  Sup.,  3me  Ser.,  t.  i  (1884),  pp.  181—238, 
which  should  be  consulted  in  connection  with  many  of  the  following  investigations. 

A  proof  of  Picard's  theorem,  different  from  that  in  the  text,  is  given  by  Barnes, 
Messenger  of  Mathematics,  t.  xxvn  (1897),  pp.  16,  17. 

Investigations  of  a  different  kind,  leading  to  equations  the  primitives  of  which 
are  expressible  in  terms  of  doubly-periodic  functions,  are  carried  out  in  Halphen's 
memoir  "Sur  la  reduction  des  Equations  differentielles  lineaires  aux  formes 
inte"grables,"  Mem.  des  Sav.  Etrang.,  t.  xxvm  (1882),  No.  1,  301  pp.  ;  particularly, 
chapters  n  and  ix. 

The  most  important  equation  of  the  type  under  consideration  is  the  general 
form  of  Lame's  equation.  It  had  been  considered  by  Hermite,  previous  to  Picard's 
investigations;  and  it  has  formed  the  subject  of  many  memoirs,  references  to  some 
of  which  will  be  found  in  my  Theory  of  Functions,  §§  137  —  141. 
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Moreover,  in  that  case,  Wj  of  the  equations  in  §  141  for 
determining  the  quantities  X  are  dependent  upon  the  remaining 
—  nl.  Let  the  last  m  —  n^  be  a  set  of  independent  equations, 
determining  Xni+1,  ...,  Xm  in  terms  of  X1;  X2,  ...,  X7li ;  and  suppose 
that  the  expressions  are 

*\        —    Is»       "\          I       ]/»       '\^      1      j/t       ~\          I  I       j/t  "\ 

for  s  =  Wi  +  1,  MX  +  2,  ...,  m.     Then 
where 

m 
ffr(z)=fr(z)+    _2       k^.fs(z\ 

for  ?•  =  !,  2,  ...,  Wjj  and  each  of  the  functions  glf  ...,gni  is  such 
that 

As  regards  the  possible  multiplier  #/  for  the  other  period,  we 
have 

(/i  =  XjOu  -f-  A2021  +  Xs^j  -|-  . . .  +  Xm6TO1 

(say,  where 

m 

S=M,+1 

land  the  effect  upon  F  (z)  of  the  increase  of  argument  by  the 
period  &>'  is  given  by 

77f/^      I      ,    /\  O  I     f/.,\ 

J}   \Z  +  W  )  =  t/j    J"  ^2^. 

Now  ^/  is  not  zero,  for  it  is  a  root  of  fl'  (#')  =  0  which  has  no 
izero  root ;  and  therefore  not  all  the  quantities  Bl}  B2,  ...,  Bni  can 
i  vanish.  Let  Blt  B2>  ...,  Bg  be  those  which  do  not  vanish ;  then  we 

have 


;  Xi#j  (z  +  ca)  +  X^  (z  +  w)  +  . . .  +  \Uigni  (z  +  &>) 

=  (Xj B,  +  X2£2  +  . . .  +  X8 B8)  {\lffl  (z)  +  Xtf,  (*)  +  ...+  X,,,^,  (z)}. 

j  As  some  one  of  the  quantities  \lt  Xo,  ...,  XTli  is  not  zero  (for,  thus 
far,  all  these  quantities  are  arbitrary),  we  shall  take  Xj=l.  In 
order  that  this  equation  may  hold,  we  assign  definite  values  to 
X2,  ...,  Ag ;  we  write 

BI  +  \zB2  +  . . .  +  X,  Bs  =  BI, 

ffl  (z)  +  X25r2  (*)+...+  \,gt  (z)  =  G  (z), 

F.  iv.  29 
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and  then,  as  Xg+1,  ...,  Xni  can  remain  arbitrary,  we  have 


for  r  =  s  +  l,  ...,  Wj.     Moreover,  on  account  of  the  composition 
G(z),  we  have 

G(z  +  w)  =  0G  (z), 
and  we  had 

gr(z  +  ca)  =  0gr(z). 

Accordingly,  the  number  of  integrals,  which  are  doubly-periodic 
functions  of  the  second  kind  and  are  associated  with  the  multiple 
root  6l  of  the  fundamental  equation  n(#)  =  0,  is 

1  -f-  tt!  —  s, 

where  n^  is  the  number  of  elementary  divisors  of  fl(0)  which  are 
powers  of  d  —  01}  and  s  is  the  number  of  quantities 

m 
bn+      2      kgrbn 

«=n,+l 

which  do  not  vanish,  so  that  0  <  s  <  Wj. 

143.  We  now  can  indicate  the  total  number  of  integrals, 
which  are  doubly-periodic  functions  of  the  second  kind. 

Let  61  be  a  root  of  multiplicity  Xx  of  H  (9)  =  0,  and  let  it  give 
rise  to  n^  elementary  divisors  of  fl  (6)  which  are  powers  of  9  —  0^  ; 
and  let  s1  be  the  number  of  quantities 

m 

brl  +     2     k^ 


in  the  preceding  investigation  which  do  not  vanish,  so  that 

0  <sl^n1^\1. 

Let  02,  63,  ...  be  other  multiple  roots;  and  let  Xj,  n2,  sz;  X3, 
s3  ;  .  .  .  be  the  numbers  for  them,  corresponding  to  Xa  ,  nT  ,  Sj  for  6l  ; 
that 


Then  the  number  of  integrals,  which  are  doubly-periodic  functior 
of  the  second  kind,  is 

(l+nr-sr). 


r=l 
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In  particular,  if  the  roots  of  H  (0)  =  0  be  all  distinct  from  one 
another,  a  fundamental  system  can  be  composed  of  m  integrals, 
each  of  which  is  a  doubly-periodic  function  of  the  second  kind; 
the  constant  multipliers  are  the  m  roots  of  n(#)  =  0,  and  the 
corresponding  quantities  &  derived  from  them,  these  quantities  6' 
themselves  satisfying  the  equation  ft'  (ff)  =  0. 

Moreover,  the  relation  between  the  equations  satisfied  by  6 
and  \i,  ...,  \n,  and  the  equations  satisfied  by  &  and  \,  ...,  \m, 
is  reciprocal ;  for  each  set  can  be  constructed  from  the  other  as  in 
i§  141.  Hence,  if  either  of  the  equations  ft  (0)  =  0  and  ft'  (0')  =  0 
has  all  its  roots  distinct  from  one  another,  there  is  no  necessity  to 
take  account  of  possible  multiplicity  of  the  roots  of  the  other,  so 
far  as  the  present  purpose  is  concerned :  the  implication  merely 
is  that  one  of  the  two  multipliers  has  the  same  value  for  several 
of  the  integrals. 

Further,  if  6  and  6'  are  two  associated  multipliers,  each  of 
them  arising  as  repeated  roots  of  their  respective  equations,  we 
shall  suppose,  for  the  same  reason  as  in  the  preceding  case,  that 
the  construction  of  the  doubly-periodic  functions  of  the  second 
kind  is  initially  associated  with  that  one  of  the  two  equations 
which  has  the  repeated  root  in  the  smaller  multiplicity. 


MULTIPLE  ROOTS  OF  THE  FUNDAMENTAL  EQUATIONS  AND 
ASSOCIATED  INTEGRALS. 

144.  We  have  now  to  consider  the  form  of  the  integrals 
associated  with  a  multiple  root  of  ft  (6)  =  0,  the  fundamental 
equation  for  the  period  <w ;  and  we  assume  that  the  correspond- 
ing root  of  ft'  (0')  =  0  is  also  multiple,  to  at  least  as  great  an 
order  of  multiplicity.  Denoting  this  root  by  0,  and  the  corre- 
sponding root  of  ft'  (#')  =  0  by  0',  we  know  that  there  certainly 
is  one  integral,  which  is  doubly-periodic  of  the  second  kind  and 
has  multipliers  0  and  0' ';  let  it  be  denoted  by  <£,,  so  that 

&  (*  +  «)  =  %  (*),     0,  (z  +  »')  =  fffr  (*). 

Considering  the  integrals  first  in  relation  to  the  period  <w,  we 
know  (§  134)  that  the  number  of  them  associated  with  the 
multiple  root  0  is  equal  to  the  order  of  multiplicity  of  0 :  and 

29—2 
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further,  that  this  group  of   integrals   is  linearly  equivalent   to  I 
sub-groups  of  integrals  of  the  form 


=    4  4- 


the  aggregate  number  of  integrals  in  the  various  sub-groups  is 
equal  to  the  order  of  the  multiplicity  of  6,  and  each  of  the 
functions  <£  is  such  that 


</>  (z  +  <u)  =  Q$  (z). 

In  these  integrals,  </>2  can  have  any  added  constant  multiple  of 
^5  also  <£3  can  have  any  linear  combination  of  constant  multiples 
of  </>2  and  <£i  ;  and  so  on.  All  the  functions  <f>,  so  changed,  still 
have  the  multiplier  6  for  the  period  w. 

Now  M!  has  the  multiplier  6'  for  the  period  <w'.  The  simplest 
case  arises  when  some  other  integral  of  the  group,  say  ur,  also  has 
this  multiplier  Q'  for  the  period  &/  :  for  then  all  the  intervening 
integrals  have  this  multiplier  for  the  period  w.  What  is  neces- 
sary to  secure  this  result  is  that,  first, 

fa  (z  +  to')  +  (2  +  w')  &  (z  +  a)  =  &  [fa  0)  +  zfa  (z)}, 
that  is, 

</>2  (z  +  &/)  +  &)'</>!  (z  +  to')  =  fffa  (z), 

and  therefore 


a,  = 


0j  (Z 

Secondly,  we  must  have 

<£3  (z  +  w)  +  2(z  +  &>')  </>2  (z  +  to')  +  (z  +  &)')2  <k  0  +  a/) 


which,  in  connection  with  the  preceding  equations,  is  satisfied  if 

O>3  \Z   -)-   ft)    )   -J-    2ft)  (Da   \JZ   -J-   ft)   )  ~\-   ft)  "(f^  (.2  -f-   ft)  )   =   0  0)3  (^^ 

that  is,  if 

A.    ( *,    I     ,.'\    ""  ^1    /_  I/\    '     ®  ~oT/_\w 
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Similarly,  we  must  have 

/     j     o      f   j^3  \  /     |^  Q      /2  T*  \*     I  /     |          /g T^  *      / 

7^  -|-  Oto            ,  ,,    -t-  Oto       ,-7—      ./\  +  G>     =    .     ,    x> 


"j  —  7  —    —  7\    '  TZ    7  f\    '    ""'      j  ~~7  /\ 

fa  (Z  +  to  )  0!  (£  +  to  )  $1  (Z  +  CD  ) 

and  so  on. 

Let  %(z)  denote  the  usual  Weierstrassian  ^-function,  with 
periods  a>  and  &>';  and  let  rj,  tj'  denote  the  increments  of  %(z)  for 
an  increase  of  z  by  the  respective  periods,  so  that  we  have 


the  sign  being  the  same  as  that  of  the  real  part  of  &>'  -r-  iw.     Then, 
if  a  function  u  (z)  be  defined  by  the  equation 


we  have 

U  (Z  +  to  )  =  U  (z), 
U  (Z  +  to')  =  U  (z)  - 

Then  we  have 

fr(*  +  q!)  +  tt  (5  +  w')  =  v*^y  +  u  ^ 

that  is,  the  function  on  the  right-hand  side  is  periodic  in  to'. 
Moreover,  fa  and  fa  have  the  same  multiplier  for  &>,  and  u  (z)  is 
periodic  in  «;  hence  the  function  on  the  right-hand  side  is 
periodic  in  w  also.  It  thus  is  a  doubly-periodic  function  of  the 
first  kind ;  denoting  it  by  i/r2,  we  have 


'so  that  $1^2  is  a  doubly-periodic  function  of  the  second  kind, 
with  the  same  multipliers  as  fa,  viz.  0  and  0'. 

Similarly,  we  have 

fa  (z  +  o>')  ,N  fa  (z  +  &>')      ,    /          ,.} 

—  (  +  2u  (z  +  «  )  ^  --  x  +  (u  (z  +  to  )}• 

<^)l  (Z  +   to  )  0!  (2  +  W  ) 


so  that  the  function  on  the  right-hand  side  manifestly  is  periodic 
in  to' ;  and  it  is  periodic  in  w  on  account  of  the  properties  of  u  and 
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the  functions  fa     Denoting  this  doubly-periodic  function  of  the 
first  kind  by  i/r3,  we  have 

fa  =  fa^3-  2  W<£i  -V/To  +  M2  fa  . 

And  so  on  in  succession.     The  group  of  integrals,  in  the  case 
suggested,  can  be  represented  in  the  form 


%4  - 


where  the  functions  ^>1}  %2,  %s,  %4,  •  ••  are  doubly-periodic  functions 
of  the  second  kind  with  the  multipliers  6  and  6',  and 


145.  Returning  now  to  the  less  simple  case,  when  not  more 
than  one  of  the  integrals  associated  with  the  corresponding 
multiple  roots  can  be  assumed  to  be  doubly-periodic  of  the  second 
kind,  we  know  that  one  integral  certainly  exists  in  the  form  of  a 
doubly-periodic  function  of  the  second  kind  with  the  multipliers  0 
and  ff.  Denoting  it  by  fa(z),  we  use  it  to  replace  some  one  of 
the  integrals,  say  f^  (z),  in  the  fundamental  system,  which  then 
becomes 

fa(z),  /,(*),  ...,  /,„(*). 

We  have 


fa 


(Z 


=  C2l  fa  0) 


f 


fm  (z+(o)  =  Cml  fa  (Z)  +  Cnw/s  (^)  +  .  .  .  +  Cmmfm  (* 

The  fundamental  equation  for  the  period  o>  is 

n  (x)  =  \  e  -  x,      o  ,    o  ,    ...,       o     |  = 

C-2i     ,     C$2  —  X,     C%a  ,       ••'  y  C.>jn 


and  so  0  is  a  root  of 


=  0, 


of  multiplicity  less  by  one  than  its  multiplicity  for  fl  (x)  =  0. 
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Similarly,  we  have  relations  of  the  form 

±     /  '\          Q?  J.     I  _\ 

u)j  ( Z  -\-  ft)  )  =  {/  u>i  v-*/, 

t/  *  \  /  -A    T^  \     '  *-~   »/  *  \     / 
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fm  (z\ 


/TO  0  4-  ft)')  =  rfjm^  (z)  +  dm2f2  (z)+  ...  +  dmmfm  (z) 

the  multiplier  &  being  a  root  of 

=  0, 


of  multiplicity  less  by  one  than  its  multiplicity  for  fl'  (x)  =  0. 

The  coefficients  Cy  and  dy  must  satisfy  conditions  in  order  to 
have 

/„  {(Z  +  ft)')  +  ft)}  =/«  {(*  +  ft))  +  ft)'}, 

for  all  values  of  K  :  these  conditions  are 


-*W, 

say,  with  the  limitations 

^     —  A      ,]     —  ff  •       r     ft      fl     —  ft     ifc-S.1 

C/n  —  I/,      wjj  —  I/     ,         Ojg  —  v/,      w/j^  —  v/,     11     o  ^  X. 

Owing  to  the  fact  that  6  is  a  root  of  fix  (#)  =  0,  quantities 
«s,  ...,  /cm  exist  such  that 

fj   IS  —       f*  ,lr       /*  j^  I  1  />  j^  JO      — -       ^4  'JTT,) 

^  =  C22  +  C32/C3+.. 


Let 


then 


J  = 


.,    4.          J_r7      v 
; /C3  f  ...  T^  W'jn2  "'OT  > 

r/e3+  ...  +rfmr/cm,       (r  =  3,  ...,  m); 

K    -4-  I    g         y^     \ 

. . .  +  Cma  Km) 

+  -I-   /^  !/•       ^ 

...  T  ^rmn^m/ 

f*      _|_  _1_  (if        C       } 


'    •  •  •  "T  Q"mm  C 
Car^-  +  CjrO-j  +  C^r<r^  +  . . .  +  Cmr<Tm  ; 
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and  therefore 

"  ^  ==  GST    >    @3r  "^    i    GUT  ^"    i    •  •  •  T  Cmr  -g—  , 

holding  for  all  values  of  r.     Comparing  with  the  earlier  equations  I 
in  c,  we  have 

Cf  f    — —     #sJ/C  f  y 

for  all  values  of  r ;  and  thus  the  second  set  of  equations  is 

^Kr  =  dv  +  d3rtca  +  . . .  +  dmrKm,  (r  =  3,  . . .,  m) 

Eliminating  the  quantities  K,  we  have 

so  that  &  is  the  value  of  S\ 
Now  consider  the  integral 

We  have 

=  (c21  +  K3c3i  +  ...  +  Kmcml)  fa  (.z)  +  Q~fe  (z) 

=  ci^fa  \z)  +  u^2  (z), 
say,  and 

X*  (Z  +  ft)')  =/2  (Z  +  ft)')  +  *8/3  (*  +  <*>')+...+  fCmfm  (Z  +  ft)') 


say.     When  a2  and  62  vanish,  ^2  is  doubly-periodic  of  the  seconc 
kind:  but  in  the  general  case,  «2  and  62  are  distinct  from  zer 
The  property 

%2  {(Z  +  ft))  +  ft)'}  =  ^2  K'2  +  ^O  +  Wl 

leads  to  no  relation  between  a2  and  62. 

If  the  multiplicity  of  9  as  a  root  of  fl  (6)  =  0  and  that  of 
a  root  of  fl'  (ff)  =  0  be   greater  than   2,  so  that  6  and  ^ 
multiple  roots  of  Hj  (a;)  =  0,  fl/  (a;)  =  0,  we  proceed  as  above.     The 
newly  obtained  integral  ^2  is  used  to  modify  the  fundament 
system  by  replacing /2,  say,  so  that  the  system  consists  of 

et\  f  f 
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Then,  in  the  same  way  as  above,  it  is  proved  that  an  integral  ^s 
exists  such  that 


X3  (z  +  w')  =  bsfa  +  daft  +  0'x3- 
Since 


we  find,  on  substitution, 
so  that  we  may  take 


where  X  is  any  parameter.  This  parameter  may  clearly  be 
absorbed  into  Xs  by  taking  ^3-r-X,  and  also  into  a3  and  63  by 
division.  Thus  our  integrals  <j>lt  x^>  Xs  are  such  that 


X3  (z  +  <w  )  =  da 


And  so  on,  until  a  number  of  integrals  is  obtained  equal  to  the 
lesser  of  the  orders  of  multiplicity  of  0  and  0'.  Thus  the  next 
integral  is  %4  (say),  where 

%4  (z  +  a  )  =  «'A  +  (a»  +'Xa2)  %2  +  a2%3  +  %,, 
%4  (^  +  a>')  =  &4<k  +  (63  +  X62)  %2  +  62%3  +  0'x*- 

146.  From  these  descriptive  forms,  we  can  proceed  one  stage 
towards  the  construction  of  an  analytical  form  of  the  integrals. 
For  this  purpose,  we  introduce  (as  in  §  144)  the  functions 


m  ig\  __  _|_ \—  z 


where  the  doubtful  sign  is  the  same  as  that  of  the  real  part  of 
w'-r-toj;  we  have 

u(z  +  w}  =  u(z)        |        v(z  +  «o  )  =  v(z)+ 
u(z  +  <»')  =  u(z)  +  1 J         v(z  +  &>')  =  v(z) 

Then  the  various  integrals  can  be  expressed  as  non-homogeneous 
polynomials  in  u  (z)  and  v  (z),  the  coefficients  of  which  are  doubly- 
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periodic  functions  of  the  second  kind,  with  0  and  &  for  multipliers. 
In  particular,  the  integrals  have  the  form 


x,  (z)  =  Fs  (z)  +  I,F2  (z)  + 
%4  (z}  =  F<  (z)  +  I,F3  (z)  + 


(z}  +  %I3F,  (z), 


and  so  on.  The  functions  F  are  doubly-periodic  of  the  second  kinc 
with  factors  6  and  #';  I1  is  a  polynomial  of  the  first  degree  in  u(z) 
and  v  (z)  ;  /2  and  «/2  are  polynomials  of  the  second  degree  in  the 
same  quantities,  having  1^  as  the  aggregate  of  their  terms  of  the 
second  degree  ;  I3  is  a  polynomial  of  the  third  degree  in  the  same 
quantities,  having  I?  as  the  aggregate  of  its  terms  of  the  thir 
degree  ;  and  so  on. 

To  prove  this,  we  note  in  the  first  place  that  fa  (z)  is  a  doubly- 
periodic  function  of  the  second  kind  with  the  multipliers  6  and  ff. 
As  for  ^2  (z),  we  have 

%2(*  +  o))  _  %«(*)      a, 
£(*  +  «)      ^(zy    6 

%s  (z  +  a>')      ; 


I/  /\  —  j./\/y' 

If  therefore  we  take  the  function  p.2l  (z),  where 

/  \  _  a2    /  -      ^2     / 
we  have 


and  therefore 


is  a  doubly -periodic  function  of  the  first  kind.     Let  F?(z)  denot 
the  product  of  this  function  and  <j>i(z);   then  F,(z)  is  doubly - 
periodic  of  the  second   kind  with  multipliers  6  and  6',  and  we 
have 
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Similarly,  if 


we  find 


I  to  be  a  doubly-periodic  function  of  the  first  kind.  Let  F3  (z} 
denote  the  product  of  this  function  and  fa  (z)  ;  then  F3  (z)  is 
doubly-periodic  of  the  second  kind  with  multipliers  0  and  #',  and 
we  have 


Xa  (z}  =  F3  (z)  +  p21  (z)  F2  (z}  +  |£p212  (z)  -  psl  (z)}  fa  (z). 
i  Similarly,  after  reduction, 


where  F^  {z)  is  a  doubly-periodic  function  of  the  second  kind  with 
multipliers  6  and  6',  pH(z)  is  a  polynomial  in  u  and  v  of  the  first 
degree,  and  j»42  (z)  is  a  polynomial  (not  homogeneous)  in  u  and  v 
of  the  second  degree. 

And  so  on,  in  general  :  the  theorem  is  thus  established. 


CONSTRUCTION  OF  INTEGRALS  THAT  ARE  UNIFORM. 

147.  Further  progress  in  the  effective  determination  of  the 
analytical  forms  of  the  integrals  on  the  basis  of  the  foregoing 
properties  is  not  possible  in  the  general  case.  When  particular 

i  classes  of  limitations  are  imposed  upon  the  coefficients  in  the 
original  differential  equation,  such  progress  might  be  possible  : 

put  it  frequently  happens  that  some  more  special  method  leads 

'Imore  directly  to  the  solution. 

The  simplest  case  is  that  in  which  the  equation  possesses  a 
uniform  integral,  or  in  which  the  equation  has  several  uniform 
jintegrals:  but,  of  course,  the  preceding  investigations  in  §§  141  — 
146  apply  to  all  equations  of  the  type  considered,  whether  they 
'have  uniform  integrals  or  not.  When  all  the  integrals  are 
uniform  (and  this  can  be  determined  independently  by  consider- 
ing their  forms  in  the  vicinity  of  the  singularities),  then  the 
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doubly-periodic  functions  of  the  second  kind  arising  in  the  pi 
ceding  investigation  are  uniform  functions  of  z ;  and  a  general 
method  of  constructing  such  functions  is  known*.  Instead,  how- 
ever, of  using  the  preceding  results,  it  sometimes  is  more  con- 
venient and  more  direct  to  infer  the  irreducible  singularities  of 
the  integrals  from  the  differential  equation  itself.  These  are  used 
to  construct  an  appropriate  uniform  doubly-periodic  function  of 
the  second  kind ;  the  remaining  quantities  needed  for  the  precise 
determination  of  the  integral  are  then  inferred  by  substituting 
the  expression  in  the  differential  equation. 

Ex.  1.     Consider  the  equation  f 


with  the  usual  notation  for  the  Weierstrassian  elliptic  functions ;  a  and 
constants. 

The  only  irreducible  singularity  that  an  integral  can  have  is  2=0. 
indicial  equation  for  2  =  0  is 

n  (n  —  1)  (n  —  2)  —  6w  =  0, 

the  roots  of  which  are  —1,  0,  4;  and  the  expansions  that  respectively  cor 
spond  to  the  roots  are  easily  proved  to  be 

1 


Thus  no  logarithms  are  involved ;  every  integral  is  a  uniform  function  of  2, 
being  of  the  form  A  wl  +  Bw2  +  Cw3 ;  and  at  least  one  integral  of  the  equation 
is  thus  a  uniform  doubly-periodic  function  of  the  second  kind.  We  proceed 
to  its  construction. 

This  doubly-periodic  function  of  the  second  kind  cannot  be  devoid  of  poles, 
if  it  is  to  involve  the  first  of  the  above  integrals  in  its  expression.  (If  it  were 
devoid  of  poles,  it  would  also}  be  devoid  of  zeros  in  the  finite  part  of  the 
plane:  and  then  (I.e.)  it  could  only  be  an  exponential  of  the  form  e**,  which 
is  manifestly  not  a  solution  of  our  equation.)  It  has  one  irreducible  pole  ;  it 
therefore  has  one  irreducible  zero  in  the  finite  part  of  the  plane.  Let  the 
latter  be  denoted  by  —  a,  which  at  present  is  unknown. 

We  now  consider  §  the  elementary  function 


o-  (2)  a-  (a) 

*  T.  F.,  §§  137—139. 

t  It  is  a  modified  form  of  an  equation  given  by  Picard,  Crelle,  t.  xc,  p.  290. 
t  T.  F.,  §  139.  §  T.  F.,  I.e. 
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which  has  2=0  for  an  irreducible  simple  pole,  and  -  a  for  an  irreducible  simple 
zero;  its  expansion  begins  with  z~1,  and  the  function  must  therefore  agree 
with  the  integral  above  obtained  in  the  vicinity  of  2  =  0.  (The  constants  X 
and  a  determine,  or  are  determined  by,  the  multipliers  of  the  periodic  function  ; 
but  at  present  these  are  unknown,  and  so  X  and  a  must  be  determined  in 
another  manner.)  To  expand  the  above  function  in  powers  of  z,  we  have 


_     ,     er'Jo)  ,  ^  <r"  («)  ,  ^_  or'"  (a) 
<r(o)     '  <r(a)"l"2!  <r(«)      3!    <r  («) 


the  Weierstrassian  functions  on  the  right-hand  side  being  functions  of  a. 

Also 

/   s 

cr(z)=ze 
and  therefore 

o-(2+q)     >* 


-  r-r  -  -.  —  r 

a-  (z)  or  (a) 


This  is  to  satisfy  the  differential  equation,  so  that  it  must  be  of  the  form 


Clearly  A  =  l,  B  =  \  +  £,  for  this  purpose:  the  value  of  C  would  be  needed  for 
the  complete  expression,  but  we  merely  require  X  and  a  at  present.  Com- 
paring the  coefficients,  we  thus  have 

J-l, 


so  that  X  and  a  are  determined  by  the  equations 


We  have 


where  a  is  determined  by  the  relation 


The  function  on  the  left-hand  side  is  a  doubly-periodic  function  of  the  first 
kind:  it  has  a  single  irreducible  pole,  which  is  at  2=0  and  is  of  multiplicity 
three.  Hence  it  has  three  irreducible  zeros,  say  at,  «2>  aa>  &n&  their  sum  is 
congruent  to  0,  so  that  we  may  take 
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In  general,  al5  «2,  «3  are  unequal,  because  a  and  /3  are  general  constants;  tl 
discussion  of  the  critical  conditions,  that  lead  to  equalities  between  ax,  «2, 
and  of  the  consequent  modifications  in  the  complete  primitive,  is  left  as 
exercise.     Let 

-t^+lTWM'  ("'1' 

then 


cr(z)o-(ar) 

is  an  integral  of  the  equation  for  each  of  the  three  values  of  r.     The  primitive 
of  the  equation  is 


T  -  ;—  r  -  -.  -  .  , 

o-  (z)  a  (ar) 
where  Aly  Az,  A3  are  arbitrary  constants. 

Ex.  2.  Obtain  the  relations  which  express  the  integrals  wlt  w2,  w3  of  the 
equation  in  the  preceding  example  in  terms  of  Wlt  TF2,  W3;  and  determine 
the  multipliers  of  the  integrals. 

Ex.  3.     Obtain  the  primitive  of  the  equation 

( 

in  the  form 


Ex.  4.     Verify  that  the  primitive  of  the  equation 

d2v     70  sn  x  en  x  dy 

,4+£2  —  r-        -^ 

dx2  dnx      dx 


y=A  cos  (n  am  x)  +  B  sin  ( 

(Gylden.) 

Ex.  5.     Prove  that,  if  /  be  an  odd  function  and  J  be  an  even  function, 
both  doubly-periodic  in  the  same  periods,  the  integrals  of  the  equation 

d^w        dw 
-i^+I-^+Jw^O 
dz2         dz 

can  be  expressed  in  terms  of  jjf>  (z). 

Hence  (or  otherwise)  integrate  the  equation 


Ex.  6.     Determine  the   relations  among  the  constants  (if  any)  in   tl 
equation 

w"'  +  (a  -  3£>)  w'  +  (y  +  pp  -  §£>')  w = 0, 

in  order  that  every  integral  of  the  equation  should  be  uniform ;  and  assumir 
the  relations  satisfied,  shew  that  the  equation  has  three  integrals  of  the  form 


<r(z)<r(a) 
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Ex.  7.     Shew  that  the  equation 


463 


has  an  integral  of  the  form 


provided 


and  that  it  then  has  three  integrals  of  that  form.     Obtain  these  integrals. 

(Mittag-Leffler.) 
Ex.  8.     Obtain  the  integral  of  the  equation 


in  the  form 


y~ 


where  the  constants  X  and  <a  are  given  by  the  equations 


2X3-  6A£2  sn2  «  +  2X  (1  +*»)  -  44s  sn  o>  en  o>  dn  u-h^O. 
Verify  that,  in  general,  three  distinct  integrals  are  thus  obtained.       (Picard.) 
Ex.  9.     Prove  that  the  equation 


I  has  an  integral  of  the  form 


[provided 


and  that,  if  this  relation  be  satisfied,  it  has  four  such  integrals.     Obtain 
Ithem.  (Mittag-Leffler.) 

Ex.  10.     Verify  that  the  equation 


an  integral  of  the  form 

>vided 

sn  co  <-i i  o>  dn  i 


d  obtain  the  primitive. 
Hence  integrate  the  equation 


sn4  a  2k2  sn2  a  —  1  - 


fhere  h  is  a  constant. 


(Hermite.) 
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Ex.  11.     Discuss  the  equation 


for  those  cases  when  every  integral  is  a  uniform  function  of  z. 

Ex.  12.     Shew  that  there  are  three  sets  of  values  of  the  constants  a  and  6, 
for  which  the  equation 


admits  as  an  integral  a  uniform  doubly-periodic  function ;   and  obtain  the 
integral.  (Math.  Tripos,  Part  n,  1897.) 

Ex.  13.     Prove  that  the  equation 


where  a  is  an  arbitrary  constant  and  n  is  a  positive  integer,  has  a  uniform 
function  of  z  for  its  complete  primitive.  (Halphen.) 

Ex.  14.     Construct  the  equation  which  has 


for  its  complete  primitive  and,  for  a  properly  determined  value  of  f(z\  i 

devoid  of  the  term  in  —,-^  .     Likewise  construct  the  equation  which  has 
dz3 


for  its  complete  primitive,  with  the  corresponding  determination  of  f(z)  to 
remove  the  term  in  -^  .  In  each  case,  the  quantities  alt  a2,  a3,  a4  are  to  be 
regarded  as  arbitrary  constants.  (Halphen.) 

Ex.  15.     Prove  that  the  primitive  of  the  equation 

w"'-  %n*w'p  (z)-  frn  (»  +  3)  (4n-3)  w^(z)=0 

is  a  uniform  function  of  z,  when  n  is  an  integer  multiple  of  3  ;  and  discuss 
the  primitive,  when  the  integer  n  is  prime  to  3.  (Halphen.) 


LAME'S  EQUATION. 

148.     One  of  the  most  important  instances,  in  which  a 
ferential  equation  with  uniform  doubly-periodic  coefficients 
a  uniform    doubly-periodic  function  of  the  second   kind  for  it 
integral,  is  Lame's  equation  or,  rather,  the  more  general  form 
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Lame's  equation  as  discussed  in  the  investigations  of  Hermite, 
Halphen,  and  others.     The  form  used  by  Hermite*  is 


w 


where  n  is  a  positive  integer  and  B  is  a  general  constant;  the 
form  used  by  Halphen  f  is 

1  d?w 


with  the  same  significance  for  n  and  B.     We  shall  use  the  latter 
form  of  equation  :  it  is  selected  for  convenience  and  for  its  slightly 
.greater  generality  owing  to  the  functional  independence  of  the 
periods.     The  mode  of  discussion  is  the  same  for  the  two  forms. 

As  we  are  concerned  with  the  application  of  the  general 
theory^,  rather  than  with  the  special  properties  of  the  functions 
!  defined  by  Lame's  equation,  only  an  outline  of  the  solution  of  the 
equation  will  be  given  here.  The  detailed  developments,  and 
references  to  further  memoirs,  will  be  found  in  the  authorities 
just  quoted. 

It  may  be  not  without  interest  to  indicate  how  this  form  of 
equation  arises  from  the  equation 


icharacteristic  of  the  potential  in  free  space.  When  orthogonal 
curvilinear  coordinates  a,  /3,  7,  as  defined  by  three  orthogonal 
surfaces 

a  (a?,  y,  z)  =  a,     /3  (x,  y,  *)  =  &     7  O>  y,  z)  =  7. 

jare  used,  then  the  equation  becomes 


- 

da  \BC  da)+dj3  (CA  df3j     87      *  87 

*  "Sur  quelques  applications  des  fonctions  elliptiques,  "  a  separate  reprint 
1885)  from  the  Comptes  Rendus. 

t  Traite  des  fonctions  elliptiques,  t.  n,  ch.  xn. 

J  That  is,  the  theory  of  the  uniform  doubly-periodic  functions  of  the  second 
idnd  which  are  integrals  of  the  differential  equation.  It  has  been  proved  (§  54) 
hat,  by  an  appropriate  transformation,  the  equation  can  be  changed  so  as  to  be  of 
'uchsian  type. 

F.    IV.  30 
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where 


docj       \dyj       \dz) 

Choose,  as  the  orthogonal  surfaces,  the  three  quadrics  which  $ 
coufocal  with  a  given  ellipsoid ;  and  let  X,  //-,  v  be  the  roots  of  1 
equation 

a?  +  6  +  b*  +  0  +  c*  +  0=    ' 
a  cubic  in  6.     Then*  we  take 

a2  +  X  =  $  (a)  -  e1}     b2  +  X  =  $  (a)  -  e2,     c2  +  X  =  p  (a)  -  e3, 


Now 


where 


(a2  +  X)2     (62  +  X)2  n  (c2  +  X)2 


(a2  +  X)  (62  +  X)  (c2  +  X) 


hence 


Similarly 


so  that  the  equation  for  the  potential  becomes 

at,      s3F)  .  a  r       ,aF 


^\  I  \    JUW  •'I         —  f  I         *s.«."\l»'  /V   /      ^      ,-.      i  I^N  1\  *V  JbW  /        <-v  (        *""      "j 

8a  v 

Greenhill,  Proc.  Lo;id.  J/at/i.  5oc.,  t.  xvni  (1887),  p.  275. 
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or,  what  is  the  same  thing, 


For  the  purposes  contemplated  in  the  transformation,  the  quantity 
V  is  the  product  of  a  function  of  a,  a  function  of  /3,  and  a  function 
of  7,  or  is  an  aggregate  of  such  products  ;  and  it  is  a  uniform 
function  of  its  variables.  Hence,  writing 


where  /,  g,  h  denote  uniform  functions  of  their  arguments,  we 
have 


+  !P  «-  P  03)1          =  0. 
Thus 


where  w  —f  when  z  =  a,  w  =  g  when  z  =  /3,  w  =  h  when  2  =  7,  and 
A,  B  are  constants  independent  of  a,  /3,  7:  they  must  be  such  as 
will,  if  possible,  make  w  a  uniform  function  of  its  argument.  The 
only  possible  singularities  of  w  are  z  =  0  and  points  congruent 
with  z  —  0  ;  hence,  after  the  earlier  investigations,  we  consider  the 
irreducible  point  z  =  0.  The  form  of  the  equation  shews  that  it 
will  be  an  infinity  of  w ;  and  thus  it  must  be  a  pole,  say  of 
I  order  n,  where  n  is  a  positive  integer.  Thus  we  have,  in  the 
vicinity  of  the  pole, 

i 


dzw  _  n  (n  +  I)a0  _  n(n 

- 


where  R  (z)  and  jRj  (z)  are  regular  functions  of  z,  such  that 

R  (z) 
fjjy-r  =  1  +  powers  of  z. 

Hence,  in  the  vicinity  of  z  =  0,  we  have 

1  d*w     n  (n  +  1)  ,,  c    \ 

wd*=-J     '(1  + Powers  of*), 

30—2 
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and  therefore 

a  limitation  upon  the  form  of  the  constant  A.  But  there  is  no 
limitation  upon  B,  necessary  for  the  existence  of  integrals  of  the 
type  indicated ;  and  therefore  the  differential  equation  may  be 
taken  in  the  form  as  stated. 

To  obtain  Hermite's  form,  we  write 


as  usual,  and  then  take 

y  =  x  +  iK' ; 
the  equation  becomes 

*  ~  =  n(n  f 
w  dx2 

where  B"  is  a  constant. 

149.  The  method  of  solution  of  the  equation  is  based  upon 
the  knowledge  that  there  is  at  least  one  integral  in  the  form  of  a 
•doubly-periodic  function  of  the  second  kind :  the  limitations,  that 
have  been  imposed  upon  the  equation,  secure  that  this  function  is 
uniform.  Moreover,  the  integral  has  only  one  irreducible  pole, 
viz.  at  z  =  0,  and  the  pole  is  of  order  n. 

There  are  two  modes  of  using  these  results  in  order  to 
construct  the  integral. 

By  one  of  them,  we  use*  the  further  property  that  a  uniform 
doubly-periodic  function  of  the  second  kind  has  as  many  irre- 
ducible zeros  as  it  has  irreducible  poles,  account  being  taken  of 
the  orders  of  the  points  in  each  category.  Accordingly,  in  the 
present  instance,  the  integral  has  n  irreducible  zeros :  let  them  be 
—  a1}  —  cc2>  ••?)  ~  an-  Consider  the  uniform  function 

_<r(z  +  al)<r(z  +  a,)...  <r(z+an} 
*»(*) 

which  is  doubly- periodic  of  the  second  kind;   its  (single)  ii 
ducible  pole  is  of  order  n  and  is  at  z  =  0 ;   and  it  possesses  tl 

*  T.  F.,  §§  139,  141. 
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lecessary  n  (unknown)  irreducible  zeros,  so  that  it  is  of  a  suitable 
brm.     We  have 

ldw_  %  r(          \ 

w  dz  ,.=i 

.n  order  to  simplify  the  right-hand  side,  it  is  convenient  to  take 

n 

p  =  \-  2  £(0,.); 

r=l 

ind  so 
lence 

. I    I       rv\  //\   I  g  \   _       ^*       //"\   i  £      1      ft     \ 

But 
and  therefore 


, 


r=l   V\ur)  —  p\4) 

[?he  first  term  on  the  right-hand  side  is  equal  to 


[*o  modify  the  second  term,  where  the  summation  is  for  pairs  of 
mequal  values  of  r  and  s,  we  have 


-  gr3  -  ^  (flr)  ^  (o«)  ~  ^  (^)  jy'  («r)  +  &  (a.)} 


easy  reductions,  where 

T        #>'  (OT)  +  $'  (a*)  m 
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1  /dw\* 

and  thus  the  second  term  in  the  expression  for  -  )  becomes 

w2  \dz  ) 


r=l 


where  the  summation  is  for  all  values  of  s  from  1  to  n  except  onl 
s  =  r.     Then 


W 


r=l 


Comparing  this  result  with  the  differential  equation  under  con- 
sideration, we  naturally  take 


'  Lrg  =  2X, 


for  all  values  of  r,  that  is, 


, 


+ 


..  =  2X 


and 


r=l 


Adding  the  n  former  equations  together,  we  have 

0  =  2wX, 

so  that  X  vanishes.     Hence  if  the  n  quantities  a1}  a2,  ...,  an  are 
determined  by  the  equations 


, 


=  0 


7  («»)  +  ^  (PI)     tf  (a,)  +  &  (a.)          =0 


(which  are  equivalent  to  only  n—1  independent  equations,  because 
the  sum  of  the  n  left-hand  sides  is  zero)  and  by 

(2n  -  1)  I  p  (OT)  =  B, 

r=l 
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then 

vt  ^_o-(z  +  a1)a-(z  +  a^)...(r(z  +  an)    -'3/60 

~^W 
is  an  integral  of  Lamp's  equation 

1  d?w 

-^=n(n  +  l}y(z}  +  B. 

The  equation  remains  unchanged  when  —  z  is  written  for  z\ 
hence  F(—z)  is  also  an  integral.  Save  in  the  case  when  the 
constants  a  are  such  that  F  '  (z}  and  F(—z)  are  effectively  the 
same  function,  we  have  two  independent  integrals  of  the  equa- 
tion, which  therefore  is  completely  solved. 

150.  Another  method  of  arranging  the  necessary  analysis  is 
as  follows.  Consider  the  equation 

1  d?w  _  w 
w~d#~  *  (2)' 

where  F(z)  is  a  doubly-periodic  function  ;  by  Picard's  theorem 
(§  142),  an  integral  (say  wj  is  known  to  exist  in  the  form  of  a 
doubly-periodic  function  of  the  second  kind.  If  then  we  write 


-T-, 

dz 

the  quantity  v  is  a  doubly-periodic  function  of  the  first  kind  ;  and 
it  satisfies  the  equation 

dv 

B  +*-*<* 

The  irreducible  poles  of  wu  in  their  proper  order,  are  known  from 
the  singularities  of  the  original  equation  ;  let  them  be  n  in 
number,  account  being  taken  of  multiplicity.  Then  each  of  them 
is  a  pole  of  v,  of  the  first  order  ;  and  the  sum  of  their  residues  for 
v  is  —  n.  The  number*  of  irreducible  zeros  of  wl  is  also  n,  account 
being  taken  of  multiplicity  ;  each  of  them  is  a  pole  of  v,  of  the 
first  order,  and  the  sum  of  their  residues  for  v  is  +  n. 

We  therefore  construct  a  uniform  doubly-periodic  function  of 
the  first  kind,  having  these  poles,  all  simple,  viz.  the  known  poles 
arising  through  the  singularities  of  F,  and  the  unknown  poles 

*  T.  F.,  §  139. 
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arising  through  the  zeros  of  w^ ,  taking  care  to  have  —  n  and  +  n 
for  the  respective  sums  of  the  residues.  The  general  expression 
for  such  a  function  is  known  * :  when  substituted  as  a  trial 
function  in  the  above  equation,  comparison  of  the  results  leads  to 
a  determination  of  the  constants. 

As  an  illustration,  consider  the  equation 

1  d2w 

-j-r  =  2p  (z}  +  B. 
w  dz2 

The  irreducible  pole  of  £>  (z),  viz.,  z  =  0,  is  the  only  irreducible 
pole  of  wl)  and  it  is  of  the  first  degree.  Accordingly,  it  is  a 
simple  pole  of  v,  with  a  residue  —  1.  Further,  there  is  (by  the 
preceding  argument)  only  one  other  pole  of  v :  it  is  simple,  and 
has  a  residue  +  1.  As  v  is  a  doubly-periodic  function  of  the  firs 
kind,  an  appropriate  expression  is 


say ;    and  b,  c  have  to  be  determined    by  substituting   in   the 
equation 

dv 

j   +  v=2&  (z)  +  B. 

dz 

Now 

dv  _         , 
dz         * 


.f(*)"-f.(c)j  ' 

and  by  the  addition-theorem  for  the  ^-function,  we  have 


Substituting,  we  have 


which  must  be  satisfied  identically.     Accordingly, 

6  =  0,     p(c)  =  £; 
and  thus,  with  a  known  value  of  c, 


T.  F.,  §  138. 
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so  that 


l  . 

<r(z) 

There  are  two  values  of  c,  equal  and  opposite  :  the  construction  of 
the  primitive  is  immediate. 

Ex.  1.     Shew  that  two  independent  integrals  of  the  equation 


in  the  case  when  B  =  ely  are  given  by 


and  obtain  the  integrals  in  the  cases,  when  B  =  e2,  and  .B  =  e3,  respectively. 
Ex.  2.     Obtain  the  primitive  of  the  equation 


y  dx* 
(where  a  is  constant),  in  the  form 

H(x+a)      zZ(a)  ,  o  H(x-a) 

y~A     ©(.*)  +  a"®W 

where 


Discuss  the  solution  in  the  three  particular  cases 

a  =  l+F,  1,  F.  (Hermite.) 

Ex.  3.     Shew  that 


cr3(z) 
satisfies  the  equation 


w 


if  |p  (aj),  $  (a2),  !jf>  (a3)  are  the  roots  of  the  cubic  equation 


and  deduce  the  primitive.  (Halphen.) 

Ex.  4.     Shew  that  the  primitive  of  the  equation 

d*w 

ct/z 

can  be  expressed  in  finite  form  for  appropriate  values  of  the  constant  B  in 
bhe  following  cases  : — 

I.     When  n  is  an  even  integer,  =2m,  then  either 


or 


where  e^,  e   are  any  two  of  the  three  constants  et,  c2,  e3: 
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II.     When  n  is  an  odd  integer,  =2m-  1,  then  either 


where  eA  is  any  one  of  the  three  constants  e1}  e2,  e3. 

Determine  the  number  of  solutions  of  the  specified  kind  in  each  of  tt 
cases  indicated.  (Crawford. 

Ex.  5.     Shew  that  an  integral  of  the  equation 

1  dtw        .  .   .  w(m+l) 

-  -rs  =  n(tt  +  l)£2sn22  +  A+-A-?—  , 
w  dz2  sn2s 

where  A  is  a  constant  and  TO,  w  are  integers,  can  be  expressed  in  the  form 


in  the  usual  notation  of  the  theta-functions,  zl5  z2,  ...,  zm  +  n  being  appro priat 
constants. 

Obtain  the  primitive.  (M.  Elliott 

Ex.  6.     Obtain  the  primitive  of  the  equation 
dPw         w 

in  the  form 


Ex.  7.     Shew  that  there  are  two  values  of  £0,  for  which  the  equation 


where  TO  is  a  constant,  possesses  an  integral  of  the  form 


—  --  ;—  r-       , 

*(*} 

and,  for  each  such  value,  obtain  the  primitive.  (Benoit 

Ex.  8.     Shew  that  there  are  ?i  +  l  values  of  k0,  for  which  the  equation 


where  TO  is  a  constant  and  n  a  positive  integer,  possesses  an  integral  of 
form 

Utr(z-br) 


Prove  also  that,  if  the  right-hand  side  of  the  differential  equation 
increased  by  ¥  (2),  where  *  is  a  doubly-periodic  function  of  the  first  kind 
having  all  its  poles  simple,  a  corresponding  theorem  holds  as  regards  the 
integral,  if  k0  be  properly  determined.  (Benoit 
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Ex.  9.     Integrate  the  equation 

__ 


w  dz2         sns  en  a? 

where  /x,  /*',  p.",  n  are  positive  integers.  (Darboux.) 

151.  The  other  mode  of  utilising  the  known  properties  of  the 
integral,  when  it  is  a  uniform  doubly-periodic  function  of  the 
second  kind,  is  to  obtain  the  actual  expansion  of  the  integral 
in  the  vicinity  of  its  irreducible  pole  and  thence  to  construct  its 
functional  expression  in  terms  of  the  elementary  function 


where  a  and  A.  are  initially  unknown  constants.  Some  indication 
of  the  process  is  given  in  Ex.  1,  §  147  ;  but  a  slightly  different 
form  will  be  adopted  for  the  present  purpose.  We  take  the 
elementary  function  in  the  form 


/. 
or  (z)  <r  (a) 

where  p  and  a  are  now  to  be  regarded  as  the  constants  to  be 
determined.  The  expansion  of  this  function  in  the  vicinity  of  its 
irreducible  pole  at  z  =  0  is 


a)  -  4pp'  (a)  -  3&>  (a)  +  f  0,}  ««+.... 


If,  in  the  same  vicinity,  an  integral  of  the   differential  equation 
exists  in  the  form 


. . .  4-  —  4-  a0  H-  positive  powers, 
then  we  may  take 

Jn-iQ  dn~*G    , 

ntj    —    fj _L     fj  J. 


where  a  comparison  of  expansions  serves  to  determine  the  con- 
stants a  and  p.     The  integral  thus  is  known. 
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An  illustration  will  render  the  details  clearer.     In  the  case 
when  n  =  2,  the  equation  is 


Let 


0 
=  —  -\  ---  [-al  +  a.2z  +  a3z- 

Z"         Z 


be  substituted  in  the  equation  ;  we  find 

a0  =0,     a.2  =  0,     a4  =  0, 

^  =  -£5,     a3 
so  that 


Manifestly,  the  form  to  take  is 


w  =  — 


dG 
dz' 


and  then  comparing  the  two  expansions,  we  have 


These  equations  give 


The  former  in  general  leads  to  two  irreducible  values  of  a ;  the 
latter  uniquely  determines  p  for  each  of  these  values  of  a. 
Denoting  the  two  values  of  a  by  a  and  —  a,  and  writing 


a-  (z)  a-  (a) 


or  (z}  a  (a) 
the  primitive  of  the  differential  equation  is 

dz  dz 
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Ex.  1.     Discuss  the  integral  of  the  equation 


when  a,  as  obtained  in  the  preceding  solution,  has  the  values  0,  o>,  a>,  a", 

respectively. 

Ex.  2.     Prove  that  an  integral  of  the  equation 
d_w_12^ 

is  given  by 

~~d£ 
where 


the  constants  p  and  a  being  given  by  the  equations 


Deduce  the  primitive. 


CHAPTER  X. 

EQUATIONS  HAVING  ALGEBRAIC  COEFFICIENTS. 

152.  THE  differential  equations,  considered  in  the  preceding 
chapters,  have  had  uniform  functions  of  the  independent  variable 
for  their  coefficients.  We  now  proceed  to  consider  (but  onlj 
briefly)  some  equations  without  this  limitation :  one  of  the  me 
important  classes  is  constituted  by  those  which  have  algebraic 
functions  of  the  variable  as  their  coefficients.  For  this  purpose 
let  y  denote  an  algebraic  function  of  the  independent  variable 
x,  defined  by  the  equation 

where  ty  is  a  polynomial  in  x  and  y,  and  the  equation  is  of  gem 
p.    With  this  algebraic  equation  we  associate  the  proper  Riemam 
surface  of  connectivity  2p  + 1. 

We  assume  that  the  linear  differential  equation  has  unifon 
functions  of  x  and  y  for  its  coefficients,  so  that  each  of  these  it 
a  uniform  function  of  position  on  the  surface :  and  we  write  the 
equation  in  the  form 

r}ifi>)  *  /7  W" — ] 

d    H  ,          \\M 


Let 

-  I  at  (x,  y)  dx 
W  =  U6m  *  , 

the  exponential  in  the  factor  of  u  on  the  right-hand  side  being 
Abelian  integral ;  then  the  equation  for  w  is 

dmw 
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devoid  of  the  derivative  of  order  m  —  1  ;  all  the  coefficients 
P2,  ...,  Pm  are  algebraic  functions  of  x,  and  are  uniform  functions 
of  x  and  y.  This  is  the  form  of  equation  which  will  be  discussed. 

Let  (XQ,  y0)  denote  any  position  on  the  surface,  which  is  not  a 
singular  point  on  the  surface  and  in  the  vicinity  of  which  each  of 
the  coefficients  P  is  regular.  Then  an  integral  exists,  which  is 
regular  everywhere  over  a  domain  in  the  surface,  and  is  uniquely 
determined  by  the  assignment  of  arbitrary  values  to  w  and  to  its 
first  m  —  1  derivatives  at  (x0,  y0).  In  fact,  all  the  results  relating 
to  the  synectic  integrals  of  an  equation  with  uniform  coefficients 
hold  for  the  present  equation  in  the  domain  of  (#0,  y0). 

Next,  let  account  be  taken  of  the  singularities  of  the  equation 
>|r  =  0  and  of  the  associated  surface.  As  these  affect  all  the 
coefficients  of  all  differential  equations  of  the  class  considered, 
I  and  thus  afford  no  relative  discrimination  among  the  functions 
defined  by  those  equations,  we  shall  assume  them  simplified  as 
much  as  possible  before  proceeding  to  consider  the  properties  of 
the  functions.  Accordingly,  we  shall  suppose  that,  if  the  equa- 
tion i|r  =  0  (or  the  Riemann  surface  associated  with  it)  possesses 
a  complicated  singularity,  it  is  resolved*  into  its  simplest  form 
by  means  of  birational  transformations,  so  that  we  may  write 

x-e  =  g(^r,\    y  -/=  h  (£,  77), 

i   where  g  and  h  are  uniform  functions  which,  in  connection  with 

ifr  =  0,  admit  of  uniform  expressions  for  £  and  17  in  terms  of 

x  —  e  and  y  —  f,  and  are  such  that  £  =  0,  77  =  0  is  an  ordinary 

i   position  on  the  transformed  Riemann  surface.     The  positions  on 

;   the  surface,  that  have  to  be  considered  in  connection  with  the 

differential  equation,  are  now  ordinary  positions  :  and  therefore,  in 

dealing  with  the  theory  of  the  equation,  no  generality  is  lost  if  we 

assume  that  the  singularities  of  the  equation  o/r  =  0  and  of  the 

Riemann  surface  are  ordinary  positions  for  the  integrals.  (Of  course, 

in  any  particular  example,  it  may  happen  that  a  multiple  point  on 

the  curve  i/r  =  0,  or  a  branch-point  of  the  associated  surface,  is 

I   definitely  a  singularity  of  the  equation.     In  order  to  discuss  the 

i   nature  of  the  integrals  in  the  vicinity  of  such  a  point,  we  takef 


*  T.F.,§  252. 
t  T.  F.,  §  97. 
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where  p  and  q  are  integers,  and  S  is  a  holomorphic  function 
its  argument  that   does  not  vanish  when  £=0;   and   then 
investigate   the   character   of   the    integrals   in    the   vicinity 


Lastly,  let  (a,  b)  denote  a  position  on  the  Riemann  surfa 
(being  a  pair  of  values  given  by  the  differential  equation)  sucl 
that  the  coefficients  of  the  equation  are  not  regular  in  the 
immediate  vicinity  of  (a,  6) ;  after  the  preceding  explanations,  we 
may  assume  that  y  —  b  is  a  holomorphic  function  of  x  —  a  in  the 
immediate  vicinity  of  the  position.  The  character  of  the  integral 
in  that  region  is  determined,  after  substitution  of  y  —  b  in  tei 
of  as  — a,  in  association  with  an  indicial  equation ;  and  the  genei 
processes  of  the  theory,  in  the  case  of  differential  equations  witl 
uniform  coefficients,  are  applicable  to  the  integrals  in  the  vicinity 
of  (a,  b).  As  in  that  earlier  theory,  we  have  a  fundamental  systei 
of  integrals  existing  at  any  ordinary  position  on  the  surface,  the 
system  being  composed  of  m  linearly  independent  member 
Continuation  of  these  integrals  is  possible :  and  by  taking  al 
admissible  paths  from  one  ordinary  position  to  any  other  ordim 
position  (care  being  taken  to  avoid  the  actual  singularities),  anc 
assuming  an  arbitrary  set  of  initial  values  at  the  first  point,  we 
shall  obtain  all  possible  integrals  at  the  second  point.  Similarly, 
by  taking  all  possible  closed  paths  on  the  Riemann  surface, 
which  begin  at  an  ordinary  point  (x0,  y0)  and  return  to  it,  we 
obtain  new  integrals  at  the  end  of  the  path :  and  each  of  these 
integrals  is  linearly  expressible  in  terms  of  the  members  of  the 
initial  fundamental  system. 


A  FUNDAMENTAL  SYSTEM  OF  INTEGRALS,  AND  THE 
FUNDAMENTAL  EQUATION. 

153.  Let  wlt  w2,  ...,  wm  denote  a  fundamental  system  at 
an  ordinary  position  (x0,  t/0);  and  let  the  variable  of  position 
describe  a  closed  path  on  the  surface  returning  to  (#„,  2/0).  this 
closed  path  being  chosen  so  as  to  include  the  singularity  (a,  b) 
but  no  other  singularity  of  the  differential  equation.  Suppose 
that  the  effect  upon  the  fundamental  system,  caused  by  this 
variation  of  the  variable  of  position,  is  to  change  it  int 
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w 


,  wm'  :  then,  as  in  the  case  of  uniform  coefficients,  the 
latter  set  also  constitute  a  fundamental  system,  and  the  two 
systems  are  related  by  the  equations 


W= 


=  1,  ...,  m), 


where  the  determinant  of  the  coefficients  a  is  different  from  zero. 
This  determinant  is  (as  in  §  14)  equal  to  unity.  For  let  A  denote 
the  determinant  of  the  fundamental  system 


dxm~l 


Wl       ,          W2       ,    ...,         Wm 

and  let  A'  denote  the  same  determinant  in  relation  to  the 
fundamental  system  w' ;  then,  if  A  denote  the  determinant  of 
the  coefficients  a\u,  we  have 

A'  =  Ak. 

Now,  because  the  term  involving  the  (m  —  l)th  derivative  of  w 
is  absent  from  the  differential  equation,  we  have,  as  in  §  14, 

A  =  (7, 

where  C  is  a  constant.  Let  the  function  A,  which  is  equal  to  C 
I  in  the  vicinity  of  (x0,  T/O),  be  traced  along  the  closed  path  which 
the  variable  of  position  describes  on  its  return  to  (XQ,  y0) ;  it  is 
steadily  constant,  and  its  final  value  is  A',  so  that 


A' =  (7; 


and  therefore  we  have 


Further,  as  in  the  cases  when  the  coefficients  are  uniform 
functions  of  the  independent  variable,  it  is  possible  to  choose  a 
linear  combination  v  of  the  members  of  the  fundamental  system 
such  that,  if  v'  denote  the  value  of  v  obtained  by  making  the 
variable  of  position  describe  the  aforesaid  closed  path,  we  have 


F.    IV. 
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The  multiplier  0  is  a  root  of  the  equation 
A(6}=   an  — 0,       a]2    ,    ...,       alm 


[11 


»tt(      " 


=  0. 


This  equation  is  independent  of  the  choice  of  the  fundamental 
system,  so  that  its  coefficients  may  be  regarded  as  invariants  of 
the  linear  substitution,  which  the  fundamental  system  undergoes 
in  the  description  of  the  closed  path  round  (a,  6). 

154.  If  some,  or  if  all,  of  the  integrals  in  the  vicinity  of  (a,  6) 
are  regular  in  the  sense  of  §  29,  then  an  indicial  equation  for  the 
singularity  exists  ;  and  if  p  be  a  root  of  this  equation  for  an 
integral  with  a  multiplier  6,  then 

0  =  e^p. 

If  no  one  of  the  integrals  is  regular,  there  is  no  valid  indicial 
equation.  In  the  first  case,  the  general  character  of  an  integral  is 
determined  by  the  value  of  p  :  and  the  explicit  form  is  obtained 
by  substituting  an  expression  of  the  appropriate  character  so  as  to 
determine  the  coefficients.  In  the  second  case,  various  methods* 
for  obtaining  the  value  of  0  have  been  suggested,  by  Fuchsf, 
Hamburger  J,  and  Poincare§;  the  most  general  is  the  method  of 
infinite  determinants,  due  to  Hill  and  von  Koch,  and  expounded 
in  Chapter  VIII. 

Without  entering  upon  details,  it  may  be  said  briefly  that 
many  of  the  properties  of  linear  differential  equations  having 
algebraic  coefficients  can  be  treated  by  processes  that,  except  as 
to  greater  complexity  in  the  mere  analysis,  are  the  same  as  for 
equations  with  uniform  coefficients.  It  therefore  seems  un- 
necessary to  discuss  them  at  any  length,  as  they  would  lead  to 
what  is  substantially  a  repetition  of  a  discussion  already  effectec 
for  less  complicated  equations. 

*  See  §  127. 

t  Crelle,  t.  LXXV  (1873),  pp.  177—223. 

J  Crelle,  t.  LXXXIII  (1877),  pp.  185—210. 

§  Acta  Math.,  t.  iv  (1884),  pp.  208  et  seq. 
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A  systematic  discussion  of  equations  having  algebraic  coeffi- 
cients and  development  of  many  of  their  characteristic  properties 
will  be  found  in  a  series  of  memoirs  by  Thome*. 


Ex.  1.     Consider  the  equation 


_ 


where  the  variable  y  is  defined  by  the  relation 


and  a,  a,  b,  c  are  constants. 

The  position  at  infinity  is  a  singularity  of  the  differential  equation  in 
each  of  the  two  sheets  of  the  Eiemann  surface.  The  integrals  are  regular 
in  that  vicinity  in  one  sheet,  and  the  exponents  to  which  they  belong  are  the 
roots  of 


provided  a  +  bi  is  not  zero  ;  but,  if  a  +  bi=0,  the  integrals  are  irregular  at 
infinity  in  that  sheet.  Similarly,  they  are  regular  in  the  vicinity  of  infinity 
in  the  other  sheet,  and  the  exponents  to  which  they  belong  are  the  roots  of 


,  —       2, 
(a  —  oi)2 

provided  a-bi  is  not  zero  ;   but,  if  a-bi  =  0,  the  integrals  are  irregular  at 
infinity  in  that  sheet. 

The  other  singularities  of  the  equation  are  given  by 


When  these  are  distinct  from  one  another,  let  them  be  denoted  by  #=cos#, 
|y=sin<9;  z=cos<f>,  y=sin<£.  The  integrals  are  regular  in  the  vicinity  of 
!  each  position ;  and  the  respective  indicial  equations  are 


=  0. 


len  the  two  singularities  coincide,  let  the  common  position  be  denoted  by 
=  cos^,  y  =  sin\^  ;  and  then 

a- 6  cot  \^=0. 
the  vicinity,  we  have 


V  =  sin  >//•-£  COt  X/f-i-r^-T  +i=-v-r   ^— .... 

smj  y         8in  Y 

*  Crelle,  t.  cxv  (1895),  pp.  33—52,  119—149;  ib.,  t.  cxix  (1898),  pp.  131—147; 
!>.,  t.  cxxi  (1900),  pp.  1—39;  ib.,  t.  cxxn  (1900),  pp.  1—29. 

31—2 


484  EXAMPLES   OF   EQUATIONS   HAVING  [II 

so  that  the  equation  is 

I  J_         J     1  I         ^ '  I  I  3  H    Q 

The  integrals  are  not  regular ;    but   the   equation   may  have   one  nor 
integral,  and  can  even  have  two  normal  integrals,  of  the  type 

2i  sin3  ^   j 


where  /  is  a  polynomial  in  £.     The  forms,  and  the  conditions  necessary 
significance,  can  be  obtained  as  in  §§  85 — 87. 

Ex.  2.     Discuss  in  the  same  way  the  singularities  of  the  same  differential 
equation,  when  the  irrational  quantity  y  is  given  by  the  respective  relations 

{.\\      3$ *4~ ?/^ ~  T 

("\"\\  2/2 A.  1$  fj     y  ft 

}      j    "~~  ^**/        5/2      —  *j  3  * 


. 


Ex.  3.  Let  MJ  and  u2  denote  a  fundamental  system  of  the  equation  i 
Ex.  1,  for  y  =  (l  —  x'2)*  ;  and  let  vl  and  v2  denote  a  fundamental  system  of  the 
same  equation  for  y=  —  (1  —  #2)  .  Shew  that  the  linear  equation  of  the  fourth 
order,  which  has  ult  u%,  vlt  v2  as  its  integrals,  has  rational  functions  of  x  for 
its  coefficients  ;  and  obtain  them. 

Ex,  4.     The  equation 

dw 

- 

where 

^ 

has  its  primitive  in  the  form 

w 

It  is  natural  to  inquire  whether  an  equation 

cPio        ,  . 

3?  -"'to 

can  have  an  integral  of  the  type 


where  or  (x,  y}  is  a  rational  function  of  x  and  y.  A  general  method  for 
an  inquiry  has  been  given  by  Appell*,  though  it  is  not  carried  to  a  complete 
issue  as  regards  detail :  it  will  be  sufficiently  illustrated  by  means  of  the 
equation 

d?w  _     ax+fiy 

dxl     y  (ax  -f  by  )'z    ' 

where  x2+y2  =  l,  it  being  required  to  find  under  what  conditions,  if  any,  tt 
equation  can  have  an  integral  of  the  form 


*  Ann.  de  VEc.  Norm.  Sup.,  2me  Ser.,  t.  xn  (1883),  pp.  8—46. 
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where  or  (x,  y)  is  a  rational  function  of  x  and  y.     Since 

_  1  dw 
~  w  dx ' 
we  have 

-?  +  &*• 


We  assume  that  each  of  the  quantities  a±8i,  a±bi,  is  different  from  zero. 
By  adopting  the  method  in  the  preceding  Ex.  1,  the  integrals  of  the  equation 
in  w  are  easily  seen  to  be  regular  in  the  vicinity  of  #=oo,  so  that  they  have 
the  form 


where  R  (  - )  is  a  holomorphic  function  for  large  values  of  x,  not  vanishing 
\xj 

when  #=co  ;   and  thus 

-=j+&+-- 

Ju  Ju 

in  the  vicinity  of  #=oo .     Substituting  in  the  equation  for  or,  we  have 

X2       X-      °  +  fr' 

A     — A — -77        .    7   -\o  • 

i  (a  +  Pi)2 
Now  the  infinities  of  w  are  included  among  the  points 

(i)    #=oc,  which  has  just  been  considered;   there  are  two  possible 
values  of  X  in  each  sheet : 

(ii)    y  =  0,  with  .r=l,   #=  —  1,  which   are  the  branch-points  of  the 
surface  : 

(iii)     ax+by=Q,  in  each  sheet. 

Moreover,  the  zeros  of  w  are  unknown  from  the  differential  equation  :  but 
they  must  be  considered,  because  each  of  them  gives  a  pole  of  or.  Let  such 
an  one  be 

(iv)    x=f, 

the  number  of  such  points  being  unknown.  All  these  points,  whether 
infinities  of  w  or  zeros  of  w,  can  be  singularities  of  or. 

As  regards  the  branch-points  (ii),  we  may  take 


in  the  vicinity  of  1,  0,  where  q  is  small ;  and  then 

1  d-si        2       a 
t]  drj  CI*TI 

^so  far  as  the  governing  term  in  OT  is  concerned.     If  this  be 

A 
W  =  ^' 
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where  »>0,  then 


n,     A2+nA=0. 

Thus  n  =  2  ;  and  we  can  have  A—  -  2,  or  A  =  0,  as  possible  values. 
Similarly  for  the  vicinity  of  —  1,  0. 
Next,  at  the  two  points  (iii),  where  ax  +  by=Q,  we  have 

x  =  _y_  =  __  1 

*>      -«     (a«  +&»)*' 
say 

#=sin\//-,    y  =  cos  •<//•,     a  tan  >//•=-  6. 

Then,  in  the  vicinity,  we  take 

=  cos\^-    tan     -f... 


so  that 

ax  +  by=£(a-b  tan  >//•)  +  ... 


dw        2_      (ab-fla)a  1 
+ 


Thus  the  equation  is 


so  far  as  the  governing  term  in  or  is  concerned.     If  this  governing  term  be 

=  <r  =  <r(a?+b2) ]_ 

~  g~        a        ax+by* 
we  have 

a  (ab  —  /3a) 


Thus  there  are  two  possible  values  of  a-  at  each  of  the  two  points. 

Lastly,  as  regards  a  point  such  as  ,z:=/in  the  set  (iv),  it  is  easy  to  see  that, 
if  the  governing  term  in  -or  be 

B 

(*-/)"' 
then 


that  is,  n  =  l,  and  either  5  =  1,  B  =  0,  are  possible  values.     This  holds  for 
every  such  point  x=f  and  in  each  sheet. 

Our  required  function  rar  (x,  y\  if  it  exists,  is  to  be  a  rational  function 
x  and  y,  and  we  have  obtained  all  the  singularities  that,  in  any  circumstances, 
it  might  possess.  We  accordingly  must  take  some  combination  of  the  possible 
infinities,  which  are 

x=  oo  ,  with  any  of  the  values  of  X, 
#=  ±1,#  =  0,  with  either  A=  -2,  or  -4  =  0, 
ax+by  =  0,  with  any  of  the  values  of  <r, 
x=f,  with  5=1,  or  5=0. 
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A  possible  form  is  clearly 


C 

•a!  =  - 


ax+by' 
where  C  is  a  constant.     We  have  (if  this  be  admissible) 


from  the  first  of  the  possible  infinities  :  we  take  A  =  0  from  the  second  :  then 


a 
from  the  third  :  and  we  take  5=0  from  the  fourth.     Hence  we  must  have 

a  —  bi 
X  =  <r—  ' 

for  some  possible  values  of  X  and  of  o-  :  that  is, 


the  signs  being  at  our  disposal.     This  leads  to  a  single  value  of  £,  viz. 


and  the  condition  is  satisfied  by  taking  the  negative  sign  on  both  sides. 
We  then  have 


so  that,  with  the  above  value  of  /3,  an  integral  of  the  equation 


dx2        y  (ax 
is  given  by 


Actual  evaluation  of  the  integral  in  the  exponential  can  easily  be  effected. 

Of  course,  it  would  have  been  possible  to  discuss  the  particular  equation 
by  taking 


with  t  as  the  new  independent  variable  ;  for  the  algebraic  relation  is  of  genus 
zero,  and  therefore*  the  variables  can  be  expressed  as  rational  functions  of  a 
new  parameter.  The  new  form  of  equation  would  then  have  uniform  coeffi- 
cients. But  the  foregoing  method,  that  has  been  adopted,  is  possible  for  an 
equation  ^  (x,  y)  —  0  of  any  genus. 

*  T.  F.,  §  247. 
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ASSOCIATION  WITH  AUTOMORPHIC  FUNCTIONS. 

155.  It  is  manifest  that  some  of  the  complexity  in  the 
analysis  associated  with  the  construction  of  integrals,  either 
general  or  in  the  vicinity  of  particular  points,  would  be  removec 
if  the  equation  could  be  changed  so  that,  in  its  new  form,  it 
coefficients  are  uniform  functions  of  the  independent  variable 
This  change  would  be  secured,  if  both  the  variables  x  and  y  u 
the  relation 

*(*,y)-o 

were  expressed  as  uniform  functions  of  a  new  variable  z. 

Now  it  is  known*  that,  when  the  genus  of  this  relation  is  zei 
both  x  and  y  can  be  expressed   as  rational  functions  of  a  ne 
variable  z,  which  itself  is  a  rational  function  of  #  and  y:  moreovei 
the  expressions  contain  (explicitly  or  implicitly)  three  arbitral 
parameters,  which    may  be    used    to   simplify  the   form   of  the 
resulting  equation.     Again  f,  when  the  genus  of  the  relation 
unity,  both  x  and  y  can  be  expressed  as  uniform  doubly-periodic 
functions  of  a  new  variable  z,  while  fp  (z)  and  £/  (z)  are  ration? 
functions  of  x  and  y  ;  moreover,  the  expressions  contain  (explicitly 
or  implicitly)  one  arbitrary  parameter,  which  again  may  be  us 
to  simplify  the  form  of  the  resulting  equation.    And,  in  each  case 
definite  processes  are  known  by  which  the  formal  expressions  of 
and  y,  in  terms  of  the  new  variable,  can  actually  be  obtained. 

When  the  genus  of  the  algebraical  relation 


is  greater  than  unity,  a  corresponding  transformation  is  possible 
by  means  of  automorphic  functions :  not  merely  so,  but  such 
transformation  can  be  effected  in  an  unlimited  number  of  ways 
Further,  it  is  possible  to  choose  transformations  that  simplify  the 
properties  of  the  integrals  of  the  differential  equations  to  whict 
they  are  applied.  But,  down  to  the  present  time,  the  instanc 
in  which  the  complete  formal  expressions  of  x  and  y  have  beei 
obtained,  and  the  application  to  the  differential  equations 
been  made,  are  comparatively  rare.  The  results  that  have  beei 

*  T.   F.,  %  247. 
t  T.  F.,  §  248. 
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established  are  of  the  nature  of  existence-theorems.  It  is  true 
that  indications  for  the  construction  of  formal  expressions  are 
given  ;  but  the  detailed  analysis  required  to  carry  out  the  indica- 
tions is  of  so  elaborate  a  character  that  it  may  fairly  be  said  to  be 
incomplete.  The  subject  presents  great,  if  difficult,  opportunities 
for  research  in  its  present  stage. 

A  brief  account,  based  mainly  on  the  work*  of  Poincare",  is  all 
that  will  be  given  here.  References  to  the  investigations  of  Klein 
and  others  in  the  region  of  automorphic  functions  will  be  found 
elsewhere  f. 

The  main  properties  of  infinite  discontinuous  groups  and  of 
functions,  which  are  automorphic  for  the  substitutions  of  the 
groups,  will  be  regarded  as  known.  It  is  convenient  to  associate 
with  any  group  a  region  of  variation  of  the  variable  which  is  a 
fundamental  region  ;  and  for  the  sake  of  simplicity  in  the  following 
explanations,  it  will  be  assumed  that  this  region  is  such  that, 
when  the  substitutions  are  applied  to  it  in  turn,  the  whole  plane 
is  covered  once,  and  once  only.  Further,  also  for  the  sake  of 
simplicity,  it  will  be  assumed  that  the  axis  of  real  quantities  in 
the  plane  is  conserved  by  the  substitutions  of  the  group.  There 
are  corresponding  investigations,  which  establish  the  results  when 
these  assumptions  are  not  made;  but,  as  already  indicated,  the 
results  are  mainly  of  the  nature  of  existence-theorems  and  cannot 
be  regarded  as  possessing  any  final  form,  so  that  the  kind  of  con- 
sideration adduced  will  be  sufficiently  illustrated  by  dealing  with 
the  simplest  cases.  In  order  to  deal  with  the  most  general  cases, 
it  is  necessary  to  utilise  the  theory  of  automorphic  functions  in  all 
its  generality ;  yet  the  subject  still  is  merely  in  a  stage  of  growth, 
being  far  from  its  complete  development^;. 

156.  It  is  known  §  that,  if  x  and  y  be  two  uniform 
functions  of  a  variable  z,  which  are  automorphic  for  an  infinite 

*  This  work  is  best  expounded  in  his  five  valuable  memoirs  in  Acta  Mathematica, 
t.  i  (1882),  pp.  1—62,  193—294,  ib.,  t.  in  (1883),  pp.  49—92,  ib.,  t.  iv  (1884), 
pp.  201—312,  ib.,  t.  v  (1884),  pp.  209—278. 

t  T.  F.,  chapters  xxi,  xxn. 

£  The  most  consecutive  account  of  the  subject  is  to  be  found  in  Fricke  und 
Klein's  Vorlesungen  ii.  d.  Theorie  d.  automorphen  Functional  (Leipzig,  Teubner; 
vol.  i,  1897;  vol.  n,  part  i,  1901). 

§  T.  F.,  §  309. 
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discontinuous  group  of  substitutions  effected  on  z,  then  some 
algebraic  relation 

subsists  between  them.  Conversely,  if  this  algebraic  equation  be 
given,  it  is  desirable  to  express  the  variables  x  and  y  as  uniform 
automorphic  functions  of  a  new  variable  z.  For  this  purpose,  we 
note  that  for  general  values  of  x,  the  variable  y  is  a  uniform 
analytic  function*  of  x;  but  there  are  special  values  of  x,  being 
the  branch-points,  at  and  near  which  y  ceases  to  be  uniform. 
Now  suppose  that  x  can  be  expressed  as  a  uniform  automorphic 
function  of  z,  say 

x=f(z), 

the  fundamental  polygon  being  such  that  the  branch-point  values 
of  x  correspond  to  its  corners  (or  to  some  of  them),  which  include 
all  the  essential  singularities  of  the  uniform  function/^).  Then, 
when  substitution  is  made  in  the  above  relation,  it  becomes  an 
equation  defining  y  as  a  function  of  z  ;  so  long  as  z  varies  within 
the  polygonal  region,  y  does  not  approach  those  values  where  it 
ceases  to  be  uniform,  for  they  are  given  only  by  the  corners  of  the 
polygon.  Hence  y  becomes  a  uniform  function^  of  z\  and  as  x  is 
automorphic  for  the  group  of  the  polygon,  it  is  at  once  seen  that 
y  also  is  automorphic  for  that  group. 

Further,  suppose  that  at  the  same  time  there  is  given  a  linear 
differential  equation  of  any  order,  in  which  the  coefficients  are 
rational  functions  of  x  and  y.     In  addition  to  the  branch-points 
which  may  be  singularities  of  the  equation,  it  may  have  a  limited 
number  of  other  singularities.     Let  such  a  singularity  be  x  —  a, 
y  —  b,  where  of  course  ty  (a,  6)  =  0 :  for  the  moment,  the  question 
of  the  regularity  of  the  integrals  in  the  vicinity  is  not  raised.     If 
the  polygon  is  constructed,  so  that  x  =  a  corresponds  to  one  of  its 
corners  which  is  an  essential  singularity  of  the  group,  then  that 
corner   is   an   essential    singularity    of  f(z).     Hence,  when    th 
differential  equation  is   transformed   so   that  z  becomes  the   in 
dependent  variable,  the  original  singularities  no  longer  occur  s 
long  as  z  is  restricted  to  variation  within  the  fundamental  polygon 
they  can  occur  only  for  the  special  values  at  the  correspondin, 
corners.     If,  further,  the  function  f(z)  is  such  that  no  specia 

*  T.  F.,  §  97. 

t  Another  method  of  obtaining  this  result  is  indicated  in  §  160. 
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singularities  for  values  of  z  are  introduced  for  values  of  x  that  are 
ordinary  points  of  the  equation,  which  will  be  the  case  if  f'(z) 
does  not  vanish  within  the  polygon,  then  all  the  values  of  z  within 
the  polygon  are  ordinary  points  of  the  equation,  and  all  the 
integrals  are  synectic  everywhere  within  the  polygon.  The 
singularities  have  been  transferred  to  the  boundary  of  the  ^-region; 
and  thus  the  variables  x  and  y,  as  well  as  all  the  integrals  of  the 
given  linear  differential  equation  which  has  rational  functions  of  x 
and  y  for  its  coefficients,  can  be  expressed  as  uniform  functions  of 
z  within  the  region  of  its  variation. 


AUTOMORPHIC  FUNCTIONS  AND  CONFORMAL  REPRESENTATION. 

157.  The  relation  between  the  variable  z  and  the  function 
x—f(z)  can  be  considered  in  two  different  ways,  the  analytical 
expression  of  the  significance  being  the  same  for  the  two  ways. 

In  the  first  place,  the  relation  can  be  regarded  as  one  of 
conformal  representation.  Assuming  for  the  sake  of  simplicity 
that  all  the  singular  values  of  x  are  real,  consider  the  problem* 
of  representing  the  upper  half  of  the  as-plane  bounded  by  the  axis 
of  real  quantities  conformally  upon  a  polygon  in  the  z-plane, 
bounded  by  circular  arcs  and  having  m  sides :  this  conformal 
representation  is  known  to  be  possible.  If  its  expression  be 

then  f'(z)  must  not  become  zero  or  infinite  anywhere  within  the 
polygon,  that  is,  for  any  finite  values  of  x;  for  otherwise,  the 
magnification  would  be  zero  or  infinite  there,  a  result  that  is 
excluded  save  at  possible  singularities  on  the  boundary. 

It  is  manifest  that  the  representation  remains  substantially 
the  same,  if  the  ^-plane  be  subjected  to  any  homographic  trans- 
formation 


_ 

~ 


where   ad'  —  b'c'  =  1  ;    for  this  will   merely  change   the  polygon 
bounded  by  circular  arcs  into  another  polygon  similarly  bounded. 

*  T.  F.,  §  271. 
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Hence,  in  constructing  the  function  for  the  conformal  represent 
tion,  account  must  be  taken  of  this  possibility  ;  and  therefore,  as 


where  [z,  x}  is  the  Schwarzian  derivative,  we  construct  this  func 
tion  [z,  x}.     We  have* 


,  ,-0        - 

(x  —  of         x  —  a 

say,  where  the  summation  on  the  right-hand  side  extends  over  all 
the  singular  values  a  of  x\  the  internal  angle  of  the  ^-polygon  at 
the  corner  homologous  with  a  is  cnr,  and  the  coefficients  A0  are 
real  quantities.  If  oo  is  an  ordinary  value  of  x,  so  that  no  angular 
point  of  the  polygon  is  its  homologue,  then 


-«2), 

0  =  2as40  +  2a  (1  -  a2). 

If   oo  is  a  singular  value   of  x,  which   has   an   angular  point  of 
the  polygon  as  its  homologue,  with  the  internal  angle  equal  to  KIT, 

then 


-«2)' 
the  summations  being  over  all  the  finite  singular  values  of  x. 

The  number  of  constants  is  sufficient  for  the  representation. 
In  the  case  when  oo  is  not  the  homologue  of  an  angular  point  of 
the  polygon,  we  have  m  constants  a,  m  constants  a,  and  m  con- 
stants A0,  subjected  to  three  relations  as  above;  as  all  these 
constants  are  real,  there  are  3m  —  3  independent  constant 
But,  if 

_  a"X  +  b" 

~  c"X  +  d"  ' 

where  a"d"  —  b"c"  =  1  and    the  constants  a",  b",  c",  d"  are  re 
then  the  upper  half  of  the  axplane    is   transformed  into  itsel 
hence  the  m  constants  a  are  effectively  only  m  —  3  in  numl 
and  thus  the  constants  in  I  (x)  are  equivalent  to  '3m  —  6  inde 
pendent  constants,  which  can  be  used  to  make  a  solution  deteri 

*  The  whole  investigation  is  due  to  Schwarz:  see  T.  F.,  §  271. 
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inate.  On  the  other  hand,  to  determine  the  polygon,  3m  constants 
are  needed,  viz.  two  coordinates  for  each  of  the  m  corners  and  a 
radius  for  each  arc  :  but  these  are  subject  to  a  reduction  by  6,  for 
the  representation  is  determinate  subject  to  a  transformation 


_ 

~ 


where  a'd'  —  b'c'  =  1,  and  the  constants  of,  b',  c,  d'  are  complex,  so 
that  there  are  six  real  parameters  undetermined.  The  number  of 
available  constants  is  therefore  sufficient  for  the  number  of  condi- 
tions that  must  be  satisfied. 

In  the  case  when  oo  is  the  homologue  of  an  angular  point,  we 
have  m  —  1  constants  a,  m  constants  a,  and  m  constants  A0,  sub- 
jected to  two  relations  as  above  ;  as  all  these  constants  are  real, 
they  are  equivalent  to  3m  —  3  independent  constants.  The  re- 
mainder of  the  argument  is  the  same  as  before  ;  and  we  infer  that 
the  number  of  constants  is  sufficient  to  satisfy  the  number  of 
conditions  for  the  conformal  representation. 

It  need  hardly  be  pointed  out  that,  thus  far,  the  polygon 
bounded  by  circular  arcs  is  any  polygon  whatever;  it  has  been 
taken  arbitrarily,  and  it  does  not  necessarily  satisfy  the  conditions 
of  being  a  fundamental  region  suited  for  the  construction  of  auto- 
morphic  functions. 

158.  That  polygons  can  be  drawn  in  the  2-plane,  suited  to 
the  construction  of  automorphic  functions  in  connection  with  a 
given  algebraic  relation  -fy  (x,  y)  =  0,  may  be  seen  as  follows.  For 
simplicity,  let  the  polygon  be  of  the  first  family*,  and  let  it 
have  2n  edges  arranged  in  n  conjugate  pairs  ;  and  suppose  that  q 
is  the  number  of  cycles  of  its  corners,  each  cycle  being  closed. 
The  genus  p  of  the  group  is  given  by 

2p  =  n  +  1  —  q. 

When  the  surface  included  by  the  polygon  is  deformed  and 
stretched  in  such  a  manner  that  conjugate  edges  are  made  to 
coincide  by  the  coincidence  of  homologous  points,  then  for  each 
cycle  in  the  polygon  there  is  a  single  position  on  the  closed 

*  T.  F.,  §§  292,  293. 
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surface  obtained  by  the  deformation.     This  closed  surface  corre- 
sponds* to  the  Riemann  surface  for  the  equation 


which  also  is  of  genus  p  ;  and  thus  there  are  q  positions  on  the 
surface,  each  associated  with  one  of  the  q  cycles.  Each  such 
position  requires  a  couple  of  real  parameters  to  define  it  ;  and 
thus  we  have  2^  real  parameters.  Equations,  which  are  biration- 
ally  transformable  into  one  another,  are  not  regarded  as  inde- 
pendent :  and  therefore  the  effective  number  of  constants  in 
A/T  (x,  y)  =  0  to  be  taken  into  account  is  3p  —  3,  being  the  number*}* 
of  class-moduli  which  are  invariantive  under  birational  transform- 
ation. Each  of  these  is  complex,  so  that  the  number  of  real 
parameters  thus  arising  is  6p  —  6.  We  therefore  have  to  provide 
for  Qp  —  6  +  2g  real  parameters,  by  means  of  the  polygon. 

In  order  that  the  polygon  may  be  properly  associated  with  a 
Fuchsian  group,  it  must  satisfy  certain  conditions.  Its  sides  must 
be  arcs  of  circles,  the  centres  of  which  lie  in  the  axis  of  real 
quantities.  As  it  has  2n  sides,  we  therefore  require  2n  centres  on 
that  axis  and  2w  radii,  making  4>n  real  quantities  in  all  ;  but  three 
of  the  centres  may  be  taken  arbitrarily,  for  the  polygon  now 
under  consideration  is  substantially  unaffected  by  a  transforma- 
tion 

az  +  b 


where  a,  6,  c,  d  are  real ;  so  that  the  total  number  of  real  quanti- 
ties necessary  is  effectively  4n  —  3.  They  are,  however,  not  suffi- 
cient of  themselves  to  specify  an  appropriate  polygon :  for 
conjugate  sides  must  be  congruent,  a  property  that  imposes  one 
condition  for  each  pair  of  edges,  and  therefore  n  conditions  in  all : 
and  the  sum  of  the  angles  in  a  cycle  must  be  a  submultiple  of  2-Tr, 
so  that  q  conditions  in  all  are  thus"  imposed.  Hence  the  total 
number  of  real  quantities  necessary  is 

=  4<n  —  S  —  n—q 
=  3w  -  3  -  q 

in  effect,  the  same  as  the  number  of  real  parameters  given. 

*  T.  F.,  §  310. 
f  T.  F.,  §  246. 
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AUTOMORPHIC  FUNCTIONS  AND  LINEAR  EQUATIONS  OF  THE 
SECOND  ORDER:   FUCHSIAN  EQUATIONS. 

159.  In  the  second  place,  the  variable  z,  and  the  automorphic 
functions  x  and  y,  can  be  associated  with  a  linear  differential 
equation  of  the  second  order.  Let 


vi =      - 1   >     V2  =  z    j-     . 
)  \dz) 


so  that 

then  it  is  easy  to  verify  that 


where  [a;,  z\  is  the  Schwarzian  derivative  of  x  with  regard  to  z, 
and  x  =dxjdz.  It  is  a  known  property*  that,  if  x  is  an  auto- 
morphic function  of  z,  then  the  function 


is  automorphic  for  the  same  group  ;  hence  it  can  be  expressed 
rationally  in  terms  of  x  and  y,  where 

ty  (x,  y}  =  0. 

Denoting  its  value  by  —  27,  where  /  is  a  rational  function  of 
x  and  y,  which  may  be  a  rational  function  of  x  alone,  we  have 
^  and  v2  as  linearly  independent  integrals  of  the  equation 


the  quantity  z  is  the  quotient  of  the  two  integrals. 

The   analytical   relation  -is   effectively   the   same   as   before  ; 
for  if 

(*,  *}  =  2/, 

we  knowf  that  z  is  the  quotient  of  two  integrals  of 


*  T.  F.,  §  311. 

t  Treatise  on  Differential  Equations,  §  61. 
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Moreover, 

{x,  z}--  x'2  {z,  x}  ; 

so  that  the  results  agree  in  form.  The  difference  is  that,  regard- 
ing the  relation  as  a  problem  of  conformal  representation,  we 
have  been  able  to  calculate  the  value  of  /  in  greater  detail  thai 
in  the  alternative  mode  of  regarding  the  relation :  but  the  con- 
siderations adduced  in  connection  with  the  differential  equatior 
have  been  of  only  the  most  general  character,  and  have  nc 
permitted  any  discussion  of  the  form  of  /. 

When  an  equation  of  the  form 
d*v      T  _ 

is  given,  where  /  is  a  rational  function  of  x,  or  a  rational  functioi 
of  two  variables  x  and  y,  connected  by  an  algebraic  equation 


it    may  happen  that  x  and  y  are    uniform    functions  of  z,  th< 
quotient  of  two  integrals  of  the  differential  equation.     But  th( 
uniform  functions  are  not  necessarily,  nor  even  generally,  autc 
morphic  for  a  group  of  substitutions  of  z.    Judging  from  the  result 
of  the  consideration  of  the  question  as  a  problem  of  conforms 
representation,  we  should  be  led  to  expect  that  the   constants 
which  survive  in  /  after  the  conditions  for  uniformity  are  satisfiec 
might  be  determinable  so  that  the  uniform  functions  of  z  are 
automorphic.     When  this  determination  is  effected,  the  equatior 
is  called*  Fuchsian  by  Poincare',  if  the  group  be  Fuchsian. 

160.     We  proceed  to  consider  more  particularly  the  propertie 
of  the  equation 


in  relation  to  the  quotient  of  its  integrals.     Let  x  =  a,  y  =  b  be 
singularity  of  the  equation,  where  ty  (a,  b)  =  0 ;  and  let 

Limit  [(x  —  afl'\x=a  =  P> 
so  that  the  indicial  equation  for  a  is 


Ada  Math.,  t.  iv,  p.  223. 
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Let  nj  and  nz  be  its  roots,  when  they  are  unequal ;  then  two 
integrals  of  the  equation  are  of  the  form 

v1  =  (x  —  a)ni  +  . . . , 


and  so 


z  =  -  =  (x  -  a)"'-"'  + 


If  OCTT  be  the  internal  angle  of  the  ^-polygon  at  the  angular  point 
homologous  with  a,  we  must  have 

n2  -  H!  =  a, 
and  therefore 

1  -  4/3  =  a2, 
that  is, 

P 
so  that 

T      i 

/  _ 


the  remaining  terms  being  of  index  higher  than  —  2. 

This  is  valid,  if  a  is  not  zero.     When  a  is  zero,  so  that  ^  =  n, 
and  therefore  p  =  |,  the  integrals  of  the  equation  are 

vl  =  (x-  a)Wl  +  .  .  .  , 

«a  =  (x  -  a)ni  [{!  +  ...}  log  (x  —  a)  +  powers  of  x  -  a], 
and  so,  in  the  immediate  vicinity  of  a,  we  have 

V2          1  / 

z  =  -  =  log  (x  —  a)  +  powers  ; 

vi 
and  then 

/-—  i 

(x  -  a)2  * 
the  remaining  terms  again  being  of  index  higher  than  —  2. 

The  quantity  a,  in  terms  of  which  the  leading  fraction  in  I  is 
ijexpressed,  depends  upon  the  character  of  the  singularity  at  (a,  b). 
[[If  the  latter  denote  a  singular  combination  of  values  for  the 
equation 

i/r  (x,  y}  =  0, 

Ithen  it  is  known*  that  the  variables  x  and  y  can  be  expressed  in 
ihe  form 


»  T.  F.,  §  97. 
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where  $(£)  is  a  regular  function  of  £,  which  does  not  vanish  whei 
£=0,  and  the  expressions  are  valid  in  the  immediate  vicinity  o 
the  position.  Let  r  be  the  least  common  multiple  of  p  and  q,  am 
write 


then  in  that  vicinity,  we  have 

(as  —  a)*  =  z  +  ... , 

y  -  b  =  ZPP'  S  (ZP), 
so  that  both  x  and  t/  are  uniform  functions  of  z  in  the  vicinity. 

The  commonest  instance  occurs,  when  (a,  6)  is  a  simple  branch 
point;  we  then  have 

/>»  2  =  !,  2, 

so  that  a  =  £. 

If  (a,  6)  be  a  singularity  of  some  given  differential  equation 

any  order,  say 

dmw     m~l      ,       .dnw 


where  ty  (x,  y)  =  0,  three  cases  arise. 

Firstly,  let  all  the  integrals  be  free  from  logarithms,  and  let 
the  exponents  to  which  the  members  of  a  fundamental  system 
integrals  (supposed  regular)  belong  be  commensurable :  then  the) 
are  integer  multiples  of  a  quantity  Ar1,  and  we  take 

1 

a~  k' 


(x  —  a)a  =  z  +  — 


In  that  case,  any  integral  is  of  the  form 

w  =  (x  —  of  R  (x  —  a) 

M 

=  (x  —  a)k  R  (x  —  a) 


so  that  the  integrals  of  the  equation,  as  well  as  the  variable 
x  and  y,  become  uniform  functions  of  z  in  the  vicinity  of  z  =  0. 

Secondly,   let   the   integrals   (still   supposed   regular)  of  the 
fundamental  system  belong  to  exponents  some  of  which  at  k 
are  not  commensurable  quantities.     We  take 

z  =  log  (x  —  a)  +  powers ; 
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and  then  an  integral  of  the  form 

(x  -  ay  R(x-  a), 


>ecomes 


.e.,  a  uniform  function  of  z,  valid  for  large  values  of  \z\:  and  this 
uniformity  is  maintained  whether  p,  is  commensurable  or  not. 

Thirdly,  let  x  =  a  be  an  essential  singularity  of  one  or  more  of 
;he  integrals,  supposed  irregular  there.     As  in  the  last  case,  we 

take 

z  =  log  (x  —  a)  +  powers  ; 

the  integral  may  or  may  not  become  uniform  for  large  values 

of  \z\. 

In  the  last  two  cases,  if  the  expression  for  ar  in  terms  of  zy  say 

x=f(z\ 

be  automorphic,  then  z  =  oo  is  an  essential  singularity  of  the 
function  f(z);  and  then,  when  z  varies  within  the  polygonal 
^region,  x  does  not  approach  the  value  a  for  which  the  integrals  of 
bthe  equation  cease  to  be  regular.  Within  the  region,  the  integrals 
lare  uniform.  It  is  to  be  noted  that  the  relation,  adopted  in  the 
hecond  case  and  the  third  case,  would  be  effective  in  the  first  case 
felso,  so  far  as  securing  uniformity  ;  but  the  converse  does  not 
Khold.  The  relation  which,  as  seen  above,  corresponds  to  the 
j/icinity  of  an  angular  point  of  the  polygon  where  the  sides  touch, 
Is  the  most  generally  applicable  of  all  :  the  form  of  relation,  corre- 
^ponding  to  the  first  case,  is  applicable  only  under  the  somewhat 
restricted  conditions  of  that  case. 

161.     These  conditions  and  limitations  affect  the  quantity  / 
In  the  equation 


or  they  determine  the  leading  coefficient  in  its  expansion  near 

.ny  of  its  poles  ;  but,  in  general,  they  do  not  determine  /  com- 

letely.    On  the  other  hand,  we  so  far  have  only  secured  the 

Itniformity  in  character  of  the  functional  expression  of  x  in  terms 

:f  z:  the  automorphic  property  of  the  functional  expression  has 

j.ot  been  secured.     The  latter  is  effected  by  the  proper  assign- 

ent of  the  remaining  parameters  in  /. 

32—2 
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As  a  special  instance,  take  the  case  in  which  the  genus  of  the 
group  and  of  the  permanent  equation  is  zero ;  so  that,  if  the 
polygon  has  2n  edges,  the  number  of  cycles  q  is  given  by 

q  =  n  + 1. 

Taking  the  angular  points  in  order  as  A1}  A3,  ...,  Am,  and  makii 
the  sides 

A         A  \  \AA\A  A  \ 

^12   *»l  •cin-i-n-n  -"-n      -n-n+il 


to  be  conjugate  pairs,  the  necessary  n  +  1  cycles  are 

To   define   the   polygon   of  2n   circular   arcs,  which  have   thei 
centres  on  the  axis  of  real  quantities,  we  require  the  4>n  coordi 
nates  of  the  angular  points  ;  but  these  effectively  are  only  4n  —  ! 
quantities,  because  the  s-plane  is  determinate,  subject  only  to 
transformation 

/      az  +  b\ 

(*•  ^+d) ' 

where  a,  b,  c,  d  are  real.  In  each  cycle,  the  sum  of  the  angles  is 
a  submultiple  of  STT  :  so  that  n  +  1  conditions  are  thus  imposed. 
Again,  the  edges  in  a  conjugate  pair  must  be  congruent ;  so  that 
n  further  conditions  are  thus  imposed.  Accordingly,  there  remain 
2n  —  4  real  independent  constants  to  determine  the  polygon. 

The  polygon  thus  determined  defines  a  Fuchsian  function ; 
the  genus  is  zero,  every  function  can  be  expressed  rationally 
terms  of  x,  so  that  the  equation  for  v  (leading  to  z,  as  the  quotiei 
of  two  integrals)  is 


where  I  is  a  rational  function  of  x.     Corresponding  to  the  n  + 
cycles,  there  are  n  +  1  values  of  x  ;  let  these  be 

(/  1    ,  (..I    .)  y         •    •    .     J  ('    I),   9  ^~r      • 

Let  ctrTT  be  the  sum  of  the  internal  angles  of  the  ^-polygon  cor 
spending  to  ar,  so  that  a,,  is  the  reciprocal  of  an  integer;   at 
take  an+l  to  be  the  quantity  a  for  ao  .     Then  in  the  vicinity  of 
we  have 
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for  each  of  the  values  of  r.     Thus,  if  we  write 

A  =  (a;  —  Oj)  (x  —  a2)  ...  (x  —  an), 

and  remember  that  /  is  a  rational  function  of  x,  we  have 

T_G(x) 

"ar? 

where 


for   r—l,...,n.     In  order  to  satisfy  the    condition  for  x  —  <x>, 
G  (x)  must  be  of  order  2n  —  2,  and 


The  number  of  coefficients  in  0  (x}  is  2n  —  1 ;  but  the  coefficient 
of  the  highest  power  is  known,  and  there  are  n  relations  among 
jthe  rest,  owing  to  the  conditions  at  alt  ...,  an;  hence  there  remain 
n  —  2  coefficients  independent  of  one  another.  Each  of  these  is 
complex  in  general,  so  that  they  are  effectively  equivalent  to 
; 2n  —  4  real  constants.  Assuming  that  the  quantities  a1}  ...,  an 
•are  known,  it  is  to  be  expected  that  the  2n  —  4  conditions  for  the 
polygon  determine  these  2w  —  4  real  constants. 

In  the  simplest  case,  we  have  n  =  2  ;  and  we  may  take  a^  =  0, 
02  =  1,  so  that 

7-1  i-fti2  +  i  l~a*    ,  P  ,      * 

—   4  n&  *    T,  l"  \2     '  "^i  1    ' 

i  The  conditions  for  x  =  oo  give 


-where  a1}  «2,  «3  are  the  reciprocals  of  integers;  the  quantity  / 
then  is  the  invariant  of  the  hypergeometric  series. 

162.     As  another  illustration,  which  may  be  treated  somewhat 
differently,  consider  the  equation 

2/2  =  x  (1  —  x}  (1  —  ex}, 

\  where  c  is  a  real  constant  less  than  unity ;  and  write 

ac  =  1, 
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so  that  a  is  a  real  constant  greater  than  unity.     Here,  the  point 
x  =  0,  I,  a,  oo  are  each  of  them  singular ;  and  the  value  of  a  is 
for  each  of  them.     Consequently, 


r    i(i-i)  ,  i(i-i)  ,  HI-*).  ^  ,    B         G 

•*•  -o  '       /  -  1  \o        I       /  ..  _  \o     T  l~ 


x      x  —  1      x  —  a 
and  the  conditions  for  x  =  oo  give 

A  +  B  +  C=Q, 


One  constant  in  7  is  left  undetermined  by  these  conditions  ;  thus 
/  _  A  _i_      T3g       , 


__ 
a;2      (a?  -!)»(#  -a)8      #(«-  l)(a?-a)' 

say,  where  X  is  the  undetermined  constant.  It  is  possible  t( 
determine  \,  so  that  a;  is  a  Fuchsian  function  of  z,  where  z  is 
the  quotient  of  two  solutions  of  the  equation 


As  regards  this  Fuchsian  function,  its  polygon  may  be  obtained 
simply  as  follows.  We  take  four  points  A,  B,  G,  D  in  the  2-plane 
to  be  the  homologues  of  0,  1,  a,  oo  ;  owing  to  the  value  of  a,  which 
is  \  in  each  case,  the  internal  angles  of  the  polygon  must  each  be 
\TT.  We  make  the  edges  AB,  CD  conjugate,  and  likewise  the 
edges  BG,  DA  ;  and  then  there  is  a  single  cycle,  ADCB,  the  sum 
of  the  angles  in  which  is  2?r.  With  the  former  notation,  we  thus 
have  q  =  1,  n  =  2  ;  so  that 

2p  =  2  +  1  -  1  =  2, 

and  therefore  p  =  1,  as  should  be  the  case.  Further,  the  sum  of  the 
angles  of  a  curvilinear  triangle,  entirely  on  one  side  of  the  real 
axis,  is  less  than  TT,  when  the  centres  of  the  circular  arcs  lie  on 
the  real  axis  :  so  that,  if  our  polygon  be  curvilinear,  the  sum  of  its 
angles  would  be  less  than  2?r  (for  it  could  be  made  up  of  two 
triangles),  whereas  the  sum  is  actually  2?r.  Hence  the  polygon 
can  only  be  a  rectangle,  and  the  Fuchsian  functions  are  doubly- 
periodic.  We  therefore  take 


x  =  sn2  z,     y  =  sn  z  en  z  dn  z, 
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as  is  manifestly  permissible ;  and  then 

,     dz  _  J_  1 

dx      2v  ~  " 


which  leads  to 

L      "I      .       30-0-1 


„ 
f 


=  27, 

so  that  we  have 

X  =  -i(a+l)- 

This  value  of  \  renders  x  (and  so  y)  a  Fuchsian  function  of  the 
quotient  of  two  solutions  of  the  equation 

d?v 


As  regards  the  integrals  of  this  equation,  the  indicial  equation 
of  x  =  0  is 


so  that  p=i,  p  =  f  .     Denoting  by  vl  and  v2  the  integrals  that 
belong  to  \  and  f  respectively,  we  have 


a 
Hence 

1+*-*+ 


and  therefore 


after  the  earlier  analysis. 

Similarly,  in  the  vicinity  of  a  —  1,  we  find  integrals 


504 

and  then,  taking 

we  find 
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Now 


1-c 


a;  - 1  =  -  en2 


so  that 

Hence 
so  that,  as 

where  AD—BC—  1,  because 

1 

we  have 


dV 


Again,  in  the  vicinity  of  x  =  a,  we  find  integrals 


77  —  (x  —  n} 
u  2  —  \m  —  a) 

and  then,  taking 
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we  find 


i 

T 


]_  _  /. 

Also 

a;  —  a  =  sn2  £  -- 
c 


c 
so  that 


Proceeding  as  before,  this  leads  to  the  relations 


Lastly,  for  large  values  of  x,  we  have 


and  then,  taking 
we  find 

Now 

1        1 


as     sn2 
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so  that 

r.-rftt-tfr'). 
Proceeding  as  before,  this  leads  to  the  relations 


The  relations,  in  fact,  have  enabled  us  to  construct  the  expressions 
for  each  fundamental  system  in  terms  of  the  first  and,  therefore  by 
inference,  in  terms  of  every  other. 

Ex.  1.     Discuss  in  the  same  way  the  Fuchsian  differential  equation 


v  - 

connected  with  the  equation 

y*  =  teP-g^x  -g3. 

Ex.  2.     Shew  that,  if 

*=P(log«), 

where  f>  denotes  Weierstrass's  elliptic  function, 

l 


and  discuss  the  significance  of  the  integral  relation  in  regard  to  its  pseudo- 
automorphic  character  for  the  equation 

tf  =  4a?-gtX-gz. 

Ex.  3.  A  fundamental  polygon  in  the  z-plane  is  composed  of  two  semi- 
circles, one  upon  a  diameter  in  the  real  axis  for  values  of  2  corresponding  to 
values  of  x  equal  to  0  and  1,  the  other  upon  a  similar  diameter  for  values  of 
x  equal  to  1  and  a,  (where  a>l),  and  of  two  straight  lines  drawn,  through 
points  corresponding  to  0  and  a,  perpendicular  to  the  axis  of  real  quantities. 
Prove  that  the  subsidiary  equation  of  the  second  order,  for  the  construction 
of  x  as  an  automorphic  function  of  the  quotient  of  two  of  its  integrals,  is 

i^__iri4  _!_     l  l  .     **+" 

v  dx*~     *  L*2     (x-  1)2     (x-ayy  x  (#-  1)  (x-aY 
where  the  constant  p  is  to  be  properly  determined. 


AUTOMORPHIC  FUNCTIONS  USED  TO  MAKE  THE  INTEGRALS 
OF  ANY  EQUATION  UNIFORM. 

163.  If,  for  any  given  equation,  there  is  only  one  singularity, 
it  can  be  made  to  lie  at  the  origin. 

In  order  to  obtain  a  variable  2,  in  terms  of  which  the  integrals 
of  the  given  equation  can  be  expressed  uniformly,  we  construct  an 
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equation  of  the  second  order  which  has  x  =  0  for  a  singularity, 
of  such  a  form  that  the  indicial  equation  for  x  =  0  has  equal 
roots  (§  160).  This  auxiliary  equation  may  have  other  singulari- 
ties, but  otherwise  it  may  be  kept  as  simple  as  possible.  Such 
an  equation  is 

ffiv      \ 


the  indicial  equation  for  x  —  0  is 

so  that  X  =  —  £  if  it  has  equal  roots.     Thus  the  equation  is 

Two  integrals  are  given  by 

1*2  o         3 

thus 

z  =  —  =  loer  x. 

»i 

which  is  the  new  independent  variable. 

An  equation  of  the  kind  indicated  is  (§  45,  Ex.  6) 


when  the  variable  is  changed  from  x  to  z,  where  x—ez^  the  equation  becomes 


The  integrals  are  synectic  for  all  finite  values  of  z. 

164.  When  a  given  differential  equation  has  two  singularities, 
a  homographic  transformation  can  be  applied  so  as  to  fix  them  at 
x  =  0,  x=\. 

To  obtain  a  variable  z  in  terms  of  which  the  integrals  of  the 
given  equation  can  be  expressed  uniformly,  we  construct  an 
equation  of  the  second  order,  having  0  and  1  as  its  singularities 
and  such  that  the  respective  indicial  equations  have  repeated 
roots.  An  appropriate  equation  is 

d?v        a+fix 


dx*     a?(x- 


,  "• 
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The  indicial  equation  for  x  =  0  is 

P(P  -!)=«> 
so  that  a  =  -  £  ;  the  indicial  equation  for  #  =  1  is 


so  that  a  +  /9  =  —  £,  and  therefore  y3  =  0,  so  that  the  equation  is 

d*v  ,         i 

—  -I  --  -  -  ij  =  O 

da?  ^  a?(x-\}* 

One  integral  is  easily  found  to  be 

#j  —  x^(x  —  1)*; 
and  then  2,  the  quotient  of  another  integral  by  v1}  is  given  by 


_^ 

C&C       V,2       X  (<K  -  1)  ' 

on  particularising  the  constant  C,  which  may  be  arbitrary.     Thus 


x  = 


gives   a  new  variable  z,  such  that  the  integrals   of  the    given 
differential  equation  are  uniform  functions  of  z. 

Thus  let  the  equation  be 

dy  b 


dx*  "*"  x(x-  1)  dx^  x1-  (x-\yy 

which  has  #=0  and  #  =  1  for  real  singularities:  it  is  easy  to  verify  that 
x  =00  is  not  a  singularity  but  only  an  ordinary  point  for  every  integral. 
When  the  equation  is  transformed  so  that  z  is  the  independent  variable,  it 
becomes 


the  integrals  of  which  clearly  are  uniform  functions  of  z, 

165.  When  a  given  differential  equation  has  three  singulari- 
ties, a  homographic  transformation  can  be  used  so  as  to  fix  them 
at  x=  0,  1,  oo  . 

We  may  proceed  in  two  ways.  It  may  be  possible  to  choose, 
as  the  fundamental  region  in  the  2-plane,  a  triangle,  having 
circular  arcs  for  its  sides,  and  having  XTT,  pir,  vrr  for  its  internal 
angles  at  points  which  are  the  homologues  of  0,  oo  ,  1  respectively  : 
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\,  /*,  v  being  the  reciprocals  of  integers.     Then  the  subsidiary 
equation  may  be  taken  in  the  form 


. 
vda?  a?  (#-l)2  x(x-l) 

which  is  the  normal  form  of  the  equation  of  the  hypergeometric 
series  with  parameters  a,  /3,  7,  where 

V  =  (1  -  7)2,     /x2  =  (a  -  /3)2,     i/2  =  (7  -  a  -  /3)2. 

The  variable  z  may  be  taken  as  the  quotient  of  two  solutions  of 
the  subsidiary  equation  ;  and  so 

^_v^(«  +  l-%  ff  + 


It  is  known*  that  x,  thus  defined,  is  a   uniform   automorphic 
function  of  z. 

This  transformation  will  render  uniform  the  integrals  of  a 
differential  equation,  which  has  no  singularities  except  at  0,  1, 
oo  ,  provided  the  integrals  are  regular  in  the  vicinity  of  those 
singularities  and  belong  to  indices  which  are  integer  multiples  of 
X,  v,  fjb  respectively.  If  these  conditions  are  not  satisfied,  in 
particular,  if  the  singularities  are  essential  for  the  integrals,  then 
we  proceed  by  an  alternative  method. 

We  take  a  subsidiary  equation  having  0,  1,  oo  for  singularities, 
such  that  the  indicial  equation  for  each  of  them  has  equal  roots. 
Let  it  be 


~da?  ~     a?(x-  I)2      ' 

where  a',  /3',  y'  are  to  be  chosen  so  that  the  indicial  equation  for 
each  of  the  singularities  has  equal  roots.     These  equations  are 


so  that 

«'  =  - 

and  thus  the  equation  is 


<frv_      ,    1  -  x  +  a? 
+  ;a-a~ 


*  T.  F.t  §  275. 
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The  coefficient  of  v  is  the  invariant  of  a  hypergeometric  equation, 
of  which  the  parameters  are 


so  that  z,  the  quotient  of  two  integrals  v,  is  also  the  quotient  of 
two  integrals  of  the  equation 

.  d?w  .  dw 


This  is  the  equation  of  the  quarter-periods  in  elliptic  functions: 
so  that 

~ 


This  relation  effectively  defines  x  as  a,  modular  function*  of  z  : 
the  fundamental  region  is  a  curvilinear  triangle.  The  function 
exists  over  the  whole  .z-plane  :  the  axis  of  real  quantities  is  a  line 
of  essential  singularity. 

Any  differential  equation,  having  x  =  0,  1,  oo  for  all  its  singu- 
larities no  matter  what  their  character  may  be,  can  be  transformed 
by  the  preceding  relation  so  that  z  is  the  independent  variable  : 
its  integrals  are  then  expressible  as  functions  of  z  which  are 
uniform  over  the  whole  of  the  2-plane,  their  essential  singularities 
lying  on  the  axis  of  real  quantities. 

Ex.  A  differential  equation  has  only  three  singularities  at  x=a,  b,  c, 
such  that  the  roots  of  the  indicial  equations  of  those  points  are  integer 
multiples  of  a,  /3,  y  respectively,  where  a,  /3,  y  are  reciprocals  of  integers. 
Shew  that  a  variable,  in  terms  of  which  the  integrals  can  be  expressed  as 
uniform  functions,  is  given  by  taking  the  quotient  of  two  Riemann  P-functions 
with  the  appropriate  singularities  and  indices. 


AUTOMORPHIC  FUNCTIONS  APPLIED  TO  GENERAL  LINEAR 
EQUATIONS  OF  ANY  ORDER. 

166.  At  the  beginning  of  the  preceding  explanations  and 
discussions,  it  was  assumed  (§  157)  that  all  the  singular  values 
of  x  are  real.  The  assumption  was  then  made  for  the  sake  of 
simplicity:  it  can  be  proved •}•  to  be  unnecessary. 

*  T.  F.,  §  303. 

+  Poincar6,  Acta  Math.,  t.  iv,  pp.  246 — 250. 
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Firstly,  let  the  singularities  be  constituted  by  al}  a2,  ...,  am, 
all  of  which  are  real,  and  by  c,  which  will  be  supposed  complex. 
With  these  we  shall  associate  c0,  the  conjugate  of  c  ;  and  we  write 


a   quadratic   polynomial   with    real    coefficients.     Then    all    the 
quantities 

0,    ^(aO, 


are  real.  Construct  a  fundamental  region  in  the  .z-plane,  such 
that  the  foregoing  m  +  2  quantities  are  the  homologues  of  the 
corners  ;  and  let 

X  =  F(z) 

be  the  relation  that  gives  the  conformal  representation  of  the 
region  upon  half  the  X-plane,  so  that  F(z)  is  a  Fuchsian  function 
of  z. 

Consider  the  variable  x,  as  defined  by  the  equation 


So    long   as   z   remains  within   the   fundamental  region,  #   is  a 
uniform  function  of  z\   it  could  cease  to  be  so,  only  if 


that  is,  if  x  =  ^c  +  ^c0,  and  then  we  should  have 


which  is  not  possible  for  values  of  z  within  the  region.     Also, 

doc 

-j-  is  not  zero  for  any  value   of  z  within  the  region  ;   for  then 

dz 

we  should  have 

J*  (*)-<>, 

which  would  make  a  zero  magnification  between  the  ^-plane 
and  the  z-region:  this  we  know  to  be  impossible  for  internal 
^-points.  This  uniform  function  x,  whose  derivative  does  not 
vanish  within  the  polygon,  cannot  acquire  either  of  the  values 
c  or  c0  within  the  polygon,  for  then  we  should  have 
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which  is  possible  only  at  a  corner.     Nor  can  it  acquire  any  ol 

the  values  aly  a^,   ...,  am  for  points  within  the  ^-polygon :   for 
at  any  such  value,  we  have 


which  again  is  possible  only  at  a  corner. 

Now  since  X  =  F(z)  is  a  relation  that  confonnally  represents 
the  half  X-plane  upon  a  ^-polygon  bounded  by  circular  arcs  (this 
polygon  being  otherwise  apt  for  the  construction  of  autornorphic 
functions),  we  have  (§  157) 


where  ty  (X)  is  a  rational  function  of  X,     But  for  any  variables 
X  and  x,  we  have 


and  therefore,  in  the  present  case, 

r> 


,   x}  =  2  (2#  —  C  —  C0)2  ty  (x2  —  CX  —  CgX  +  CC0)  - 


x-c-  c0)2 


say,  where   M*  (x)  is  a  rational  function  of  x.     Hence  z  is  the 
quotient  of  two  integrals  of  the  equation 


Now  x  is  known  to  be  a  uniform  function  of  z  ;  it  is  therefore  a 
Fuchsian  function  of  z.  And  we  have  proved  that,  for  values  of  z 
within  the  polygon,  x  cannot  acquire  any  of  the  real  values 
Oj,  Oa,  ...,  am  or  either  of  the  complex  values  c,  c0,  and,  further, 

dx 

that  -^-  does  not  vanish. 
dz 

Secondly,  to  extend  this  result  to  the  case,  when  x  is  not 
to  acquire  any  one  of  any  number  of  complex  values  for  ^-points 
within  the  polygon,  we  adopt  an  inductive  proof  ;  we  assume  the 
result  to  hold  when  there  are  q  —  1  pairs  of  conjugate  complex 
values,  and  shall  then  prove  it  to  hold  when  there  are  q  pairs.  It 
has  been  proved  to  hold,  (i),  when  there  are  no  complex  values 
and,  (ii),  when  there  is  a  pair  of  conjugate  complex  values  :  it  thus 
will  be  proved  to  hold  generally. 
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Suppose,  then,  that  the  given  ^-singularities  are  made  up  of  a 
number  m  of  real  values  a1}  a.2,  ...,am,  and  of  a  number  of  complex 
values.  Let  the  latter  be  increased  in  number  by  associating  with 
each  complex  value  its  conjugate  complex,  whenever  that  conjugate 
does  not  occur  in  the  aggregate  ;  and  let  the  increased  aggregate 
be  denoted  by 

^1  t  GI  }    C%  ,  C%   J    .  .  .  J    C   ,  C 


q  ,     q 


arranged  in  conjugate  pairs.     Write 

q 

(f)  (x)  =    E[    (X  —  Cr)  (X  — 


r=l 


which  is  a  polynomial  of  degree  2q  with  real  coefficients.     The 

equation 

x)  _ 


dx 

of  degree  2q  —  1  with  real  coefficients,  certainly  possesses  one  real 
root  ;  its  other  roots,  when  not  real,  can  be  arranged  in  conjugate 
pairs,  the  number  of  pairs  not  being  greater  than  q  —  1.  Let  its 
roots  be  denoted  by 

01  ,     02,    ...,     02q—i  , 

an  aggregate  which  contains  not  more  than  q  —  1  conjugate  pairs. 
In  the  series  of  quantities 
0;   <£  (O,  ...,   </>(a 


there  are  certainly  ra  +  2  real  quantities  ;  and  there  are  not  more 
than  q  —  1  conjugate  pairs  of  complex  quantities.  According  to 
our  hypothesis,  a  Fuchsian  function  G  (z)  can  be  constructed,  such 
that  the  foregoing  m  +  2  +  2(q  —  1)  quantities  are  the  homologues 
of  the  corners  of  an  appropriate  fundamental  region,  and  G'  (2) 
does  not  vanish  within  the  region.  Then,  proceeding  on  the  same 
lines  as  in  the  simpler  case,  we  consider  a  variable  x.  defined  by 
the  relation 

#(*)-<?  (4 

So  long  as  z  remains  within  the  fundamental  region,  #  is  a 
uniform  function  of  z  ;  it  could  cease  to  be  so,  only  if 

f(*)-o, 

that  is,  if  #  =  &i,  62>  ...,  or  ^q-i>  and  then  we  should  have 

G(z)=<^(b1),   <£(62),  ...,    or    ^(^-O, 
F.  iv.  33 
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which  is  not  possible  for  values  of  z  within  the  region.     Also, 

fi  *7* 

-j-  does  not  vanish  for  values  of  z  within  the  region  ;  for  otherwise 
we  should  have 


for  such  values,  and  this  is  known  not  to  be  the  case.  Further,  to, 
being  a  uniform  function  of  z  whose  derivative  does  not  vanish  for 
values  within  the  polygon,  cannot  acquire  any  of  the  values  cr 
crf,  for  r=  I,  ...,  q,  within  the  polygon;  if  it  could,  we  should  have 
$  (x)  =  0  there,  and  then 

which  is  possible  only  at  a  corner.  Nor  can  it  acquire  any  of  the 
values  O],  ...,  am  for  values  of  z  within  the  polygon :  if  it  could,  we 
should  have 

F  (z)  =  (f)  \d\),     <j>  (c^X    •••>      CT      <f)  (CLm), 

which  again  is  possible  only  at  a  corner. 

Now  since  F,  =G(z),  is  an  automorphic  function,  it  follows* 
that 

\dz  j 

which  is  equal  to  —  {z,  Y},  also  is  an  automorphic  function. 
Consider  the  upper  half  of  the  F-plane.  So  far  as  the  equation 
F  =  G  (z)  is  concerned,  certain  points  on  the  upper  side  of  the 
axis  of  real  quantities  are  exceptional,  not  more  than  q  —  1  in 
number ;  these  can  be  considered  as  excluded,  and  cuts  drawn 
from  them  to  singular  points  on  the  real  axis.  We  then  can 
regard  this  simply-connected  and  resolved  half-plane  as  conformally 
represented  upon  the  polygon  by  the  equation  F=  G(z);  hence  f 


where  6  (  Y)  is  a  rational  function  of  Y.     But 

6(x)=Y, 
where  </>  (#)  is  a  polynomial  ;  hence 

/dY\* 

\z    ar\  —  \z    T\l-—\  4-  IF   a-} 

[Z,  x\  —  \z,   x  ]  \  ^     \  +  {  I  ,  x\ 


=  2©  O), 

*  T.  F.,  §  311.  f  T.  F.,  §  271. 
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say,  where  (D(#)  is  a  rational  function  of  x.     Hence  z  is  the 
quotient  of  two  integrals  of  the  equation 


Now  x  is  known  to  be  a  uniform  function  of  z.  It  is  therefore  a 
Fuchsian  function  of  z,  which  acquires  the  particular  assigned 
values  only  at  the  corners  of  the  fundamental  region  and  nowhere 
within  the  region  ;  its  derivative  does  not  vanish  anywhere  within 
the  region. 

The  statement  is  thus  established. 

167.  The  preceding  explanations,  outlines  of  proofs,  and 
analysis,  will  give  an  indication  of  the  kind  of  result  to  be 
obtained,  and  the  kind  of  application  to  differential  equations  to 
be  made.  It  will  be  recognised  that  such  proofs  as  have  been 
adduced  are  not  entirely  complete  :  thus,  when  a  number  of  real 
constants  is  to  be  determined  by  the  same  number  of  equations, 
whether  algebraical  or  transcendental,  it  would  be  necessary  to 
shew  that  the  constants,  if  determined  in  the  precise  number,  are 
real.  As,  however,  it  was  stated  at  the  beginning  of  these  sections 
that  only  an  introductory  sketch  of  the  theory  would  be  given, 
there  will  be  no  attempt  to  complete  the  preceding  proofs  :  we 
shall  be  content  with  referring  the  student,  for  the  long  and  com- 
plicated processes  needed  to  establish  even  the  existence  of  certain 
results  without  evaluating  their  exact  form,  to  the  classical  memoirs 
by  Poincare,  and  to  the  treatise  by  Fricke  and  Klein,  which  have 
already  been  quoted*.  It  may  be  convenient  to  recount  the 
most  important  and  central  results  of  Poincar^'s  investigations, 
which  have  any  application  to  the  theory  of  linear  differential 
equations. 

Let 

dqw     9^  ,   ,        ,d*w 

d£=  ****<*  y}d# 

be  a  linear  equation  of  order  q,  having  rational  functions  of  x  and 
y  for  its  coefficients,  where  y  is  denned  in  terms  of  x  by  the 
algebraic  equation 

^  (#,  y)  =  0  5 

*  A  memoir  by  E.  T.  Whittaker,  "On  the  connexion  of  algebraic  functions 
with  automorphic  functions,"  Phil.  Trans.  (1899),  pp.  1—32,  may  also  be  consulted. 

33—2 


516  POINCAR^'S   THEOREMS  [167. 

this  equation  in  w  will  be  called  the  main  equation.     Let 


be  another  equation,  in  which  6  (x,  y)  is  a  rational  function  of  x 
and  y  ;  it  will  be  called  the  subsidiary  equation,  and  its  elements 
are  entirely  at  our  disposal. 

Let  x  =  a^,  y  =  6M,  be  a  singularity  of  the  main  equation.  If  all 
the  integrals  are  regular  at  this  singularity,  if  they  are  free  from 
logarithms,  and  if  they  belong  to  exponents,  which  are  commensur- 
able quantities  (no  two  being  equal),  let  k~l  (where  k  is  an  integer) 
be  a  quantity  such  that  the  exponents  are  integer  multiples  of  k~l. 
We  make  x  —  aM,  2/  =  6M,  a  singularity  of  the  subsidiary  equation. 
In  the  case  of  the  indicated  hypothesis  as  to  the  integrals  of  the 
main  equation,  we  make  the  difference  of  the  two  roots  of  the 
indicial  equation  of  the  subsidiary  equation  equal  to  k~l.  In  every 
other  case,  we  make  those  two  roots  equal.  This  is  to  be  effected 
for  each  of  the  singularities  of  the  inain  equation. 

Thus  the  subsidiary  equation  is  made  to  possess  all  the 
singularities  of  the  main  equation.  It  may  have  other  singulari- 
ties also  ;  for  each  of  them,  the  difference  of  the  two  roots  of  the 
corresponding  indicial  equation  is  made  either  zero  or  the  re- 
ciprocal of  an  integer,  at  our  own  choice.  By  these  conditions,  the 
coefficient  6  (x,  y}  will  be  partly  determinate  :  but  a  number  of 
parameters  will  remain  undetermined. 

The  effect  of  these  conditions  is,  by  the  analysis  of  §  160,  to 
make  x  and  y  uniform  functions  of  z,  where  z  is  the  quotient  of 
two  linearly  independent  integrals  of  the  subsidiary  equation; 
and  no  further  conditions  for  this  purpose  need  be  imposed  upon 
the  parameters,  which  may  therefore  be  used  to  secure  other 
properties  of  the  uniform  functions.  The  various  forms  of  0, 
corresponding  to  the  various  determinations  of  the  parameters, 
determine  a  corresponding  number  of  differential  equations  ;  all 
of  these  are  said  to  belong  to  the  same  type,  which  thus  is 
characterised  by  the  singularities  and  their  indicial  equations. 

Poincare  has  proved  a  number  of  propositions  connected  with 
the  results  that  can  be  obtained  by  the  appropriate  assignment 
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of  values  to  these  parameters.     Of  these,  the   most  important 


are:- 


I.  It  is  possible  to  assign  a  unique  set  of  values  in  such 
a  way  as  to  secure  that  x  and  y  are  Fuchsian  functions  of  z, 
existing  only  within  a  fundamental  circle. 

II.  It  is  possible  to  assign  sets  of  values,  unlimited  in 
number,  in  such  a  way  in  each  case  as  to  secure  that  x  and 
y  are  Kleinian  functions  of  z,  existing  over  only  part  of  the 


III.  It  is  possible  to  assign  a  unique  set  of  values  in  such 
a  way  as  to  secure  that  x  and  y  are  Fuchsian  functions  or 
Kleinian  functions  of  z,  existing  over  the  whole  of  the  2-plane. 

There  are  limiting  cases  when  the  Fuchsian  function  becomes 
doubly-periodic,  or  simply-periodic,  or  rational. 


POINCAR^'S  THEOREM  THAT  ANY  LINEAR  EQUATION  CAN  BE 
INTEGRATED  BY  MEANS  OF  FUCHSIAN  AND  ZETAFUCHSIAN 
FUNCTIONS. 

168.  Consider  now  the  integrals  of  the  main  differential 
equation,  when  they  are  expressed  in  terms  of  the  variable  z. 
We  shall  assume  that  x  and  y  have  been  determined  as  Fuchsian 
functions  of  z,  existing  only  within  the  fundamental  circle. 

Near  an  ordinary  point  #0,  y0,  any  integral  w  is  a  holomorphic 
function  of  x  —  as0 ;  near  such  a  point,  #  is  a  holomorphic  function 
of  z  —  z0 ;  so  that  w,  when  expressed  as  a  function  of  z,  is  a  holo- 
morphic function  of  z. 

In  the  vicinity  of  a  singularity  (a,  6),  there  are  two  cases  to 
consider.  If  all  the  exponents  to  which  the  integrals  belong  are 
commensurable  quantities,  so  that  they  are  integer  multiples  of 
some  proper  fraction  Ar1,  where  k  is  an  integer,  and  if  the  integrals 
are  free  from  logarithms,  then  every  integral  is  of  the  form 

Ai 

w  =  (x  —  a)k  8(x  —  a), 
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where  S  is  a  holomorphic  function  of  x  —  a.     As  in  §  160,  we  have 

i^ 

z  —  c  =  (x  —  a)k  T  (x  —  a), 
so  that 

x  —  a  =  (z  —  c)k  R  (z  —  c), 

where  T  and  R  are  holomorphic  functions.     Hence 

w  =  (z-cy*G(z-  c), 

where  the  function  G  is  holomorphic  in  the  vicinity  of  c.  Thus  w 
is  a  uniform  function  of  z  ;  if  /M  is  positive,  then  c  is  an  ordinary 
point  ;  if  p,  is  negative,  it  is  a  pole. 

In  all  other  cases,  whether  the  integrals  involve  logarithms,  or 
the  exponents  to  which  they  belong  are  not  all  commensurable,  or 
the  singularity  is  one  where  some  of  the  integrals,  or  even  all  the 
integrals,  are  irregular,  the  roots  of  the  indicial  equation  for  the 
subsidiary  equation  are  equal.  In  consequence,  the  two  circular 
arcs  of  any  polygon  touch,  and  thus  the  angular  point  is  on  the 
fundamental  circle.  As  we  consider  the  values  of  z  within  the 
fundamental  circle,  the  character  of  the  integral,  when  expressed 
as  a  function  of  z,  does  not  arise  for  the  point  of  the  kind  under 
consideration. 

It  thus  appears  that,  when  z  is  restricted  to  lie  within  the 
fundamental  circle  of  the  Fuchsian  functions  which  are  the  repre- 
sentative expressions  of  x  and  y,  any  integral  of  the  main  equation 
is  a  uniform  function  of  z.  When  this  uniform  function  has  poles, 
it  can  be  represented  in  the  form 


£,(*)' 

where  the  zeros  of  Gl  (z)  are  the  poles  of  the  integral  in  unchanged 
multiplicity,  and  both  G  (z)  and  Gl  (z}  are  holomorphic  functions 
of  z  within  the  fundamental  circle.  When  the  uniform  function 
representing  the  integral  has  no  poles,  it  can  be  expressed  in  the 
form 

H(z\ 

where  the  function  H  (z)  is  holomorphic  everywhere  within  the 
fundamental  circle. 

Hence  we  have  Poincare's  theorem*  that  the  integrals  of  a 
linear  differential  equation  with  algebraic  coefficients  can  be  ex- 
pressed as  uniform  functions  of  an  appropriately  chosen  variable. 

*  Acta  Math.,  t.  iv,  p.  311. 
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169.  The  characteristic  property  of  these  uniform  functions 
can  be  obtained  as  follows.  Taking  the  equation  in  the  form 

d*w     "-z  d"w 

a?  »£*..<*.  y)^          *(*,*)  =  <>, 

where  it  is  supposed  that  the  term  (if  any)  which  involved 

dafl~l 

has  been  removed  from  the  equation  by  the  usual  substitution 
(§  152),  we  denote  by  0lt  02,  ...,  Qq  a  fundamental  system  of 
integrals  in  the  vicinity  of  any  singularity  (a^,  6M).  Let  a  closed 
path  on  the  Riemann  surface,  associated  with  the  permanent 
equation,  be  described  round  the  singularity;  then,  when  the 
path  is  completed,  the  members  of  the  fundamental  system 
have  acquired  values  #/,  02',  ...,  0q',  such  that 

0n'  =  <>  0i  +  a£l  6,  +  ...  +  a^n  Oq>        (n  =  1,  2,  ...,  q\ 

where  the  coefficients  a^  are  constants  such  that  their  determ- 
inant is  unity,  because  the  derivative  of  order  next  to  the  highest 
is  absent  from  the  differential  equation. 

Now  x  and  y  are  Fuchsian  functions  of  z,  existing  only  within 
the  fundamental  circle  in  the  z-plane  ;  hence,  when  the  path  on 
the  Riemann  surface,  which  cannot  be  made  evanescent,  is  com- 
pleted, x  and  y  return  to  their  initial  values,  and  z  has  described 
some  path  which  is  not  evanescent.  It  follows,  from  the  nature 
of  the  functions,  that  the  end  of  the  £-path  is  a  point  in  another 
polygon,  homologous  with  the  initial  position,  so  that  the  final 
position  of  z  is  of  the  form 


The  integrals  01}  #2,  •••,  6q  are  uniform  functions  of  z\  let  them 
be  denoted  by  fa  (z},  fa  (z),  ...,  fa  (z).  Moreover,  0n'  is  the  value 
of  0n  at  the  conclusion  of  the  path  ;  thus 


so  that  the  integrals  in  the  fundamental  system  consist  of  a  set  of 
uniform  functions  of  z,  which  are  characterised  by  the  property 


(n=l,  ...,  q). 
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Corresponding  to  the  substitution  of  the  Fuchsian  group,  we  have 
a  linear  substitution  $M  in  the  quantities  </>j,  <£2,  ...,  </>9:  the 
aggregate  of  these  linear  substitutions  S^  forms  a  group,  which 
is  isomorphic  with  the  Fuchsian  group. 

Functions  of  this  pseudo-automorphic  character  are  called* 
Zetafuchsian  by  Poincare  :  and  thus  we  can  say  that  linear  differ- 
ential equations  can  be  integrated  by  means  of  Fuchsian  and  Zeta- 
fuchsian  functions  which  are  uniform.  It  is,  however,  necessary 
to  obtain  explicit  expressions  for  the  functions  <£,  in  order  that 
the  equation  may  be  regarded  as  integrated.  This  is  effected 
(I.e.)  by  Poincare  as  follows. 

Let 


m,n 


represent  the  substitution  inverse  to  $M,  so  that  the  quantities 
j3L  are  the  minors  of  the  determinant  of  $M.  Take  any  q 
arbitrary  rational  functions  of  z,  say  Hl  (z),  N2  (z),  .  .  .  ,  Hq  (z)  ;  and 
by  means  of  them,  in  association  with  the  Fuchsian  group,  con* 
struct  p  infinite  series,  defined  by  the  equations 


for  the  q  values  1,  ...,  q  of  //, ;  the  quantity  m  is  a  positive  integer ; 
and  the  summation  with  regard  to  i  is  over  all  the  substitutions 
of  the  Fuchsian  group.  This  integer  m  is  at  our  disposal :  by 
choosing  it  sufficiently  large,  and  by  limiting  the  rational  func- 
tions H,  so  that  no  one  of  the  quantities 


is  infinite  on  the  fundamental  circle,  all  the  series  can  be  made 
absolutely  converging:  but  we  do  not  stay  to  establish  this 
result  f.  Assuming  this  convergence,  and  writing 


*  Acta  Math.,  t.  v,  p.  227. 
t  It  can  be  established  on  the  same  lines  as  the  convergence   of  Poincar^'s 
Thetafuchsian  series:  T.  F.,  §§  304,  305. 
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so  that,  for  any  value  of  k  and  all  the  values  of  i,  we  get  all  the 
values  of  p  for  the  group,  we  have 


2        , 

+      7  *i 

But 


Owing  to  the  properties  of  the  isomorphic  groups,  we  have 

8<8t~S,, 

and  therefore 

a&r+Sf*, 

that  is, 


M=1 
and  therefore 


n=l    ^>71 

,  Now  let  S  (z)  represent  a  Thetafuchsian  series*,  with  the 
parametric  integer  ra,  and  possessing  the  foregoing  Fuchsian 
group :  then,  for  each  substitution  of  the  group,  we  have 

=  (jkZ  +  Sfc)2"1  ®  (&)• 


We  introduce  functions  Zl}  Zz,  ...,  Zq,  defined  by  the  relations 
They  satisfy  the  conditions 

„    ~    i     O  \ 

and  therefore  we  may  take 


or  the  q  functions  Z,  which  are  Zetafuchsian  functions,  constitute 
a  system  of  integrals  of  the  differential  equation. 

170.     As  regards  the  Zetafuchsian  functions  thus  constructed, 
it  will  be  noted  that  the   rational   functions  HI,  ...,  H(],  which 

*  T.  F.t  §  305. 
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enter  into  their  construction,  are  arbitrary;  so  that  an  infinite 
number  of  Zetafuchsian  functions  can  be  formed,  admitting  a 
Fuchsian  group  G  and  the  linear  group  (say  G)  isomorphic  with  G. 

Further,  the  Thetafuchsian  series  ®(.z)  with  the  parametric 
integer  m  is  any  whatever  ;  but,  as 


we  have 


dz 


fa\ 


so  that  we  may  take 


/fj^r\in 

•W-(D  *<•*•** 


where  P  (x,  y)  is  any  uniform  function  of  x  and  y.     The  simplest 
case  occurs  when  P  (x,  y)  =  1. 

Again,  we  have 


-  + 


and  therefore 


(7 
so  that 


dZ, 


i>ndz 


dZ 


1  7  >  (akz  +  fa\  _  „(*)  dz        tk)  dz  (k)  dz 

™^™  fjn    I  —    «-  I  —  CL,  n~^~  T  tto  n  T^*    ••••*•"  **„  WT7^  ' 


f 

\w 

that  is, 


d  7 

-j-  J&n 

dx 


Hence 


=  (£n>      -1  +  ow      _?  _j_  <  ^  ^  +  av*;        •/  ^ 

1.  n  ft  m*  2.  /i  /T />*  (7.  w  /» 1* 

'     './  '  **»  '*  ( / <./  »*     (*»*' 


dZ1     dZ2  dZg 

dx  '    dx  '    "'     dx  ' 


are  a  Zetafuchsian  system,  admitting  the  Fuchsian  group  G  and 
the  isomorphic  linear  group  G. 

The  same  property  is  possessed  for  all  the  derivatives  of  any 
order  of  the  system  Zlt  Zz,  ...,  Zq  with  regard  to  x. 
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This  property  is  used  by  Poincare  to  obtain  the  most  general 
expression  for  a  Zetafuchsian  system,  admitting  the  groups  G  and 
G.  Let  it  be  Tlt  T2,  ...,  Tq;  and  construct  the  matrix 


dZi 

dx  '  "" 


Zat 


dx  ' 
dZn 


q'     dx'""     daft-*' 


Denote  by  (—  l)a~1Aa_1  the  determinant  obtained  by  cutting  out 
the  ath  column  from  the  matrix:  then,  by  a  known  property  of 
determinants,  we  have 


n  =  0, 


L±\\£Jy\       |       *-»!          j  T^    •• 

ax 
for  all  values  of  n.     Hence 


T       -.7-1- 

~          ' 


A9  dx 

When  z  is  subjected  to  any  transformation  of  the  group  G, 
the  quantities  in  any  column  in  the  matrix  are  subjected  to  the 
corresponding  linear  transformation  of  the  group  G  ;  so  that  each 
of  the  <?  +  1  determinants  A0,  A1}  ...,  A9  is  multiplied  by  the 
determinant  of  the  linear  transformation.  Hence  Ar  -=-  A9  is  un- 
altered, that  is,  it  is  automorphic  for  the  substitution  of  the 
group  G;  and  therefore,  as  this  property  is  possessed  for  each 
substitution,  A,,  -r-  A9  is  automorphic  for  the  group  G.  Conse- 
quently, Ar  -T-  A9  is  a  rational  function  of  x  and  y,  say 


and  therefore 


for  n  =  1,  2,  . . . ,  q.  This  is  Poincar^'s  expression  for  the  most 
general  Zetafuchsian  system,  admitting  the  Fuchsian  group  G 
and  the  isomorphic  linear  group  G. 
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We  can  immediately  verify  that  Zl}  ...,  Zq  satisfy  a  linear 
differential  equation,  having  coefficients  that  are  rational  in  x 
and  y.  For 


d<*Zq 
~ 


dafl  '   ~dafl 


are  a  Zetafuchsian  system,  admitting  the  Fuchsian  group  G  and 
the  isomorphic  linear  group  G  ;  and  therefore  rational  functions 
<f>0,  (f>1}  .  ..,  <£9_!  exist,  such  that 


holding  for  all  values  of  n.     Thus  Zlt  .  .  .  ,  Zq  are  integrals  of  the 
linear  differential  equation 

.   dZ  d*~lZ 


Similarly,  Tlt  ...,  Tq  are  integrals  of  a  linear  differential  equation 
also  of  order  q,  having  rational  functions  of  x  and  y  for  its  co- 
efficients, and  characterised  by  the  same  groups  G  and  G  as 
characterise  the  equation  satisfied  by  Zlt  .  ..,  Zq. 


CONCLUDING  REMARKS. 

171.  The  Zetafuchsian  and  Thetafuchsian  functions  thus 
used  occur,  for  the  most  part,  in  the  form  of  series  of  a  particular 
kind ;  as  they  were  first  devised  by  Poincare,  his  name  is  fre- 
quently associated  with  them.  The  main  aim  in  constructing 
them  was  to  obtain  functions  which  should  exhibit,  simply  and 
clearly,  the  organic  character  of  automorphism  under  the  substi- 
tutions of  the  groups ;  and  they  are  avowedly  intended*  to  be 
distinct  in  nature  from  series  adapted  to  numerical  calculation, 
such  as  series  in  powers  of  z. 

Unless  both  these  properties,  viz.  the  exhibition  of  the  organic 
character  of  the  function  and  its  adaptability  to  numerical  calcu- 
lation, are  possessed  by  the  functions  involved,  it  is  manifest  that 
they  are  not  in  the  most  useful  form.  It  is  unlikely  that  the 
best  development  of  the  general  theory  can  be  effected,  until 

*  ActaMath.,  t.  v,  p.  211. 
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functions  have  been  obtained  in  a  form  that  possesses  both  the 
properties  indicated.  In  this  connection,  Klein*  quotes  a  parallel 
instance  from  the  theory  of  elliptic  functions,  viz.  the  series  of  the 

form 

2  %  (mo)  +  m'o)')~'1, 

usedf  by  Eisenstein,  which  exhibit  the  characteristic  automorphic 
property  of  the  modular  functions,  but  are  not  adapted  to  nu- 
merical calculation.  Their  deficiency  in  this  respect  has  been 
met  by  the  possession  of  the  theta-functions  and  the  sigma- 
functions.  The  generalisation  of  the  Jacobian  theta-function 
and  the  Weierstrassian  sigma-function,  required  for  automorphic 
functions,  has  not  yet  been  attained. 

We  thus  return  to  the  statement  made  at  the  beginning  of 
the  foregoing  sketch  of  Poincare's  theory  of  linear  differential 
equations  with  algebraic  coefficients.  The  explicit  analysis  con- 
nected with  the  theory  of  automorphic  functions  has  not  yet 
acquired  sufficiently  comprehensive  forms  upon  which  to  work  ; 
and  therefore  its  application  to  linear  differential  equations,  as  to 
any  other  subject,  can  be  only  partial  and  imperfect  in  its  present 
stage.  The  theory  of  automorphic  functions  in  general  presents 
great  possibilities  of  research :  the  gradual  realisation  of  these 
possibilities  will  be  followed  by  corresponding  developments  in 
many  regions  of  analysis. 

*  Vorlesungen  ii.  lineare  Differentialgleichungen  d.  zweiten  Ordnung,  (Gottingen, 
1894),  p.  496.  See  also  Fricke  und  Klein,  Theorie  der  automorphen  Functionen, 
t.  n,  p.  155. 

t  For  references,  see  T.  F. ,  §  56. 
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Adjoint  equation,  Lagrange's,  253  ;  and 
original  equation  are  reciprocally  ad- 
joint, 253 ;  is  reducible  if  original 
equation  is  reducible,  254 ;  composi- 
tion of,  254  ;  properties  of,  in  relation 
to  the  number  of  regular  integrals, 
257. 

Algebraic  coefficients,  equations  having, 
Chapter  x ;  character  of  integrals  of, 
in  vicinity  of  branch-point,  479,  and 
in  vicinity  of  a  singularity,  480 ;  mode 
of  constructing  integrals  of,  483 ; 
Appell's  class  of,  484 ;  associated  with 
automorphic  functions,  488  (see  auto- 
morphic  functions). 

Algebraic  equation,  roots  of,  satisfy  a 
linear  equation  with  rational  coeffi- 
cients, 46,  174 ;  connected  with  differ- 
ential resolvents,  49. 

Algebraic  integrals,  equations  having, 
45,  165,  Chapter  v ;  connected  with 
theory  of  finite  groups,  175 ;  connected 
with  theory  of  covariants,  175  ;  equa- 
tions of  second  order  having,  176  et 
seq. ;  equations  of  third  order  having, 
191  et  seq. ;  equations  of  fourth  order 
having,  201 ;  construction  of,  184, 
198 ;  and  homogeneous  forms,  202. 

Analytical  form  of  group  of  integrals 
associated  with  multiple  root  of  funda- 
mental equation  of  a  singularity,  66 ; 
likewise  for  multiple  root  of  funda- 
mental equation  for  a  period  or  periods, 
416,  454. 

Annulus,  integral  converging  in  any  (see 
fundamental  equation,  irregular  inte- 
gral, Laurent  series). 

anormales,  270. 

Apparent  singularity,  117 ;  conditions 
for,  119. 

Appell,  209,  484. 


Asymptotic  expansions,  Poincare"'s 
theory  of,  338 ;  represent  normal 
integrals  when  functionally  illusory, 
340. 

ausserwesentlich,  117. 

Automorphic  functions,  and  differential 
equations  having  algebraic  coefficients, 
488 ;  and  conformal  representation, 
491 ;  associated  with  linear  equations 
of  second  order,  495  ;  constructed  for 
a  special  case,  500  ;  when  there  is  one 
singularity,  506;  when  there  are  two 
singularities,  508 ;  when  there  are 
three,  509,  510;  in  general,  510  et 
seq. 

Barnes,  448. 

begleitender    bilinearer    Differentialaus- 

druck,  254. 
Benoit,  474. 
Bessel's  equation,  1,  13,  34,  100,   101, 

126,  164,  330,  333,  393. 
Bilinear  concomitant  of  two  reciprocally 

adjoint  equations,  254. 
Bocher,  161,  169. 
Bocher's  theorem  on  equations  of  Fuchs- 

ian  type  with  five  singularities,  161. 
Boole,  229. 

Boulanger,  195,  197,  198. 
Brioschi,  206,  208,  218. 

Casorati,  55,  60,  417. 

Cauchy,  11,  20. 

Cauchy's    theorem    used    to    establish 

existence   of    synectic  integral   of    a 

linear  equation,  11. 
Cayley,  94,  113,  121,  182,  216,  233,  246, 

262,  281,  282.  286. 
Cayley's  method  for  normal  integrals, 

281 ;   for  subnormal  integrals,  284. 
Cazzaniga,  348. 
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Cels,  254. 

Characteristic  equation  belonging  to  a 
singularity,  40. 

Characteristic  equation  for  determining 
factor  of  normal  integrals,  294 ;  effect 
of  simple  root  of,  294 ;  effect  of 
multiple  root,  298. 

Characteristic  function  of  an  equation, 
226. 

Characteristic  index,  denned,  221 ; 

and  number  of  regular  integrals 

of  an  equation,  230,  233  ; 
of  reciprocally  adjoint  equations, 
the  same,  257. 

Chrystal,  7,  83. 

Circular  cylinder,  differential  equation 
of,  164  ;  (see  Bessel's  equation). 

Class,  equations  of  Fuchsian  (see  Fuchs- 
ian  type). 

Cockle,'  49. 

Coefficients,  form  of,  near  a  singularity 
if  all  integrals  there  are  regular,  78. 

Collet,  20. 

Conformal  representation,  and  auto- 
morphic  functions,  491 ;  and  funda- 
mental polygon,  493. 

Constant  coefficients,  equation  having, 
14—20. 

Construction,  of  regular  integrals,  by 
method  of  Frobenius,  78 ;  of  normal 
integrals,  periodic  integrals  (see  normal 
integrals,  $  imply -periodic  integral*, 
doubly-periodic  integrals). 

Continuation  process  applied  to  synectic 
integral,  20. 

Continued  fractions  used  to  obtain  a 
fundamental  equation,  439. 

Covariants  associated  with  algebraic 
integrals,  202  ;  for  equations  of  third 
order,  203,  209 ;  for  equations  of 
fourth  order,  204  ;  for  equations  of 
second  order,  206. 

Craig,  vi,  411. 

Crawford,  474. 

Curve,  integral,  denned,  203,  205. 

Darboux,  20,  254,  475. 

Definite  integrals  (see  Laplace's  definite 

integral,  double-loop  integral). 
Determinant  of  a  system  of  integrals, 
25 ;   its  value,  27  ; 

riot  vanishing,  the  system  is  fun- 
damental, 29 ; 
of  a  fundamental  system  does  not 

vanish,  30  ; 
special  form  of,  for  one  particular 

system,  34  ; 

form  of,  near  a  singularity,  77 ; 
when  the  coefficients  are  peri- 
odic, 406,  445 ;    when  the   co- 
efficients are  algebraic,  481. 
Determinants,  infinite  (see  infinite  de- 
terminants). 


Determining  factor,  of  normal  integral, 
262 ;  obtained  by  Thome's  method, 
262  et  seq. ;  conditions  for,  265  ;  for 
integrals  of  Hamburger's  equations, 
288—292. 

Diagonal  of  infinite  determinant,  349. 

Difference-relations,  63,  417. 

Differential  invariants  (see  invariants, 
differential). 

Differential  resolvents,  49. 

Dini,  254,  256. 

Divisors,  elementary  (see  elementary 
dicixors). 

Double-loop  integrals,  333  ;  applied  to 
integrate  equations,  334  et  seq. 

Doubly-periodic  coefficients,  equations 
having,  441  et  seq. ;  substitutions  for 
the  periods,  443 ;  fundamental  equa- 
tions for  the  periods,  444,  445. 

Doubly-periodic  integrals  of  second  kind, 
447  ;  Picard's  theorem  on,  447  ;  num- 
ber of,  448,  450  ;  belonging  to  Lamp's 
equation,  468 ;  how  constructed,  471, 
475. 

Eisenstein,  525. 

Element  of  fundamental  system,  30. 
Elementary  divisors,  of  certain  determ- 
inants, 41 — 43  ;   of  the  fundamental 
equation,  55 ;  determine  groups  and 
sub-groups  of  integrals,  62  ; 

effect  of,  upon  number  of  periodic 
integrals  when  coefficients  are 
periodic,  416,  450. 
Elliott,  M.,  424,  425,  474. 
Elliptic    cylinder,   differential   equation 

of,  164,  399,  431—441. 
Expansion   of    converging   infinite    de- 
terminants, 353. 
Expansions,  asymptotic  (see  asymptotic 

expansions). 

Exponent,  to  which  regular  integral 
belongs,  74  ;  properties  of,  75 ; 

to   which  the   determinant  of  a 
fundamental    system    belongs, 
77; 
to  which  normal  integral  belongs, 

262; 
of  irregular  integral  as  zero  of  an 

infinite  determinant,  368. 
Exponents,    sum   of,   for   equations    of 
Fuchsian  type,  126  ; 

for  Eiemann's  P-function,  139. 

Fabry,  94,  270. 

Factor,  determining  (see  determining 
factor). 

Fano,  214,  218. 

Finite  groups  of  lineo-linear  substitu- 
tions, in  one  variable,  176 ;  connected 
with  polyhedral  functions,  181 ;  asso- 
ciated with  equations  of  second  order 
having  algebraic  integrals,  182 ;  used 
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for  construction  of  algebraic  integral, 
185; 

in  two  variables,  192 ;  their  dif- 
ferential invariants,  195 ;  the 
Laguerre  invariant,  196 ;  used 
to  construct  equations  of  third 
order  having  algebraic  integrals, 
197; 

in  three  variables,  200. 
First  kind,  periodic  function  of,  410. 
Floquet,  231,  234,  259,  411,  448. 
Fricke,  489,  515,  525. 
Frobenius,  78,  93,  109,  226,  231,  233, 

238,  247,  254,  257,  259. 
Frobenius'  method,  for  the  construction 
of  integrals  (all  being  regular),  78  et 
seq. ;  variation  of,  suggested  by  Cayley 
for  some  cases,  114;  applied  to  hyper- 
geometric  equation  for  special  cases, 
147 ;  for  the  construction  of  integrals, 
when  only  some  are  regular,  235  et 
seq. ;  used  for  construction  of  irregular 
integrals,  379  et  seq. 
Fuchs,  L.,  10,  11,  60,  65,  66,  78,  93,  94, 
109,  110,  117,  123,  125,  126,  129,  156, 
206,  208,  216,  399,  482. 
Fuchsian  equations,  123,  495  et  seq. ;  in- 
dependent variable  a  uniform  function 
of  quotient  of  integrals  of,  496 — 499 ; 
mode  of  determining  coefficients  in, 
501 ;  used  as  subsidiary  to  linear  equa- 
tions of  any  order,  515. 
Fuchsian  functions,  associated  with 
linear  equations  of  the  second  order, 
500,  502,  515 ;  associated  with  linear 
equations  of  general  order,  515,  517; 
in  the  expression  of  integrals  as  uni- 
form functions,  520. 
Fuchsian  group,  (see  Fuchsian  function, 

Zetafuchsian  function). 
Fuchsian  type,  equations  of,  Chapter  iv, 
pp.  123  et  seq.;  form  of,  123;  proper- 
ties of  exponents,  126; 

when  fully  determined  by  singu- 
larities and  exponents,  128; 
of  second  order  with  any  number 

of  singularities,  150; 
forms  of,  when  oo  is  an  ordinary 
point,  152 ;  when  oo  is  a  singu- 
larity, 155, 158;  Klein's  normal, 
158; 
Lame's  equation  transformed  so 

as  to  be  of,  160; 
equations  of,  having  five  singu- 
larities, 161 ;  Bocher's  theorem 
on,  161; 

having  polynomial  integrals, 
166 ;  having  rational  integrals, 
169. 

Fundamental  equation,  belonging  to  a 
singularity,  is  same  for  all  funda- 
mental systems,  38 — 40;  invariants 
of,  40;  Poincare's  theorem  on,  40; 
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properties  of,  connected  with  ele- 
mentary divisors,  41 — 43; 
fundamental  system  of  integrals 
associated  with,  50;  when  roots 
are  simple,  52 ;  when  a  root  is 
multiple,  53; 
roots  of,  how  related  to  roots  of 

indicial  equation,  94. 
Fundamental  equation   when  integrals 
are  irregular,  expressed  as  an  infinite 
determinant,  389; 

expressed  in  finite  terms,  392; 
various  methods  of  obtaining,  399. 
Fundamental  equations  for  double  peri- 
ods, 444,  445 ;  their  form,  447 ;  roots 
of,  determine  doubly-periodic  integrals 
of  the  second  kind,  448;   number  of 
these  integrals,  450;  effect  of  multiple 
roots  of,  451. 

Fundamental  equation  for  simple  period, 
405 ;  is  invariantive,  406 ;  form  of, 
407 ;  integral  associated  with  a  simple 
root,  408 ;  integrals  associated  with  a 
multiple  root,  408 ;  analytical  expres- 
sion of,  419. 

Fundamental  equation  when  coefficients 
are  algebraic,  482;  relation  to  indicial 
equation,  482. 
Fundamental  polygon  for  automorphic 

functions,  490,  493,  500. 
Fundamental  system  of  integrals,  defined, 
30 ;  its  determinant  is  not  evanescent, 
30;  properties  of,  30,  31 ;  tests  for,  31, 
32;  form  of,  near  singularity,  50;  if 
root  of  fundamental  equation  is  sim- 
ple, 52;  if  root  is  multiple,  53; 

affected    by  elementary  divisors 
of  fundamental   equation,   57 ; 
aggregate  of  groups  associated 
with  roots  of  indicial  equation 
make  fundamental  system,  95. 
Fundamental  system,  of  irregular  inte- 
grals, 387;  of  integrals  when  coeffici- 
ents  are    simply-periodic,   408,   419; 
when  coefficients  are  doubly-periodic, 
449 — 457 ;  when  coefficients  are  alge- 
braic, 480. 

Fundamental  system,  constituted  by 
group  of  integrals  belonging  to  a 
multiple  root  of  fundamental  equa- 
tion (see  group  of  integrals). 

Gordan,  182. 

Grade  of  normal  integral,  269. 

Graf,  333. 

Greenhill,  466. 

Group  of  integrals,  associated  with  mul- 
tiple root  of  fundamental  equation, 
53;  resolved  into  sub-groups,  by  ele- 
mentary divisors,  57;  Hamburger's 
sab-groups  of,  62;  general  analytical 
form  of,  65;  can  be  fundamental 
system  of  equation  of  lower  order,  72. 
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Group  of  integrals,  associated  with  mul- 
tiple root  of  indicial  equation  in  method 
of  Frobenius,  80;  general  theorem  on, 
93 ;  aggregate  of,  make  a  fundamental 
system,  96;  compared  with  Ham- 
burger's groups,  113. 

Group  of  integrals  for  hypergeometric 
equation,  144. 

Group  of  irregular  integrals  associated 
with  multiple  root  of  characteristic 
infinite  determinant,  381  et  seq* ;  re- 
solved into  sub-groups,  382. 

Group  of  integrals  associated  with  mul- 
tiple roots  of  fundamental  equations  for 
periods  when  coefficients  are  doubly- 
periodic,  451 ;  analytical  expression  of, 
452,  457;  further  development  of,  when 
uniform,  459. 

Group  of  integrals  associated  with  mul- 
tiple root  of  fundamental  equation  for 
period  when  coefficients  are  simply- 
periodic,  415 ;  arranged  in  sub-groups, 
according  to  elementary  divisors,  416 ; 
analytical  expression  of,  419;  they 
constitute  a  fundamental  system  for 
equation  of  lower  order,  420;  further 
expression  of,  when  uniform,  421. 

Groups  of  substitutions,  finite  (see  finite 
groups) ; 

infinite    (see    automorphic  func- 
tions). 

Griinfeld,  259. 

Gubler,  333. 

Giinther,  11,  299,  399. 

Gylden,  462. 

Halphen,  254,  255,  281,  315,  316,  448, 

464,  465,  473. 
Hamburger,  38,  60,  62,  63,  64,  113,  277, 

280,  283,  286,  399,  482. 
Hamburger's  equations,  276  et  seq. ; 

of  second  order  with  normal  inte- 
grals, 279 ;  the  number  of  nor- 
mal integrals,  280; 
of  general  order  n  with  normal  or 
subnormal  integrals,  288  et  seq. ; 
of  third  order  with  normal  or  sub- 
normal integrals,  301  et  seq. 
Hamburger's  sub-groups  of  integrals  (see 

sub-groups  of  integrals). 
Hankel,  103,  333. 
Harley,  49. 
Heffter,  55,  156. 
Heine,  164,  166,  431,  441. 
Hermite,  15,  20,  448,  463,  465,  468,  473. 
Hermite,    on    equation   with    constant 
coefficients,  15 — 20;  on  equation  with 
doubly-periodic  coefficients,  465. 
Heun,  159. 
Heymann,  50. 

Hill,  G.  W.,  348,  396,  398,  399,  402,  482. 
Hobson,  334,  337. 
Homogeneous  forms  (see  covariants). 


Homogeneous  linear  equations,  defined, 
2;  discussion  limited  to,  3. 

Homogeneous  relations  between  inte- 
grals when  they  are  algebraic,  203, 
217;  of  second  degree  for  equations  of 
third  order,  2]  0 ;  and  of  higher  degree, 
214. 

Horn,  333,  341,  342,  346,  347. 

Humbert,  167. 

Hypergeometric  function,  used  to  render 
integrals  of  differential  equations  uni- 
form in  special  case,  509. 

Hypergeometric  series,  equation  of ,  1, 13, 
34,  103,  126,  144—150,  173,  338,  501, 
509. 

Identical  relations,  polynomial  in  powers 

of  a  logarithm,  cannot  exist,  69. 
Index,  characteristic  (see  characteristic 
index) ;  to  which  regular  integral  be- 
longs, 74;   properties  of,  75. 
Indicial  equation,  when  all  integrals  are 
regular,  85,  94 ;  significance  of,  in  the 
method  of  Frobenius,  85 ; 

integral  associated  with  a  simple 

root  of,  86; 
group  of  integrals  associated  with 

a  multiple  root  of,  86; 
roots  of,  how  connected  with  roots 
of  fundamental  equation,  94; 
for  equation  with  not  all  integrals 

regular,  222,  227; 
when   coefficients  are    algebraic, 
482 ;  relation  of,  to  the  funda- 
mental equation,  482. 
Indicial  function,  when  all  integrals  are 
regular,  94; 

when  not  all  integrals  are  regular, 

227; 

degree  of,  as  affecting  the  number 

of  regular  integrals,  230,  233 ; 

of  adjoint  equation,  as  affecting 

the  number  of  regular  integrals, 

259. 

Infinite  determinant,  giving  exponent  of 
irregular  integral,  368;  modified  to 
another  determinant,  369;  is  a  peri- 
odic function  of  its  parameter,  375 ; 
effect  of  simple  root  of,  380,  of  a  mul- 
tiple root  of,  381  et  seq. ;  leads  to  the 
fundamental  equation  of  the  singu- 
larity, 389 ;  expressed  in  finite  terms, 
392. 

Infinite  determinants  in  general,  349; 
convergence  of,  350;  properties  of  con- 
verging, in  general,  352  et  seq. ;  uni- 
form convergence  of,  when  functions 
of  a  parameter,  358;  may  be  capa- 
ble of  differentiation,  359;  used  to 
solve  an  unlimited  number  of  linear 
equations,  360;  applied  to  construct 
irregular  integrals  of  differential  equa- 
tions, 363  et  seq. 
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Initial  conditions  defined,  4 ; 

values,  4;  effect  of,  upon  form  of 

synectic  integral,  9. 
Integral  curve,  203,  205. 
Integrals,  irregular  (see  irregular  inte- 
grals). 

Integrals,  doubly-periodic,  irregular, 
normal,  regular,  simply-periodic,  sub- 
normal, synectic  (see  under  these  titles 
respectively). 

Integrals  rendered  uniform  functions  of 
a  variable,  when  there  is  one  singu- 
larity, 506  ;  when  there  are  two  singu- 
larities, 508;  when  there  are  three, 
509,  510;  in  general,  510  et  seq.;  by 
means  of  Zetafuchsian  functions,  518, 
520. 

Invariants,  differential,  Schwarzian  de- 
rivatives as,  for  equations  of  the 
second  order,  182; 

for  equations  of  the  third  order, 

195; 
for  equations  of  the  fourth  order, 

201,  213; 
Laguerre's,  196. 

Invariants  of  fundamental  equation,  con- 
nected with  singularity,  38,  40; 
for  irregular  integrals,  398; 
connected  with  a  period  or  periods, 

405,  445; 
when   coefficients   are   algebraic, 

482. 

Irreconcileable  paths,  defined,  23. 
Irreducible  equations,  exist,  347;  Fro- 
benius'  method  of  constructing,  248. 
Irregular  integrals,  in  the  form  of 
Laurent  series,  364;  converge  within 
an  annulus,  366;  formal  expression 
for,  obtained  by  infinite  determinants, 
376;  groups  and  sub-groups  of,  ob- 
tained by  generalisation  of  Frobenius' 
method,  379 ;  these  constitute  a  funda- 
mental system,  387; 

made  uniform  functions  of  a  new 
variable  by  means  of  automor- 
phic  functions  (see  automorphic 
functions). 

Jordan,  197,  200,  333,  334,  338,  341. 
Jiirgens,  65,  113. 

Klein,  150,  153,  155,  158,  161,  176,  185, 

187,  190,  197,  206,  489,  515,  525. 
Klein's    normal    form    of    equation    of 
second  order  and  Fuchsian  type,  158 ; 
method  for  equations  of  second 
order  having  algebraic  integrals, 
176. 

Kneser,  341. 

von  Koch,  348,  359,  398,  399,  482. 
Kummer,  146. 

Rummer's  group  of  integrals  of  the 
hypergeometric  equation,  144. 


Lagrange,  251. 

Laguerre,  196. 

Lamp's  equation,  1,  126,  159,  160,  165, 
168,  338,  448,  464—473. 

Lame's  generalised  equation,  160. 

Laplace's  definite  integral,  satisfying 
equation  with  rational  coefficients, 
318;  contour  of,  323;  developed  into 
normal  integrals,  where  these  exist, 
324  et  seq. 

Laurent  series  expressing  an  irregular 
integral,  364;  proof  of  convergence 
within  an  annulus,  366. 

Legendre's  equation,  1,  13,  34,  103,  126, 
160,  163. 

Liapounoff,  319,  425 — 431. 

Liapounoff's  theorem,  applied  to  evaluate 
Laplace's  definite  integral,  324;  me- 
thod of  discussing  uniform  periodic 
integrals,  425. 

Lindemann,  431,  434,  437. 

Lindstedt,  439. 

Linear  algebraic  equations,  infinite 
system  of,  solved  by  means  of  infinite 
determinants,  360. 

Linear  differential  equation,  definition 
of,  2. 

Lineo-linear  substitutions  (see  finite 
groups). 

Logarithms,  quantity  affected  by,  can 
satisfy  a  uniform  linear  differential 
equation  and  determine  its  funda- 
mental system,  66; 

identical  relations,  polynomial  in 

powers  of,  cannot  exist,  69 ; 
regular  integrals  free  from,  106; 
condition     that     some     regular 
integral    shall    be    free   from, 
110. 

Lommel,  331. 

Macdonald,  333. 

Markoff,  169. 

Member  of  a  fundamental  system,  30. 

Minors  of  infinite  determinants,  354. 

Mittag-Leffler,  399,  463. 

Modular  function,  used  to  render  inte- 
grals of  differential  equations  uniform 
in  special  case,  510;  Eisenstein'a 
function  similar  to,  525. 

Multiple  root,  group  of  integrals  asso- 
ciated with  (see  multiple  root). 

Multiplier  of  periodic  integral  of  second 
kind,  410;  is  a  root  of  the  funda- 
mental equation  of  the  period,  400. 

Muth,  42. 

Normal  form,  (after  Frobenius)  of  equa- 
tion having  some  integrals  regular, 
227 ;  of  component  factors  of  such 
an  equation,  and  of  a  composite 
equation,  228 ; 

(after  Klein)  of  equation  of  Fuchs- 
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ian  type,  158;   of  infinite  de- 
terminant, 350. 

Normal  integrals,  defined,  262 ;  con- 
structed by  Thome's  method,  262  et 
seq. ;  aggregate  of,  satisfy  another 
differential  equation,  271 ; 

conditions      that      Hamburger's 

equation  of  second  order  may 

have,  279,  and  the  number  of, 

280; 

Cayley's    method    of    obtaining, 

281; 
of  Hamburger's  equation  of  order 

n,  288  et  seq.  ; 

number  of,  belonging  to  equation 
of  order  n,  295,  298 ;  belonging 
to  equation  of  third  order,  304, 
308,  309; 

of    equations  with    rational    co- 
efficients, 313; 
arising  out  of  Laplace's  definite 

integral,  329; 
are  asymptotic  representation  of 

Laplace's  integral,  340. 
Number  of  regular  integrals  of  an  equa- 
tion and  its  characteristic  index,  230  ; 
can  be  less  than  maximum  value,  233 ; 
and  the  number  for  the  adjoint  equa- 
tion, 257. 

Ordinary  point,  synectic  integral  in 
domain  of,  4. 

Origin  of  infinite  determinant,  349;  can 
be  moved  in  the  diagonal  without 
changing  the  value  of  the  determ- 
inant, 350. 

Osgood,  85,  122. 

Painleve,  195,  198,  199. 

Papperitz,   142. 

Parabolic  cylinder,  equation  of,  165. 

Paths,  if  reversed  in  continuation  pro- 
cess, restore  initial  values,  21 ;  deform- 
ation of,  without  crossing  singularity, 
22 ;  reconcileable,  and  irreconcileable, 
23 ;  effect  of,  round  a  singularity, 
Chapter  u,  passim. 

Pepin,  206. 

Period,  fundamental  equation  for  simple, 
405 ;  fundamental  equations  for 
double,  445 ;  (see  fundamental  equa- 
tion). 

Periodic  coefficients,  equations  having 
uniform,  Chapter  ix,  403  et  seq. ; 

simply  (see  simply -periodic  co- 
efficients); 

doubly  (see  doubly -periodic  co- 
efficients). 

P-function,  discussion  of  (see  Riemann'g 
P-function). 

Physics,  equations  of  mathematical, 
and  equations  of  Fuchsian  type  having 
five  singularities,  161. 


Picard,  vi,  317,  319,  341,  443,  447,  448, 

460,  471. 

Pochhammer,  105,  159,  333,  338. 
Poincare\   40,    61,  105,  246,  270,   271, 
315,  317  et  seq.  passim,  330,  338  et 
seq.,   347,    348,    353,    399,   441,   482, 
489  et  seq.  passim. 

Poincare's  theorem  on  aggregate  of 
normal  integrals  of  a  given  equation, 
271; 

development  of  Laplace's  definite 

integral  that  satisfies  equation 

with  rational  coefficients,  318 

et  seq.; 

asymptotic    expansions,    338    et 

seq. ; 

applications  of  automorphic  func- 
tions to  equations  having  alge- 
braic coefficients,  488  et  seq. ; 
theorem    on    the    integration   of 
linear  equations  by  means   of 
zetafuchsian  functions,  517, 523. 
Polygon,  fundamental  (see  fundamental 

polygon). 

Polyhedral  functions,  and  finite  groups, 
181; 

associated  with  equations  of 
second  order  having  algebraic 
integrals,  182; 

used  for  construction  of  alge- 
braic integral,  185. 

Polynomial  integrals,  equations  having, 
166; 

how  far  determinate,  167. 
Potential,   equation  for  the,   solved  by 

means  of  Lame's  equation,  465. 
Principal   diagonal   of  infinite   determ- 
inant, 349. 

Puiseux  diagram  used,  267,  269,  274, 
285,  300,  310,  311. 

Quarter-period  in  elliptic  functions, 
equation  of,  1,  129,  337,  510. 

Bank,  of  differential  equation,  defined, 
271;  equations  of,  greater  than  unity 
replaced  by  equations  of  rank  unity, 
342  et  seq. 

Bational  coefficients,  equations  having, 

313  et  seq. ;  normal  integrals  of,  314; 

Laplace's  definite  integral  solution  of, 

318. 

Bational   integrals,    equations   having, 

169. 

Heal  singularity,  117 ;  conditions  for,  119. 
Keconcileable  paths,  '23. 
Beducibility  of  equations,  defined,  223; 
extent  of,  when   some  integrals 

are  regular,  226,  248; 
if  they  possess  normal   or   sub- 
normal integrals,  273. 
Beducible,    equations    having    regular 
integrals,  are,  224,  226,  248; 
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adjoint  of  a  reducible   equation 

is,  253; 

equation,  having  a  reducible  ad- 
joint, is,  254; 

equations,  having  normal  or  sub- 
normal integrals,  are,  273. 
Regular,    equations    when    only    some 
integrals   are,    Chapter  vi ;    form   of 
coefficients,  221 ; 

equations  having  some  integrals, 

are  reducible,  224,  226; 
integrals  possessed  by  an  equa- 
tion, number  of,  230; 
equations   having    no    integrals, 

231,  233; 

integrals,  when   they  exist,  con- 
structed by  method  of  Froben- 
ius,    235    et    seq. ;    conditions 
that  they  exist,  237; 
how  many  integrals   of   adjoint 

equation  are,  257. 

Regular  integrals,  defined,  4,  74;  form 
of  coefficients  near  a  singularity  if  all 
integrals  are,  78 ; 

construction    of,    by  method    of 

Frobenius,  78; 
conditions  that  all  may  be  free 

from  logarithms,   106; 
conditions  that  some  may  be  free 

from  logarithms,  110; 
equations    having    all    integrals 
everywhere  regular,  Chapter  iv 
(see  Fuchsian  type). 
Resolvents,  differential,  49. 
Riemann,  137,  140. 

Riemann's  P-function,  definition  of, 
136;  transformations  of,  137;  deter- 
mines a  differential  equation,  141, 
163,  165;  forms  of  differential  equa- 
tion thus  determined,  143;  group  of 
integrals  deduced  for  hypergeometric 
equation,  144. 

Roots  of  fundamental  equation  and  of 
indicia!  equation,  how  related,  94. 

Salmon,  43. 

Sauvage,  42. 

Schlesinger,  vi,  113,  218. 

Schwarz,  492. 

Scott,  R.  F.,  41. 

Second  kind,  periodic  functions  of,  410, 
447 ;  equation  with  periodic  coeffi- 
cients has  integrals  which  are,  411, 
447;  number  of  such  integrals,  411, 
417,  448,  450 ;  (see  simply -periodic 
integrals,  doubly -periodic  integrals). 

Simply-periodic  coefficients,  equations 
having,  403  et  seq. ;  possess  integrals 
which  are  periodic  of  second  kind, 
411 ;  analytical  expression  of  these 
integrals,  *15. 

Simply-periodic  integrals  of  second  kind, 
411;  their  analytical  expression,  412. 


Singularities  of  a  differential  equation, 
3;  real  or  apparent,  117,  with  con- 
ditions for  discrimination,  119;  how 
treated  when  coefficients  are  algebraic, 
490  et  seq. 

Singularity,  effect  of  path  round,  36 ; 
equation  connected  with,  is  invarian- 
tive,  38. 

Stieltjes,  169,  437. 

Sub-groups  of  irregular  integrals  (see 
group  of  irregular  integrals,  irregular 
integrals). 

Sub-groups,  in  a  group  of  integrals 
associated  with  multiple  root  of  fun- 
damental equation,  57 ; 

Hamburger's,  62  ;  number  of,  is 
equal  to  number  of  elementary 
divisors  of  fundamental  equa- 
tion, 62 ;  general  analytical 
form  of,  65 ; 
can  be  fundamental  system  of  an 

equation  of  lower  order,  72. 
Sub-groups  of  periodic  integrals,  deter- 
mined by  elementary  divisors  of  the 
fundamental  equation  of  the  period, 
416  ;   are  analogous  to  Hamburger's 
sub-groups  of  regular  integrals,  417  ; 
analytical  expression  of,  419. 
Subnormal  integrals,  defined,  270  ;  how 
constructed,  270  ;  aggregate  of,  satisfy 
another  equation,  271 ; 

of      Hamburger's     equation     of 
second    order,    286;    Cayley's 
method  of  obtaining,  284 ; 
of  Hamburger's  equation  of  order 

n,  299  et  seq. ; 
of  Hamburger's  equation  of  third 

order,  309,  313. 

Subsidiary  equation  for  integration  of 
any  linear  equation  in  terms  of  uni- 
form functions,  Fuchsian  equations 
used  as,  517. 

Substitutions,  finite  groups  of  lineo- 
linear  substitutions  (see  finite  groups). 
Sylvester's  elirninant  used,  46. 
Synectic  integral  in  domain  of  ordinary 
point,  4 ;  is  unique  as  determined  by 
initial  conditions,  8 ;  vanishes  if  all 
initial  values  vanish,  9 ;  is  linear  in 
initial  values,  9  ;  modes  of  establish- 
ment of,  10,  11 ;  continuation  of,  20. 
System  of  functions,  when  linearly  inde- 
pendent, can  satisfy  a  linear  differen- 
tial equation  of  which  they  are  a 
fundamental  system,  44 ;  when  the 
coefficients  in  the  equation  are  ration- 
al, 45,  223;  this  property  used  to 
reduce  an  equation  (see  reducible 
equations). 

System  of  integrals,  determinant  of,  '25; 
fundamental  (see  fundamental  system). 

Tannery,  44,  94,  109,  129,  131,  135. 
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Ternariants  (see  covariantt). 
Thetafuchsian    functions   used,    520   et 

seq. 
Third  kind,  periodic  functions  of,  410  ; 

equation  having  integrals  which  are, 

411. 
Thome",  74,  221,  231,  232,  233,  234,  257, 

259,  262,  483. 

Thome's  method  of  obtaining  the  de- 
termining factor  of  a  normal  integral, 

262  et  seq. 
Tisserand,  431,  441. 
Transformation   of  equations   of   rank 

greater  than   unity   to   equations    of 

rank  unity,  342  et  seq. 
Type,  equations  of  Fuchsian  (see  Fuchs- 

ian  type)  ;  of  equations,  as  associated 

with  automorphic  functions,  516. 

Uniform  doubly-periodic  integrals.  459  ; 
modes  of  constructing,  460,  468,  471, 
475  ;  illustrated  by  Lame's  equation, 
464  et  seq. 

Uniform  functions,  integrals  of  equa- 


tions expressible  as,  by  means  of 
automorphic  functions  (see  automor- 
phic functions) ; 

simple  examples  of,  506,  508,  509, 
510 ;   in  general,  510  et  seq.  ; 
Poincare's  theorem  on,  518. 
Uniform  simply- periodic  integrals,  421 ; 
Liapounoff  's  method  of  dealing  with, 
425. 

Valentiner,  197. 
van  Vleck,  169. 
Vogt,  399. 

Weber,  165,  333. 
Weierstrass,  42,  85,  117,  277. 
wesentlich,  117. 
Whittaker,  515. 
Williamson,  320. 

Zetafuchsian  functions,  520  ;  properties 
of,  521 ;  used  to  express  the  integral 
of  any  linear  equation,  522 — 524 ; 
most  general  expression  of,  523. 
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